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Magnetostriction and the Phenomena of the Curie Point. 

By R. H. Fowler, F.R.S., and P. Kapitza. 

■ (Received. March 8, 1929.) 

Section 1. Introduction .—Heisenberg’st theory of ferro-magnetism claims 
no more than to show us the nature of the origin of this phenomenon—that is 
to say, where it will be found in the quantum-mechanical theory of a solid 
when the necessary complicated calculations can be made. "He shows that it 
arises from the exchange degeneracy of the electrons in the different electronic 
systems of the lattice, and the modest claims he makes for his theory will be 
acknowledged by everyone. 

In spite of the crude stage of present development, which we are not in a 
position to improve, we may perhaps be allowed to embroider a little round 
Heisenberg’s theme. In reflecting on his theory we have tried to see whether 
it can also provide a natural home for the associated phenomena of the Curie 
point and for magnetostriction. The thermal phenomenon of recalescence 
has already been incorporated by WeissJ in his theory. Since Heisenberg's 
contribution is merely to explain the origin of Weiss’s molecular field, his 
theory will naturally be expected to account for the large change of specific 
heat on passing through the Curie point, which is the essence of the phenomenon 
of recalescence. We shall, therefore, merely call attention at a later stage to 
the origin of this extra specific heat and note how satisfactorily it fits into 
Heisenberg’s theory. On the other hand, there has hitherto been no theory of 
the relatively large change of volume on passing through the Curie point or 
of the phenomena of magnetostriction, nor has any theoretical relation been 
traced between them. Both these effects, notably the former, are far too large 
to be explained by magnetic forces, just as the normal magnetic forces between 

f Heisenberg, * Z, Physik,’ vol. 49* p. 619 (1928), 

X Weiss, loc. tit., below. 
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the systems of the metallic lattice can only provide fields which are insignificant 
compared with Weiss's molecular field. It is almost obvious that the exchange 
effects of Heisenberg’s theory of ferromagnetism must also explain these 
changes of volume. There is no reasonable alternative. 

In his paper on ferromagnetism Heisenberg does not mention the phenomena 
of the Curie point or magnetostriction, which after all are secondary effects 
even if surprisingly large ones. For our purpose therefore we have worked 
through again Heisenberg’s calculation of the partition function for a magne¬ 
tised crystal retaining terms which are irrelevant in his primary investigation 
because they do not depend on the applied magnetic field. We can then examine 
theoretically in the usual way the size of the crystal as a function of the 
magnetisation. As a result we think we may claim that the change of size 
at the Curie point and magnetostriction will both fit satisfactorily into 
Heisenbergs theory. We cannot, of course, go beyond a very rough 
quantitative comparison. 

It is proper, especially as our theory is only qualitative, that we should be 
able to describe in general terms, but precisely, the origin of these changes of 
size. This we think can be done as follows : Consider the interaction of two 
atoms, for example two normal hydrogen atoms, as developed by Heitler and 
London.t At a given distance apart the system has two different possible 
energies, one corresponding to an attraction (at distances not too small) and 
the other to a repulsion. The difference of energy is large compared with the 
magnetic energy due to the spins. In this particular example the greater 
energy (the repulsion) corresponds to a wave function antisymmetrical in the 
electrons (ignoring their spins) and the other energy to a symmetrical wave- 
.function. The complete wave-functions must, of course, be antisymmetrical 
in the electrons, and therefore the greater energy corresponds to a solution 
symmetrical in the spins of the electrons and the lesser to an antisymmetrical 
one. Now consider a number of such pairs set parallel to each other in a 
magnetic field. The magnetic field will alter the distribution of the axes of 
the electron-magnets, and therefore the relative numbers of pairs which are 
symmetrical or antisymmetrical in the spins. It will therefore alter the average 
repulsion or attraction of the pairs, and that too by an amount out of all pro¬ 
portion to the direct effect of the magnetic forces corresponding to the magnetisa¬ 
tion produced. We cannot describe the details of the process in such a simple 
way when we have groups of more than two atoms in close interaction, but 
the effects differ only in complication and remain the same in kind. The 
f Heitler and London, ‘ Z. Phyrik/ vol. 44, p, 465 (1927). : 
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magnetisation compels a new selection from the various possible energies of 
interaction, and this results in comparatively large changes in the forces of 
attraction and repulsion at given distances, and so in changes of size in the 
magnetised crystal. 

We proceed in Section 2 to a description of the results of Heisenberg's theory 
carried through rather more completely in the way we require here. There is 
nothing substantially new in this section and any reader familiar with Heisen¬ 
berg's paper may omit it, though we find it makes his theory easier to ourselves 
to present one important step somewhat differently. 

Section 2. A Summary of Heisenberg's Theory revised for the Calculation 
of Magnetostriction , etc. —The essential feature of Heisenberg's calculations 
is the construction of a partition function for a lattice of 2 n similar interacting 
systems, each containing one electron free to orientate itself, taking explicit 
account of the magnetisation exhibited by the various possible states. This 
partition function, if it could be calculated exactly, would, of course, contain 
within itself all the equilibrium properties of the metal. To see how the size 
of the metal depends on the magnetisation one should strictly be able to 
calculate this partition function with some accuracy. We shall find that we 
cannot yet attain any such accuracy even when there is no magnetisation, 
but that, if we carry through the computation of the partition function as 
completely as possible with Heisenberg's approximations, we can get far 
enough to elucidate the nature of the effects in question and to see that they 
fit satisfactorily into Heisenberg's theory. 

We group together all states which correspond to a given total electronic 
spin momentum of sh]2 tz (n < s 0). All these states are associated with a 
particular partition of 2 n, namely, 2 + 2 + ... (n — s times) ...+2 + 14-1 
+ ... (2s times) ... + 1. All quantities associated with this partition are 
characterised by a suffix or. There are (allowing for Pauli's principle) possible 
states with various energy values where 

f _!n_ ! _2n!_ m 

We now neglect interactions except between the closest pairs, and assume that 
each atom in the lattice has z closest neighbours. Then the /„ energy values 
of the states of the system of 2 n atoms which correspond to a total spin of s 
units have a mean value E„ given by 

B» == — z “4^—"l" (2) 

B 2 
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J 0 and J K are the typical interaction integrals of the perturbation 
theory, 


“ * jf'W.Nrt' 


, f2e s . 2e 2 


e 2 • e 2 c 2 e 2 ) 

-V dr k dr h 

r«i r Kk rj 


£ 2 
r* k 


where k, l refer to the two electrons and k, X to the two (neighbouring) nuclei, 
^ is the unperturbed wave-function for the specified electron near the specified 
nucleus and dr is an element of the configuration space of the specified electron. 
J H is the straightforward statical energy of interaction of the 2 n systems which 
need not be more closely specified—it is necessarily positive. The last term 
E m is the energy contribution of the magnetic forces themselves. It is neg¬ 
lected here, but it must play a part in a complete theory and give the phenomena 
of large scale magnetisation, f 

To construct a partition function we require to know not merely E ff but 
(strictly) the whole set of f ff energies belonging to a. In the absence of precise 
knowledge of this distribution Heisenberg assumes that they form an approxi¬ 
mately Gaussian distribution about E, with a mean square deviation A* 2 
(which can be calculated) 


4w 3 


(4) 


Thus the number of states belonging to a with energy between E, -f x , and 
E*. + x + dx is assumed to be 


■A 

•^(2*) A 




dx. 


(B) 


Any one of these states is capable of 2s 1 orientations in an external magnetic 
field M, with the corresponding magnetic energy 


E' *= — Hm (~s< w<s). 

m*c 2tc 


(*) 


We can now write down the complete partition function 


K 


«— o i 


Jz 


i -\/{2n) A 


- f ex P [ - 

, r J — oo L - 


K, -f x + E' 
kT 


i—1 

f A 


dx . (7) 


On using the abbreviations 
a = 


m*c 2n &T ’ 



( 8 ) 


t A step in the direction of such a theory (not in connection with Heisenberg's theory) 
has already been made by Mahajam, * Phil. Trane./ A, vol. 228, p, 63 (1929). He dia- 
ousses with success the phenomena observed on the magnetisation of a single erysta) of ‘ 
iron. 
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and evaluating the integral we find 

n m ~ % 

K A _ x m 


*±n* -h . • A„* 


* — 0 m « — * 
n m *m $ 


L | X ^ 1 


( 9 ) 


= 1! £ /, exp 


. (i.v 2 B 2 , 

w + j- 

2n 8zn 8 


X exp 

By certain transformations this is reduced to 

K = 0 (1) 


(4h* - a 2 )] 

[w+¥-M- < 10 > 


r m - n 2 n ! 


at (4n* — 


m- -„(n + w)! ( n 

i 

J 

'"’g 

•c* 

to 

1 8z» 3 



x«p{w +if-&}.<»» 


where 0(1) denotes a factor not seriously different from unity, which makes a 
negligible contribution to log K when n is large. 

Before following Heisenberg in his next step it is wise to pause and examine 
the nature of the partition function K which he has constructed. By (11) it 
is seen to be, for given n , a function only of a, [3, J B and T, that is of H, V, T 
and these variables alone. We know that log K is equivalent to a thermo¬ 
dynamic function which in this instance is such that 

i> = *T^logK, l=*T^logK, (12) 


I being the total magnetisation.! These values are completely unambiguous. 
We could now safely follow Heisenberg in his next step, retaining, however, 
factors in which he was not interested. The step is to evaluate K on the assump¬ 
tion that there is a sharp maximum in the terms of the series (11) near some 
value m = m 0 , using an elegant approximation and verifying subsequently 
that the maximum is sufficiently sharp, it is, however, almost as simple 
mathematically and more direct physically to evaluate (11) by direct attack, 
assuming that for values that matter m is sufficiently different from n to 
justify the use of Stirling’s theorem. This can be justified a posteriori . 


t See for example Fowler, ‘ Statistical Mechanics 1 (1929), §§ 2.74,12.8. The account of 
I there given is based on Debye, * Phys. Z.,’ vol. 27, p. 67 (1926), and is given explicitly 
for dielectric polarisation for which precisely the same theory is required. The corre¬ 
sponding magnetic theory is given by Weiss or Langevin. 
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We start therefore by writing the summand of (11) in the form exp[/(m)3 
or in full 

expJjx m + P— (i 2 ~~ ^ ~ 8 + ~ H l°g2 — (n + «»)log(1 + 

- (n — m) log (1 “^)]» 


and finding its maximum value. Stationary values are given by the roots in 
m of the equation /' (m) = 0, or 


flt + P(l 


Ji\ m . m? _ i 1 -f m l n 
tin ' 2z w 3 “ og l—«/ n # 


(13) 


which is precisely Heisenberg’s equation 


m 

n 


tanh $ 



(H) 


of which the roots are m = w 0 , say. There now follows the usual proof (which 
we leave to the reader) that there may be (a) one or (6) three real roots of (14) 
which correspond mathematically to (a) the maximum of the summand, 
or (6) the maximum, a minimum and a subordinate maximum of the summand* 
In the latter case they correspond, of course, physically to the stable, an un¬ 
stable and a metastable state, the maximum (stable state) corresponding to 
the greatest value of ?n 0 of the same sign as a. We are only interested here in 
this dominant root. The series is easily summed to the approximation required 
by replacing it in the usual way by 

f + «0 

exp [\(m - m 0 ) 2 /" (m 0 )]dm, 


which is sufficiently nearly, written in full, 

[«. + W (l - |) Hit + Z=J + 2m log 2 - m log (l - Sl*) 



Therefore from (11) 


log K = 2n [i*^ + ip( l -i) 


n* T 16 a w 4 


+ log 2 — i log 


(‘ 




1 + w n /n 
1 — m 0 /n 


+ ^ + 2ff 

^ IP ^ 10a 
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Equation (15) looks far removed from Heisenberg’s formula, but. on using 
(13) and (14) in the terms involving logarithms, it reduces at once to 


log K s= 2 m log 2 -f log cosh £ (a -f 


i(i/i P i i fJ , 3^5 2 

-k^ +l[j+ uz 


2»ifcTJ’ 


1 


(16) 


which is what Heisenberg would have obtained by his method of approxi¬ 
mation if he had kept all the terms in mjn. Tt must be remembered that so far 
in all these formula) m 0 is merely a parameter introduced for mathematical 
convenience and must be regarded as a function of T\ V and H. It must 
strictly, therefore, be varied in any differentiation with respect to any of these 
variables, but from the method of construction of (15) or (16) based on (13), 
namely, f (m 0 ) = 0, it follows that 


a log k 0 

0 (w 0 In) 


(17) 


Such variations can therefore always be omitted, but this is hardly obvious 
unless the complete form of logK is used. Equation (17) is not true for 
example of Heisenberg's abbreviation, which makes this abbreviation somewhat 
obscure. 

From the thermodynamic relation (12) and equation (15) for log K we derive 
at once 


1 - mm 


3a 

°0H ~ 


m a 


di 

2nm*e ’ 


( 18 ) 


which is, of course, Heisenberg’s result, that the magnetisation is m 0 double- 
magnetons, where w 0 is the proper root of (14). To fit the fact of the existence 
and position of the Curie point for iron it is necessary, as Heisenberg has shown, 
that (J should be positive and of order unity when the temperature is of the 
order 1000° K. 

Now that we know the meaning of m 0 that it represents in suitable units 
the natural saturation value of the magnetisation—we sec that m 0 /n is the same 
as Weiss' <r/<r 0 and is itself an important physical quantity, the ratio of the 
natural magnetisation to the limiting magnetisation of which the specimen is 
capable (at low temperatures or in very strong fields). It is probably wise to 
give this ratio a symbol of its own and we write 

m 0 /w « C 

Section 3. The Nature of the Curie Point and the Change in Specific Heat 
there .—The nature of the Curie point of a ferromagnetic substance is well 
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known. All the phenomena agree in indicating that at temperatures below 
the temperature of the Curie point the normal stable state of the material is 
the magnetised state, the magnetisation being given by the non-zero root of 
equation (14) of the Weiss-Heisenberg theory. Ordinary material which is 
apparently unmagnetised can only be unmagnetised in bulk. It must consist 
of a collection of micro-crystals each f ully magnetised but orientated at random, 
so that the large scale magnetisation is zero. The actual state of the material 
probably corresponds closely to the theoretical magnetisation for the tempera¬ 
ture in question in zero external field. At temperatures above the Curie point 
the normal stable state is unmagnetised on both the small and large scales and 
the material is merely strongly paramagnetic. Below the Curie point the state 
of zero magnetisation which exists is unstable and no doubt is not found in the 
microcrystals. What we call magnetisation in bulk at such temperatures 
does not therefore involve any fundamental change of state from zero to finite 
magnetisation among the microcrystale but merely a change of orientation 
in their magnetisation. This is accompanied by the steady growth of the 
effective external field applied to each of them, from zero for the apparently 
unraagnetised material to ^nl/Y -f H (=* R, say) for the material magnetised 
to the extent I/V per unit volume. The so-called natural saturation value of 
I is, of course, not the greatest magnetisation of which the substance is capable, 
but the fraction £ of this quantity—that is the stable magnetisation given by 
equation (14 ) for the temperature in question and the value of a corresponding 
to H<. 

We are now in a position to study the energy content of the material for 
given a, so far at least as it depends on the terms involving the magnetisation. 
Note that it is the energy for given a (usually a = 0) with which we are con¬ 
cerned in the phenomena of the Curie point. We apply the general formula : 

E — &T a Jj; log K (19) 

to equation (15) or (16), and retain only the terms in We need only, in 
virtue of (17), vary T where it occurs explicitly and in a and (3. The contribu¬ 
tion in which we are interested might be oalled Ej. Since 

3a _ _ a 3ji _ ft 

0T ~ T' 3T ~ _ T ’ 

we find 

Ei - -SJ^pfiaC+ipfl-^P+ilc 4 ]. (20) 
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In the use of this equation £ must be determined from (14), If we consider 
one gram-molecule of the substance, 2 nk = R, 

We follow Heisenberg’s wise, example and attempt only to account for the 
broad outline of the phenomenon of the variation of specific heat near the 
Curie point. For this purpose it will be sufficient to establish the value of the 
discontinuity in C„. When T > T c and a ~ 0, £ = 0, Ei = 0 and therefore 
(C t )i = 0. When T <T C , £>0 and E x <0, but as T-T c , Ei rapidly 
approaches zero. Therefore (C r )i> 0. At much lower temperatures the 
main term in Ei, namely, (3T£ 2 becomes constant and (C,)i should fall to small 
values, but the theory cannot yet extend so far. As T 

(c # )i - - BTjip (i - 2 

Since as T T e , 

pa -m 

the first factor after T c is approximately From (14) we find for the 
remaining factor 

LrfTjc T, 

with the same sort of accuracy. Thus 

to a rough approximation. We might expect it to be rather leas. We may 
say that the theory requires a step down in C, somewhat less than 3 calories 
per degree per gram-molecule as the temperature rises through the Curie 
point from below. The latest observations aref 


AC, calories per AC, calorics per 
Substance. degree per gram. degree per gram- 

atom of metal. 

Nickel (Ni) . 0-0285 1-7 

Magnetite (Fe 3 0 4 ) . 0-079 6-1 

Iron (Fe) . 0-122 6-8 


Even these experimental values ar% perhaps open to some doubt; but they are 
certainly sufficiently reliable to show that while the data for nickel can fit 
into a theory containing one magnetisable electron per atom the data for iron 
do not. This, however, is what we should expect for the values of the com¬ 
pletely saturated magnetisation in nickel and in iron are given by Weiss as 

t WeiM, (Piooard and Canard, ‘Arch. Soi. Phys., Geneva,’ vol. 42, p. 378; vol. 43, 
pp. 22, 118, 190 (1917). 
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equivalent to 3 and 10 of hie magnetons respectively ; that is to and 2 Bohr 
magnetons. Heisenberg’s one-electron theory is adequate for nickel and the 
value of AC f fits into the theory. For iron and magnetite a two- or perhaps 
a three-electron theory is required. This has not yet been constructed. But 
it seems clear that such a theory will only differ from the present in com¬ 
plication of detail and will give a value of AC* per gram-atom metal twice 
(or three times) as great as the one-electron theory, in agreement with the 
observed values. 

The thermo-magnetic effects observed by Weissf on magnetisation at any 
temperatures are, of course, mainly residual effects arising from the changes in 
Ei consequent on changes in H { , and so, via (14), in £. These changes in H< 
may be due to changes in II or in the large scale magnetisation or in both. 
They have been fully discussed by Weiss and are mentioned here only for 
completeness. 

Section 4. The Change of Size at the Curie Point .—According to the theory 
of Heitler and London (5 and J B should give to a first approximation the whole 
of the interaction of neighbouring atoms so far as it can be regarded as arising 
from the one electron per atom which we have allowed to be present. Since 
there are many more electrons per atom to interact many of which would not 
have magnetic properties we need not be surprised if the main interaction cornea 
from terms other than (3 which the theory has so far of necessity overlooked. 

It is possible to make rough estimates ; on account of the Curie point (3 
must be about 2 at 1000° K in iron, which means that J 0 must be about 1/60 
volt or zJ 0 about 1 /5 volt. If the whole of the attractive forces were derived 
from p the energy of binding of the atoms in the lattice would also be of the 
order of 1 /5 volt. There appears to be no dataj at all for vapour pressure or 
beat of evaporation of iron, or of metals of the iron group. Zinc has a latent 
heat of about 1-46 volts. Copper has a boiling point temperature more than 
twice that of zinc, so that its latent heat will be of the order of double that of 
zinc, say 3 volts. Experiments by Langmuir indicate 6 volts for the heat of 
evaporation of platinum and as much as 9 volts for that of tungsten. These 
values are no doubt higher than the value for iron. The boiling point of ix*on 
is close to that of copper, so that it appears to be safe to estimate the heat of 
evaporation of an iron atom at 3 volts. This is some 16 times the value which 
might be derived from our p. 

t Weiss, ‘ J. Pbys. Bad.,’ vol. 1 , p. 161 (1921); Weiss and Forrer, ‘ Ann. Phys./ vol. 6, 
p. 153 (1926). [Le ph&iomdne magneto-calorique.] 

t The data used below will all be found in * Landolt*BCrnstein,’ ed.5, p. 1832 ff. 
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It appears therefore that we have omitted from log K important attractive 
forces which are not concerned with the magnetic effects. Remembering the 
way in which the theory was initially simplified there is nothing surprising or 
contradictory in this. The extra terms should, perhaps, be regarded as 
arising from the interactions of other groups of electrons incapable of change of 
orientation. There is nothing in the size of the factor 15 which makes this 
impossible. Or perhaps the metal crystal should rather be regarded as a 
construct out of metal ions (with magnetic properties) and free electrons. 
These points future calcxilations must examine. In the meantime we shall 
not go far wrong in estimating from (15) changes of size in the crystal, if we 
retain the terms depending on a and £ and replace the others by empirical 
terms, representing reasonably closely the true main structural forces. 

We shall take the corrected log K to be of the form 

log K' ss 2n£log 2 + log cosh \ jot + (3 (l £ 3 j 



The terms in A and B are those typical of the ionic lattice theory, but they will 
sufficiently represent the facts here. We may suppose to a sufficient approxi¬ 
mation that TA and TB are independent of the temperature- that is, we are 
neglecting the heat motion of the lattice elements. The equation determining 
the size is 

p — log K' (H, V, T) = 0. (23) 


Above the Curie point in zero field we may take this equation to be equivalent 


to 


y» y« 


= 0 . 


(24) 


Some way below the Curie point where £ is already fairly large it is equivalent 



the ratio of A : B : f3 being unaltered to our approximation by the change of 
temperature. If A and B are taken positive, the term A/V p represents the 
negative potential energy of the attractive forces and is of the order of the 
whole negative energy per atom, or some 15 times (3. Also q > p. If SV is 
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the increase in volume in the magnetised state, we find from (24) and (25) after 
reduction that 


sv _ _!_/ V 8 pjgv ^ f 111 

v q-p\ -\d(AV- v )ldVJ L* \ 




(26) 


The orders of these factors are fairly easily estimated, though, of course, not 
very closely. The first, (q — ])) y might be as large as 3, a fair mean value being 
2. The second being the ratio of the V rates of variation of energy terms of 
similar origin is probably nearly in the ratio of the energies themselves, i,e. t 
about jV The complete change of volume due to magnetisation on going 
through the Curie point should therefore be of the order tItt* The observed 
change of length in a wire appears to be T ur-Trio* an d therefore the change of 
volume r h -rhr- it is important, however, to notice that the observed change 
is a contraction as the temperature rises through the Curie point, that is, as the 
wire is demagnetised. It is therefore necessary that 3fJ/3V > 0, This is 
somewhat surprising, though by no means impossible, for a range of values of 
V, that is, for a range of distance apart of the interacting atoms. But it is 
not possible to say more until more detailed calculations can be made. 

This sign of 3p/3V makes (3 contribute to the repidsive forces between the 
atoms at metallic distances. It was, therefore, with the less regret that we 
concluded above that major sources of attractive forces had been omitted 
from the theory. It is impossible for p to do both jobs ! In this intriguing 
situation it is satisfactory that it is possible to check the sign of 3(3/3V directly 
which can be done by observing the change of position of the Curie point 
under pressure or tension (that is, with change of volume), but no such experi¬ 
ment appears to have been reported. 

We have mentioned above that the observed change of length of iron at the 
Curie point is between - is o o - We have little doubt that this is the correct 
order of magnitude, hut accurate data do not seem to exist. The phenomenon 
was recorded long ago by Barrettf and it seems to be agreed on his evidence 
that there is a large change of length at the Curie point, but the only exact 
measurements we have been able to find are those of Charpy and Grenet^ 

The curves they have obtained for the change of length could easily be 
interpreted as supporting strongly the estimate given above, but such an 
interpretation would not be fair. Their curves show also a large effect of 


t Barrett, * Phil. Mag.,’ vol, 46, p» 472 (1873). 

t Charpy and Grenet, 4 Bull Soc. Encouragement Industrie Nat.,’ p. 464 (1903). We 
are much indebted to Mr. C. E. Guilaume for information about the literature. 
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impurities both on the temperature and on the magnitude of the main change 
of length, and the change usually occurs in such a way that the effect of the Curie 
point cannot be disentangled with certainty from that of the £ -*y transition 
point at a temperature some 100° C. higher. It is only possible to test the 
theory if the extensometer readings are accompanied by magnetic observations 
so £is to correlate the change of length exactly with the changes of magnetic 
state. Charpy and Grenet do give one such set of double observations which 
would provide an excellent confirmation of the theory, but they refer to a 
nickel-iron alloy which might have more complicated properties. We must 
be content to point out the need for new measurements and the interest which 
would attach to them. 

/Section 5. Magnetostriction.- It appears never yet to have been pointed out 
that magnetostriction -the change of length observed on actually magnetising 
iron in bulk—must be related to the change of length at the Curie point in 
exactly the same way as Weiss’s thermo-magnetic effects are related to the 
change of specific heat at the Curie point. Both the Curie point phenomena 
are primary effects resulting from the change over from the unmagnetised to 
the magnetised state on the microscale. Both the other phenomena are 
residual or secondary effects due to the changes of magnetisation arising from 
changes in the external fields which act on the microcrystals. In discussing 
magnetostriction it is obvious that at this stage it is only the order of the 
effect which we can hope to account for, and then only for saturated magnetisa¬ 
tion. The growth of the effect, as shown by the curve of change of length 
against magnetization, must be a complicated phenomenon depending on the 
gradual switch over in the directions of magnetisation of the micro¬ 
crystals. The effect itself was shown by Websterf to depend in magnitude 
and sign on the orientation of the magnetisation with respect to the crystallo¬ 
graphic axes of the specimen. This also we cannot yet attempt to investigate. 

Using now the value given above for the primary change of length near the 
Curie point, we may take (20) in the rough form 

$1 1 y 2 

T = So'' 

for the value of £ corresponding to ordinary temperatures is about 0 • 9. Corre¬ 
sponding to a small increase in £ such as is due to on magnetisation in bulk, 
we have then 

y=?'5X I0- 3 K 
l 

f Webster, * Roy. Soe. Proc.,* A, vol. 100, p. 570 (1925). 
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The value of 8£ is to be calculated from (14) as the result of a change 8a in a. 


We find 


K 


1 

l — c* 




th E, 
4tcwc kl 


At ordinary temperatures, T = 300° K, we may assign the rough values V, 
j, 1 to the terms in [ ]. We then find 


$£ = 4-7 X KT 3 , 
22 = 3-5 X KT 5 , 

l 


anincreaseof length on magnetisation, in excellent agreement with the greatest 
value + 2-0 X 10~ 5 found by Webster. 

The theory is not yet fit for any closer application. 


Section 6. Remarks on the Interaction of Atoms of Closed Groups of Electrons. 
—It may perhaps be not without interest to conclude with some remarks about 
the structure of metals which arise from the requirements of Heisenberg’s 
theory. In the theory of the interaction of atomic systems the interaction 
integral J 0 , with which we have been so much concerned here, plays a great 
part. For hydrogen and helium it is necessarily true that J 0 <0, as was 
pointed out by Heitler and London ( loc . cit.). It is the sign of J 0 which deter¬ 
mines the sign of the energy difference of the symmetrical and antisymmetrical^ 
wave-functions. It is the negative sign of J 0 (coupled with a normal variation 
with distance) which compels two helium atoms to repel each other and makes 
helium an inert gas; for in normal helium the closed configurations of the 
electrons allow only of a wave-function antisymmetrical in certain pairs of 
electrons from different atoms, a solution of the wave equation which belongs 
to a positive interaction energy for negative J 0 , The same considerations no 
doubt hold for other inert gases, which consist entirely of closed configurations 
of electrons. We may certainly presume that they do so. But there is not 
the same necessity as for helium, in which the wave-functions of the normal 
state have no nodes, it is essential, however, that J 0 > 0 for a ferromagnetic 
substance, and Heisenberg tas shown that this can occur if the principal 
quantum number n of the most lightly bound electrons is sufficiently large, 
probably if n > 3. It appears to us that additional evidence for positive J 0 

t Throughout this section symmetrical or antisymmetrical are used to mean “ symmetri¬ 
cal or antisymmetrical in the spaoe co-ordinates of the electrons ” When the spins are 
included the complete wave-functions are, of course, all antisymmetrical. 
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<san often be drawn from simple considerations as to whether or not the element 
in question exists at ordinary temperatures as a nearly perfect monatomic gas. 
The arguments of course only apply to atoms with closed configurations of 
electrons, but there are many of these besides the inert gases. The normal 
free atoms Be, Mg, Ca, Sr, Ba, Zn, Od, Hg, Pd, Pt, are all known to have this 
property. We believe that we may conclude that J 0 is positive for the inter¬ 
action of a pair of normal atoms of any one of these elements, for otherwise the 
•element would be able to exist (at least as an alternative) as a monatomic gas 
at ordinary temperatures. Mercury is the most doubtful. Its properties 
suggest that Jq is positive but exceptionally small. It is not suggested that 
this evidence is conclusive, for the fact that Be, ..., Hg are not observed 
freely as monatomic gases might be due not so much to the sign of J 0> t.e. s 
to the effect of interactions in gas collisions as to the catalysing effect of the 
walls of any container. It is well recognised too that the molecular state of 
least energy may arise from the combination of excited states of the atoms.f 
The most interesting examples of the group are palladium and platinum, 
for these normal atoms consist of closed configurations in exactly the same sense 
as the normal atoms of an inert gas, yet they are metals instead. For example, 
xenon has the grouping 2, 8, 18, 18, 8 ; and palladium 2, 8, 18, 18. There is 
the important difference that the normal state of an inert gas is removed from 
the nearest excited state by a much larger energy step than in palladium, but 
it is difficult to resist the speculation that two normal palladimn atoms, unlike 
two normal atoms of an inert gas, can form a molecule because J 0 is positive, 
aud that for the same reason the molecule can proceed, by addition of further 
atoms, to construct the crystalline metal. 


t Heitler and Herzberg, * Z. Phyaik,* vol. 53, p. 52 (192ft). 
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The Theory of Cracking Petroleum. 

By H. A. Wilson, F.R.S., Rice Institute, Houston, Texas. 

(Received February 2, 1929.) 

In cracking petroleum the oil is kept at nearly constant temperature and 
pressure for a certain time and is then separated by fractional distillation into 
gas, gasoline and heavier fractions. 

Usually the oil is passed, through a long pipe heated in a furnace, into a 
reaction chamber from which the cracked oil is withdrawn continuously. The 
fraction of the oil converted into gasoline depends mainly on the pressure and 
the temperature in the reaction chamber, the time taken to pass through the 
chamber and on the nature of the oil. 

The oils used consist almost entirely of mixtures of various types of hydro¬ 
carbons, including paraffins, naphthenes, olefines, diolefines and aromatic 
bodies. 

In this paper the theory of the cracking of hypothetical oils consisting only 
of paraffins and unsaturated hydrocarbons is considered. 

It is assumed that the oil remains in the reaction chamber long enough for 
chemical equilibrium to be established between the hydrocarbons supposed 
to be present and the fractions of the oil coming out of the reaction chamber as 
liquid, vapour, gas, gasoline and unsaturated hydrocarbons are calculated. 

The theory of chemical equilibrium in mixtures of paraffins and unsaturated 
hydrocarbons worked out in two previous papers* is made use of in these 
calculations. These papers will be denoted by E I and E II. 

The theoretical results for these hypothetical oils are compared with the 
results obtained in the cracking of real petroleums, and it is found that there 
is a good general agreement between the theoretical and practical results. 
It is therefore concluded that the hypothetical oils resemble actual oils 
sufficiently closely for the theory of the cracking of the hypothetical oils to 
represent the main features of actual cracking. 

Assuming that the theory of the cracking of the hypothetical ode can be 
applied to real cracking operations conclusions can be drawn as to the results 
which should be possible in practical cracking. 

* “ Chemical Equilibrium in a Mixture of Paraffins/* * Roy. Boc. Proc./ A, vol. 116, 
p. 601 (1927); “ Chemical Equilibrium in a Mixture of Paraffins and Unaaturated Hydro¬ 
carbons/* ‘ Roy. Soc, Proc./ A, vol. 120, p. 247 (1928). 



Theortf of Cracking Petroleum . 


17 


* The composition of a hypothetical oil may be represented by the formula 
CH* so that x denotes the number of hydrogen atoms per carbon atom in the 
oil. If the oil entering the reaction chamber is CH ri and if CH^ and CH* 
are the compositions of the liquid and vapour coming out of the reaction 
chamber then if q denotes the fraction by weight of the oil coming out in the 
liquid state we have 

12/(12 + x x ) = 12g/(12 + x f ) + (1 — q) 12/(12 + x) 

for 12/(12 + x) is the fraction the weight of the carbon in the oil is of the 
weight of the oil, and, of course, the carbon entering the chamber must be equal 
to that leaving it. We assume here that no coke is deposited in the reaction 
chamber. When appreciable amounts of coke are deposited the effect of such 
deposits can be easily allowed for, as will be seen later. The aboye equation 
gives q ~ (x — (12 + »')/(* — $') (12 + ^i)- Thus the fraction of the oil 

coming out in the liquid state can be calculated when x v x and x ' are known. 

In the two previous papers, E I and E II, it was shown that in the vapour 
of a mixture of paraffins and unsaturated hydrocarbons, in a state of chemical 
equilibrium, the molar amounts of the members of each homologous series 
present form a geometrical progression with the ratio / between successive 
terms. Thus if p n denotes the partial pressure of the vapour of the paraffin 
CJETbb+s then p n = Pi Also if p n ' denotes the partial pressure of the 

olefine then p tt ' =s p 2 'f n " 2 , and in the same way for C n H 2tt _ 2 , Pn ' = Ps"/ n ~ # 

and so on for the other series. 

Also it was shown that if p, p', p", . . denote the sums of the partial pres¬ 
sures for each series so that p = pj( 1 —/), p' = p 2 7(! —Ap" — p 3 "/(l —/)» 
etc., then p f = yp, p" = y a p, p'" = y*p, and so on. Here y is the molar 
fraction of the vapour consisting of the unsaturated bodies. Thus the total 
pressure P is given by P p + p' + p" + • * •> so that P = p + J/P + y*p 
+ • • ■ —pl(l — y) and so P = pj( 1 —/) (1 — y). 

The Iraotion y is given by the equation 

,v=i- Vi - wm -/), 

K is an equilibrium constant given by log K = — 7400/T -j- log T -J- C where 
T denotes the absolute temperature and C is a constant. I have assumed that 
y for the liquid is equal to y for the vapour. This must be very nearly true 
beoause the molar amounts of the different types of hydrocarbons all form 
geometrical progressions having the same ratio and the corresponding terms in 
each series have nearly equal physical properties. It follows also from this 
that the molar iraotion y must be roughly equal to the fraction by weight of 

VOL. oxxiv.—a. o 
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the unsaturated bodies in the oil. With the values of / and y which occur in 
the cases considered in this paper the unsaturated weight fraction is between 
0*95^ and 1 *30 y. The value of y is therefore calculated using the value of/ 
for the vapour, and the value so obtained is used to calculate x ' for the liquid 
in equilibrium with the vapour. 

The value of the fraction/ at any temperature and pressure may be obtained 
by means of the charts given in E I which give the values of x = 4 — 2/ for 
the vapour and for the liquid* when in equilibrium with each other. In E II 
the constant C was put equal to 4 but it is found that the calculated results 
agree better with the facts with 0 = 3 so this new value will be used in the 
present paper. 

Knowing/ the value of y can be calculated by means of the equation given 
above using the value of K given by log K = — 7400/T + log T + 3. 

The value of a: in the composition CH* of the vapour can be calculated from 
y and/. If the vapour contains M mols of CH 4 then it contains M/ m “ n ~ 2 y m ' u 
mols of . Here m — —■ 1 for the paraffins C n H 8tt+ t» w = 0 for the 

olefines C„H gm m » + I for the diolefines C*Han_ 2 , and so on for the other 
series. 

The number of mols of hydrogen in the vapour is therefore equal to 

M(4 + 6f+&/*+ ...)(1 +y + y* + ...), 
which is equal to 

2M ( 1 11 

1 - y ll -/ + (1 -/)*/• 

The number of mols of carbon in the vapour is equal to 

M(1+ 2/-f 3f*+ 

+ yM(2 + 3/+4/*-f ...) 

+ y s M(3 + 4f+5/* + ...) 

+ 

which is equal to 

M ___ yM 

(1-/) S (1 — y) + (l—/)(i -yf 


Hence * the mols of hydrogen per mol of carbon is given by 


i-y{i-/ + (i —/)*}/{ 


(1 -/)*(! -y) + <1 -/)(l_y)* 




or 


® = 2 (2 /) (1 — y)/(l — yf). 

The charts in E I give x for a mixture of paraffins only for which y *■ 0 
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when there is equilibrium between the liquid and vapour. From the values 
of x given by the charts wo get / since / = 2 — xj2. It should be noted 
that the charts give x for the mixture of paraffins only, but the x given 
by the above equation is that for the mixture of paraffins and unsaturated 
bodies. The maximum possible value of y is \ and when y»$ then 
x =b 2 (2—/)/(l — J/) ^ 2. Thus when y = £ we have x — 2 whatever the 
value of/. 

In the case of vapour not in contact with liquid the value of / will be deter¬ 
mined by the composition of the vapour. Thus if all the oil evaporates in the 
reaction chamber and no coke is deposited so that only vapour comes out then 
we must have x == x t where OH^ is the composition of the oil used. We have 
then y — \ —Vl — K/ a /P(l —/) and x = 2(2 ~/)(l —y)l(l—yf). These 
two equations enable / to be calculated but it is more convenient to use them 
to calculate K for assumed values of / and then find the temperature corre- 
aponding to the values of K calculated. Eliminating y we get 


K 


VLzll 

P 


fl U 2(2 

1* \* 2(2 —/) —fxj ) 


By means of this equation the value of K corresponding to any value of / can 
be calculated and then the temperature is given by log K. = — 7400/T -f 
log T ~f 3. In this way the variation of the fraction f with the temperature 
can be found. 

In order to calculate the gas and gasoline fractions for the liquid and vapour 
it is necessary to know how these fractions depend on the composition. The 
plan adopted is to first calculate these fractions for the mixture of paraffins 
only, and then to correct the values obtained for the effect of the presence of 
the unsaturated bodies. It is necessary first to consider the theory of chemical 
equilibrium in the liquid phase. 

When different liquid hydrocarbons are mixed there is very little change of 
total volume or evolution of heat. The change of total volume is very small 
compared with the total volume, so that to obtain an approximate theory of 
such mixtures we may assume that the volume of the mixture is equal to the 
sum of the volumes of the bodies in it, and that the internal energy of the 
mixture is equal to the sum of the internal energies.* 

Let m,, m v ... denote the numbers of gram molecules or mola of the 
hydrocarbons in such a mixture, and let v x , v t , v„,... denote the volumes of one 


* These assumptions are equivalent to the assumption that the liquid is a “ perfect 
solution/* 


0 2 
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mol of the hydrocarbons in the pure state, so that the volume of the mixture 
is given by 

V =* m l \\ + m 2 v 2 + w 3 v 3 + ... — Smt?. 

Also let u v u v Uz, ... denote the internal energies per mol in the pure state so 
that the internal energy U of the mixture is given by 

U =s m x u x 4- m a t«2 4 * m $ u z + .*• = Swm. 

In Planck’s thermodynamical theory of dilute solutions he obtains similar 
expressions for V and U for a dilute solution but the u’s and u’s are not equal to 
the molar volumes and energies in the pure state. But the values of the v’s 
and u’s in Planck’s theory of dilute solutions depend only on the temperature 
and pressure which is also true of the v’s and w’s defined above. It follows that 
the theory of the mixture of liquids may be worked out in exactly the same way 
as the theory of dilute solutions so that it will be sufficient to merely state the 
results which follow from the theory. 

Let c n = m n /Sm denote the concentration of the nth constituent of the 
mixture, <f> n its entropy per mol, and let = »£ n — (u n 4- pv n )[ T where p and 
T denote the pressure and absolute temperature. Also let ® denote 
the entropy of the mixture and Y = 0 — (U 4*pV)/T then we have 
Y =s Em n (^ n — R log c n ) as in the theory of dilute solutions. 

If more than one phase is present then we may denote the m’s in the different 
phases by m, m\ ra", ..., and the other quantities for the different phases may 
be distinguished in the same way so that Y for all the phases is given by 

Y = Em — R log c) 4- Em' (<J/ — It log c') 4- ... 

or 

Y = EEm (4» — It log c). 

The condition of equilibrium at constant temperature and pressure is 
&Y =- 0 which gives EE (tj; — It log c) 8m = 0. The 8m’s are proportional to 
the numbers of molecules involved in the small virtual change indicated by 
8, and so, in ordinary cases, arc proportional to integers v, so that 

EE (t|> — R log c) v = 0. 

The equilibrium constant K is defined by log K * ESv logo so that the 
condition of equilibrium may be written log K = EEv^/R. 

The condition of equilibrium among the members of any homologous series 
in a liquid mixture may now be obtained in just the same way as for the 
vapour. Let A* denote a molecule of the member of the series containing n 
carbon atoms and consider the reaction A*_i + A*^ = 2A*. The condition 
of equilibrium is log K - log - (2+ n - ^ - ^ B+1 )/R. Provided 
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4»« is equal to the mean of and 4wi this gives c B 2 = <? n „i c n +i, so that the 
c*s form a geometrical progression and c n = where / is a fraction less 

than unity and nearly independent of n, and ^ is the smallest value of n for 
the homologous series in question. 

In the case of a liquid mixture consisting entirely of the paraffins 0*112*+* 
we have c n = c 1 /*~ 1 . If the mixture contains x hydrogen atoms to one atom 
of carbon then 

x - (4c, + 6 c 2 + 8c 3 + ...)/(* + 2c 3 + 3c 3 + ...) - 4 - 2/ 

exactly as in the case of the vapour of a mixture of paraffins discussed in £ I. 

In the paper just mentioned the percentages by weight of the different 
paraffins in the vapour corresponding to different values of x from 2 * 2 to 2 • 8 
were given on page 503. We see now that these percentages will also hold 
good for the liquid phase, x for the liquid is usually between 2*0 and 2*20 
so the percentages corresponding to 2*05, 2*10 and 2*15 have been calculated 
and are given in the following table. 


Table I. 


X 

2 < 05 . 

! 2 - 10 . 

1 

2 * 15 . 

n 


i 

i 

1 

0 063 

0 284 

1 0-838 

2 

0*130 

0*506 

| MO 

3 

0*186 

0*705 

j 1*50 

4 

0*239 

! 0*882 

1 83 

5 1 

0*289 

1 1-04 

2*09 

6 

0*337 

118 

2*32 

7 

0*382 

1*31 

2*49 

a 

0*425 

1-41 

2*62 

9 

0*465 

1*51 

2*73 

10 

0*503 

1*59 

2*80 

11 

0*538 

1*66 

2*85 

12 

0*572 

1*72 

2*86 

18 

0*605 

1*77 

2*87 

14 

0*635 

1*80 

2*86 

15 

0*660 

1*84 

2*83 


The percentage of " gasoline ” in the mixture was taken to be the sum of 
the 'percentages for the values of n from 5 to 12 together with enough of the 
percentages of the propane C 3 H 8 and butane C 4 H 10 to make the vapour 
pressure of the gasoline equal to one atmosphere at 104° F. The vapour 
pressure was calculated in the usual way by assuming the partial pressure of 
each hydrocarbon in the vapour equal to its vapour pressure multiplied by its 
molar fraction in the liquid. 
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The fractions of the propane and butane required were found to be as 
follows:— 


Table II. 


x sc 

2 05 

/ 2 1 0 

| 2 . j 5 

1 2-20 

.... 

j 2 30 

2-40 

2*50 

j 2-60 

j 270 

j 2 80 

o 4 h 10 . 

1 

1*00 

1 

I 00 

I 

1*00 

1 *00 1 

100 

0*80 I 

0*50 

0*40 

0*30 

^ 0*20 

C . H . . 

019 

0*10 

0*07 

0*00 

0*02 

0 

0 

0 

0 

0 


The percentage of “ gas ” in the mixture was taken to be the sum of the 
fractions of the percentages of CH 4 , C 2 H 0 , CjjHg and C 4 H J0 not included in 
the gasoline. 

The “ gasoline ” defined as above is a mixture of C 12 H 26 , ..., CcHu, 

C 4 I1| 0 with a trace of C 3 H 8 when x is less than 2*30. It would begin to boil 
at 104° F. and its “ end point ” would be equal to the boiling point of C 12 H 2 e 
which is 421° F. 

The following are the percentages of gas and gasoline got in this way :™ 


Table III. 


X 

2 06 | 

2*10 

216 

2*20 

2*30 

2*40 

2*50 

2*60 

2*70 

2*80 

Gas . 

0*30 

1*40 

310 

5*40 

11*5 1 

21*0 

32*6 

43*2 

54*4 

64*7 

Gasoline . 

3*8 

12*4 

J 22-7 

33*0 

1 

49*0 

50*5 

55*0 

50*5 

42*7 

34*2 


In fig. 1 the relations between x and the gas and the gasoline percentages are 
shown graphically. 

When oil is kept at a constant temperature in a closed vessel the gas gradually 
increases with the time, but the gasoline rises to a maximum value and then 
diminishes. Fig. 2 shows the variation of the gas and gasoline with the time 
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for a residual base petroleum at 800° F. TJhe oil used filled one-half of the closed 
vessel. These results are taken from Cross’ “ Handbook of Petroleum,” 

p. 288. 

We should expect coko and highly unsaturated bodies to be slowly produced 
from the oil so that the percentage of hydrogen in the oil vapour should gradually 
increase with the time. The variation of the gas and gasoline with the time 
should therefore be similar to the variation of the gas and gasoline in the 
vapour as x in CH* increases. We should therefore expect the curves in fig. 2 
to be similar to those in fig. 1 which show the variation of the gas and gasoline 
in oil vapour with z. Part of the oil in the closed vessel is liquid or coke so 
that the percentages in fig. 2 should be less than in fig. 1. It will be seen that 
the curves in fig. 1 are very similar to those in fig. 2 in agreement with the 
theory. For example the ratio of gasoline to gas, when the gasoline has its 
maximum value is 2*44 in fig. 2 ami 2*46 in fig. 1. Also when the gasoline 
has one-half its maximum value the ratio of gasoline to gas is 8*8 in fig. 2 
and 7*0 in fig. 1. 

The charts in E I give the values of x for the liquid and vapour phases when 
both are present and in equilibrium at any temperature and pressure. By 
means of the charts and fig. 1 above we can therefore get the percentages of 
gas and gasoline in the liquid and vapour phases at any temperature and 
pressure. The following tables give values got in this way for several tempera¬ 
tures and pressures. The numbers are the percentages by weight for a mixture 
of paraffins only. 


Table IV.—Gasoline percentage. 


Temperature, 

1 

j 7-5 atmosphere®. 

16 atmospheres. 

30 atmosphere®. 

60 atmospheres. 

Vapour, 

liquid. 

Vapour. 

liquid. 

Vapour, 

liquid. 

Vapour. 

Liquid. 

760 ' 

64 

3-8 

66 

6-0 

66*5 

1 

i 

9*0 

55*6 

13*3 

800 

61 

3-3 

66 

5*8 

56-5 

8*0 

56*6 

11*3 

860 

! 

— 

52 

4-6 

66 1 

| 7*0 

66-5 

10*5 

900 

i 

— 

— i 

— 

64 

6-0 

i 56 

9*2 

960 

' — 1 

— 

— 

— 

62 

! 6-3 

l 66 

8*3 

1000 

i —. 

— 

1 

— 

50 

4*8 

1 54 

7*2 

1060 

I — 

i 

| _ 

i. .. 


— 

— 

L“ . 

6*3 
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Table V.—Gas percentage. 



7*5 atmospheres. 

15 atmospheres. 

30 atmospheres. 

00 atmospheres. 

Temperature. 

Vapour. 

Liquid. 

Vapour. | Liquid. 

Vapour. 

Liquid. 

. _ 

Vapour. 

liquid. 

| 

5*1 

15*7 

0*37 

i 

! 20*0 0-65 

24-3 

0*97 

31 *0 

1*52 

800 

13-3 

0-35 

16*8 i 0-55 

21-0 

0-93 

27*1 

1*30 

800 

— 

i 

14-3 0-45 

18*1 

0-76 

23-9 

1*17 

900 

i 

_ 1 

— i — 

10*2 1 

1 o o3 ; 

20*8 ! 

! l oo 

900 

— 

— 

— — 

14-3 ! 

0-50 j 

18*2 i 

0-90 

1000 


_ ] 

— 1 —. 

12-4 

0-50 ! 

10*2 

! 0*80 

1050 

| _ 

1 “ 

j 

_ i 

t ! 

— 


14*3 

0-0* 


These tables give the percentages by weight of gasoline and gas for the 
mixtures of paraffins when there is equilibrium between the liquid and vapour. 
In the case of a mixture of paraffins and unsaturated hydrocarbons the values 
of the fraction / must be very nearly the same as for the mixtures of paraffins 
only. This is so because the physical properties of the corresponding hydro¬ 
carbons in the different homologous series are nearly equal, as was explained 
in £ I. 

Although the fraction/ must be nearly the same for the mixture of paraffins 
and unsaturated bodies as for the mixture of paraffins only it does not follow 
that the percentages of gas and gasoline are also the same. 

If we take the gas to include all of the CII 4 , G 2 H«, C 8 H 8 , C 2 II 4 , C S H„ and C 3 1I 4 
in the oil, then the weight of the gas containing one mol of CH 4 is 

16 + 30/ + Up + 28y ~f 42 yf + 40y*. 

The total weight of the vapour containing one mol of CH 4 is equal to 

16 + 30/ + 44/*+ ... 

+ 28y + 42$/ + myP + ... 

+ 40y 2 + 54y«/+68y*/* + ... 

+ 52y a + 66y*/+80yY+ ... 

+ ... 

- < 16 -4?-2/- 10tf)/(l -/}»< 1 - y)*. 

The gas fraction F' of the weight is therefore given by 

F' =* (1 -/)*(1 — y)* 8 ± Ik + 2 °y* + W + 21yf + 22/* 

8 2y / — 5yf 
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For the mixture of paraffins only y = 0 and the gas fraction F is 

F - (1 ~ff (8 + 15/ + 22/ 2 )/(8 -/). 

Hence 

L „ (8 + 15/ + 22/0(8 - 2y, -/ - %/) 

F (1 - y)*(8 -/) (8 + Uy + 20/ + 15/ + 2lyf + 22/*)' 


By means of this expression the following values of F/F' have been calculated. 

Table VI. 


V- i 

/-1. 

! °- 9 - 1 

0*8, j 

0*7. 

: 

0*6. 

0*5 

1*33 

1*40 

1*40 

1*51 

1*53 

0*4 

1*21 

1*22 

1*20 

1*29 

1*30 

0*26 

1*09 

1*10 

M2 

1*12 

1*12 

0*1 

1*026 

1*028 

___ _! 

1*030 

1*030 

1*031 


By means of these ratios the gas fraction can be obtained from the gas fraction 
for the mixture of paraffins only, in the caseH where the gas consists of all the 
compounds present for which n = 1, 2 or 3. In some cases the gas contains 
a fraction of the bodies for which n — 4, but this fraction is small unless x is 
greater than 2 • 4 and it is not enough to make an appreciable difference. 

When /is between 0*75 and 0-6 the vapour consists almost entirely of gas 
and gasoline, so that the gasoline fraction for the mixture of paraffins and 
unsaturated bodies can be obtained by adding to the gasoline fraction for 
paraffins the difference between the two gas fractions. For the larger values of 
/ this difference is quite small so that the correction of the gasoline fraction 
may still be made in the same way. This correction, so made, probably slightly 
overestimates the gasoline in a few cases, but the error is less than 1 per cent, 
of gasoline and makes no appreciable difference. Since the correcting factor 
is nearly independent of the fraction/ its value can usually be got with sufficient 
aoouraoy from that of y or the unsaturated fraction alone. 

By means of the methods described above the gas, gasoline, liquid and 
onsaturated fractions in the oil coming out of a reaction chamber may be 
ealoulated. 

The following table gives the values of these fractions for four hypothetical 
oil! having assumed compositions CH S . X , CII S . 15 , CH 2 . a and CHg.^. These 
hypothetical oils contain higher percentages of hydrogen than real petroleums. 
This is because real oils contain naphthenes C fl H 2 * and possibly aromatic 
hydrocarbons such as benzene C»H 6 . If, for example, an oil contained only 
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naphthenes and unsaturated hydrocarbons it would contain less than 2 atoms 
of hydrogen to 1 of carbon. 

The values of the fraction / for the vapour and for the liquid at the given 
temperature and pressure are first got from the charts in E I. The value of y 
for both phases is then calculated by means of y ~ h-Vi- K/*/(l ~/)P 
where /is the value for the vapour and K is given by log K = — 7400/T + 
log T + 3. x for the vapour and x' for the liquid are next obtained by means 
of the equation 

*~2(2-/)(] — y)/(l -?//). 


The liquid fraction is then given by 


g = (« — ah) (12 + x f )l(x — s') (12 + x x ). 


The percentages of gasoline and gas are then got from the tables of percentages 
in the liquid and vapour. The gas percentages are corrected by dividing them 
by the value of the factor F/F' (Table VI) as explained above and the gasoline 
percentages are also corrected. 

When x x is greater than x no liquid remains and then the temperatures 
corresponding to assumed values of/are found by means of 



2 ( 2 -/)-*■ \ ‘\ 
2 ( 2 -/)-/*,// 


together with log K = — 7400/T + log T + 3. The percentages of gas and 
gasoline corresponding to the values of / are got from Table II and corrected 
by means of the factor F/F'. 

The table gives the percentages by weight in the oil coming out of the reaction 
chamber except that the percentage of unsaturated bodies is the molar per¬ 
centage which is roughly equal to the percentage by weight. The percentage 
of unsaturated bodies will be nearly the same in the gas and in the gasoline aa 
in the total oil. 

The oil is assumed to have been in the reaction chamber long enough for 
equilibrium to have been established between all the bodies present, and it is 
also assumed that no coke is deposited in the reaction chamber. The lowest 
temperature given at which the liquid is zero is that at which the liquid just 
disappears. 
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Table VII. 


Pressures 7*5 atmospheres, x — 2-25. 


Temperature. 

Liquid. 

Gasoline, 

Gas, 

Unsaturated, 

° F. 

per cent. 

per cent. 

per cent. 

; 

per cent. 

750 

1 12*4 

1 48-4 

12-6 

14*2 

760 

I o 

i 53*8 

14 2 

17*0 

BOO 

0 

57-5 

36 

22*5 

900 

0 

60 

34 

33*2 

1000 

0 

47 

52 

1 

37*9 


Pressure 7 • 5 atmospheres, x ~ 2-20. 


Temperature. 

Liquid. 

| Gasoline. 

Gas, 

Unsaturated. 

O F 

per cent. 

per cent. 

tier cent. 

per oent. 

750 

33*1 

37*9 

9*0 

14*2 

790 

0 

54*2 

12*3 

24*0 

800 

0 

57 

13 

20*5 

900 

0 

01 

31 

36*9 

1000 

0 

50 

46 

40 

1050 

0 

42 

68 

40*6 


Pressure 7*5 atmospheres. 

x = 2*15. 


Temperature, 

Liquid. 

Gasoline. 

Gae. 

Unsaturated. 

°F. 

per oent. 

per cent. 

per cent. 

per cent. 

760 

54*0 

27-1 

6*8 

14*2 

800 

13*9 

46*7 

9*7 

30*0 

804 

0 

! 54*2 

10*8 

33 

850 

0 

60 

19 

37*8 

900 

0 

61 

29 

40*4 

1000 

0 

51 

47 

42*0 

1050 

0 

44 

55 

43*2 

; 


Pressure 7*5 atmospheres. 

S=s2-10. 


Temperature. 

Liquid. 

Gasoline. 

Gas. 

Unsaturated. 

e I. 

per oent. 

per oent. 

per oent. 

per oent. 

750 

75 

18-5 

3*9 

14*2 

800 

48-7 

29-2 

5*9 

30 

809 

0 

53*8 

10*2 

39 

850 

0 

61 

17 

41*6 

900 

0 

63 

28 

44 

1000 

0 

53 

46 

45*3 

1000 

0 

46 

54 

46*9 
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Table VII—(continued). 



Pressure 15 atmospheres. 

x = 2-25. 


Temperature. 

1 Liquid. 

! | 

1 Gasoline, 

i i 

Gaa. 

] 

Uneaturated. 

• F. 

per cent. 

per cent. 

per oent. 

per oent. 

760 

36-3 

37*9 

12-8 

5-6 

800 

23*1 

43*7 

12-7 

9*8 

843 

0 

62-9 

131 

18 

900 

0 

58 

19 

26 

1000 

0 

68 

41 

33*7 

noo 

0 

48 

61 

37*6 


Pressure 15 atmospheres. 

* = 2 -20. 


Temperature. 

j Liquid. 

Gasoline. 

Gaa. 

Unsaturated. 

o 

i 

i per cent. 

per eent. 

per cent. 

per oent. 

760 

52*9 

29*3 

9-6 

6*6 

800 

42*4 

34*0 

9*6 

9*8 

850 

19*9 

43-2 

10*5 

19*4 

868 

0 

52-6 

11*5 

27 

900 

0 

68 

16 

30*3 

1000 

0 

59 

33 

37*2 

noo 

! 

0 

60 

60 

40 


Pressure 15 atmospheres, x = 2-15. 


Temperature, 

Liquid. 

Gasoline. 

Gas. 

Unsaturated. 

# F. 

per cent. 

i per cent. 

per cent. 

per oent. 

760 

69*7 

20-8 

6*4 

5*6 

800 

61*8 

24*2 

6*6 

9-8 

850 

44*8 

31*2 

7*3 

19*4 

875 

19*8 

43 

9*2 

28*6 

882 

0 

53*1 

10*9 

32 

1000 

0 

61 

30 

40-6 

1100 

0 

52 

! 

47 1 

1 

42*6 


Pressure 16 atmospheres, x = 2’ 10. 


Temperature. 

| Liquid. 

Gasoline. 

Gee. 

Uneatu rated, 

0 F. ! 

760 | 

per cent. 

86*7 

per oent. 

12*2 

per oent. 

3*2 

per oent. 

6*6 

800 

81 *6 

14*2 

2*7 

9-8 

850 

70*0 

19*8 

4-2 

19*4 

875 

63*1 

26*8 

5*6 

26*6 

888 

0 

52*6 

9*4 

39*0 

1000 

0 

62 

28 1 

44 

1100 

0 

63 

46 

t 

46*3 









Theory of Cracking Petroleum. 


29 


Table VII—(continued). 
Pressure 30 atmospheres. * = 2*25. 


Temperature. 

i 

i liquid. 

Gasoline, 

Gas. 

Unsaturated. 

0 F. 

per cent. 

per cent. 

per oent. 

per oent. 

760 

49-2 

33*2 

12*9 

2*2 

800 

41-6 

36*6 

12*6 

4*0 

860 

32-2 

38*6 

12*4 

7*1 

900 

16*8 

46*3 

13*2 

12*4 

932 

0 

63*8 

13*7 

19 

1000 

0 

59 

19 

25*5 

1100 

0 

60 

33 

32*5 

1200 

0 

60 

48 

37 


Pressure 30 atmospheres, a; = 2-20. 


Temperature. 

! 

Liquid. 

1 Gasoline. 

Gas. 

Unsaturated. 

* F . 

per cent. 

i 

per cent. 

per oent. 

per cent. 

750 

63*9 

26*3 

9*5 

2*2 

800 

67*7 

28*6 

9*6 

4*0 

850 

60-2 

30*9 

9*4 

7*1 

900 

38*0 

35*8 

9*9 

12*4 

960 

11*1 

47 3 

12*3 

23*4 

960 

0 

53*5 

12*3 

26*5 

1000 

0 

58 

16 

30 

1100 

0 

62 

31 

36 

1200 

0 

63 

46 

40 


Pressure 30 atmospheres. 

X « 2'15. 


Temperature. 

Liquid. 

Gasoline. 

~~ i 

Gas. 

Unsaturated. 

° F . 

per oent. 

per cent . 

per oent. 

per oent. 

750 

78*8 

19*1 

6*2 

2*2 

800 

74*0 

20*7 

6*2 

4*0 

850 

68*5 

21*9 

6-3 

7*1 

900 

59*2 

25*1 

6*9 

12*4 

050 

39*1 

34*4 

8*2 

23*4 

975 

0 

53*7 

10*8 

33*5 

1000 

0 

i 58 

13 

35-2 

1100 

0 

62 

29 

40 

1200 

0 

1 54 

44 

42*2 
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Table VII—(continued). 


Pressure 30 atmospheres. x = 2' 10. 


Temperature, j 

Liquid. 

Gasoline. j 

Gae. | 

j Unsaturated. 

i 

* F. 

per csent. 

per cent. 

per oent. 

per oent. 

760 

93-7 

12*0 

2*8 

2*2 

BOO 

90*3 

12*7 

3*0 

4*0 

860 

86*7 

131 

3*2 

7*1 

900 

80*6 

14*7 

3*7 

12*4 

950 

07*3 

20*8 

4*8 

23*4 

980 

28*6 

1 39*6 

7*8 

37 

983 

0 

53*9 

10*1 

40 

1000 

0 

58 

11 

41 

1100 

0 

63 | 

27 

44 

1200 

0 

56 

41 

45 


Pressure 60 atmospheres, sc = 2-25. 


Temperature. 

Liquid. 

Gasoline. 

Gas. 

Unsaturated. 

• F. 

i 

per oent. 

i 

per cent. 

per oent. 

per cent. 

780 

60*9 

29-6 

13*3 

0*89 

800 

55*1 

32*0 

130 

1*6 

850 

49*0 

33*8 

12-7 

2*8 

900 

41*1 

30*8 

12*6 

5-2 

960 

30*5 

41*0 

12*3 

8*3 

1000 

17*2 

46*5 

12*1 

13*5 

1040 1 

0 

530 

13 

21 

1100 

0 

58 

19 

25 

1200 

0 

68 

38 

32 

1300 

0 

53 

44 

36 

1400 

0 

44 

55 

44 


Pressure 60 atmospheres, x — 2-20. 


Temperature. 

Liquid. 

i 

Gasoline. j 

Gas. 

Unsaturated. 

° F. 

i per oent. 

per oent. j 

per oent. 

per oent. 

750 

74*0 

24*0 

9*5 

0*9 

800 

69*3 

25*7 

9*4 

1*6 

850 

64*6 

26-6 

9*2 

2*8 

900 

58*2 

28*8 

9*2 

5*2 

960 

49*7 

31*9 

9*2 

8*3 

1000 

38*7 

36*3 

9*3 

13*5 

1060 

20*5 

43*7 

10*3 

22*8 

1003 

0 

63*4 

11-9 

27*0 

1100 

0 

57 

15 

30 

1200 

0 

60 

28 

35 

1300 

0 

56 

41 

39 

1400 

0 

46 

63 

41 
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Table VII—(continued). 


Pressure 60 atmospheres, x — 2 • 15. 


Temperature. 

Liquid. 

Gasoline. 

Gas. 

Unsaturated. 

i 

0 F. 1 

i ; 

per oent. 

per cent. 

per oent. 

per oent. 

750 

87-3 

18*4 

6*6 

0*9 

800 

83*7 

19*2 

6*7 

1*6 

860 

79*8 

19*6 

6*8 

2*8 

900 

76*4 

20*7 

6*0 

6*2 

960 

490 

22*7 

6*0 

8*3 

1000 

40-6 

26*8 

6*0 

13*5 

1040 

I 36 0 ! 

36*1 

7*5 

24-0 

1072 

0 

54 

11-5 

31 

1100 

0 

56 

13 

34 

1200 

0 

61 

27 

39 

1300 

0 

66 

39 

42 

1400 

0 

47 

62 

43 


Pressure 60 atmospheres. 

x = 2-10. 


Temperature, 

Liquid. 

Gasoline. 

Gas. 

Unsaturated. 

0 F. 

per cent. 

per oeni. 

per cent. 

per oent. 

760 

100 

13*0 

2*0 

0*9 

800 

98 

12*9 

20 

1*6 

860 

95*4 

12*2 

2*3 | 

2*8 

900 

92*6 

12-5 

2*4 

6*2 

960 

88*8 

13*3 

2*8 

8*3 

1000 

82*4 

16*3 

3*3 

13*5 

1076 

26*2 

41*2 

8*2 

33 

1078 

0 

63 

10*7 

35 

1100 

0 

66 

12 

38 

1200 

0 

61 

24 

43 

1300 

0 

68 

37 

46 

1400 

0 

48 

51 

46 


The variation of the liquid, gasoline, gas and unsaturated fraotions with the 
temperature for the oil CIlj .15 at 60 atmospheres is shown in fig. 3. 

Commercial cracking processes are usually classified as liquid and vapour 
phase. In liquid phase processes the pressure is high enough to keep the 
greater part of the oil in the liquid state. The results in the above table for 
whioh the liquid fraction is greater than 60 per cent, may be said to be results 
for liquid phase cracking. In liquid phase cracking the temperatures used arc 
between 760® F. and 900° F. Below 760° F. the cracking proceeds too slowly, 
and above 900° F. the pressure required to keep the oil liquid is usually too 
great and the formation of volatile products may proceed too rapidly for 
safety. 
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The calculated gasoline fractions for which the liquid fraction iB greater 
than about 60 per cent, are, roughly speaking, nearly independent of the 



pressure and temperature nut depend greatly on the composition of the oil. 
The gasoline fractions for the oils CH^.j, CHa-is, CJHj-a an d CH 2 . 25 , are about 
12 per cent., 20 per cent., 28 per cent, and 35 per cent. These hypothetical 
oils may therefore be said to correspond to oils of densities 1-000, 0-92, 0-87 
and 0 • 82 respectively, which give about the same gasoline fractions (by weight) 
in liquid phase cracking. The corresponding -percentages by volume are about 
17,25, 32 and 38. The four oils correspond roughly to heavy crude or fuel oil, 
crude oil, gaB oil and kerosene. 

It is found in practice in liquid phase cracking that the gasoline fraction 
increases slightly with the temperature, is nearly independent of the pressure 
and increases with the volatility of the oil. We see that these results are in 
good agreement with those deduced from the theory. 

It is found in practice that a pressure of 50 or 60 atmospheres is required for 
the liquid phase cracking of kerosene at about 850° F. while 25 or 30 atmospheres 
may be used with “ gas oil.” It will be seen in the above table that the oil 
CH 2 . a is 50 per cent, liquid at 850® F. and 30 atmospheres, while the oil CH s . t s 
is 49 per cent, liquid at 850° F. and 60 atmospheres according to the theory. 
In this respect also therefore the oil CH 2. £6 corresponds to kerosene and the 
oil CHg.j to gas oil. 

The more volatile oils give a larger gasoline fraction in liquid phase cracking 
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because they give a larger vapour fraction. The equilibrium percentage of 
gasoline in the vapour is about 50 per cent, whereas in the liquid it is only 
about 10 per oent. 

The calculated gas fractions in liquid phase cracking vary with the tempera¬ 
ture, pressure and quality of the oil in very much the same way as the gasoline 
fraction. The ratio of gasoline to gas is usually between 7 and 3. It increases 
with the pressure as we should expect. Thus at 60 atmospheres and 800° F. 
with the oil CII^.* it is 6*5, whereas at 15 atmospheres and 800° F. it is 5*3. 
The gas fractions calculated are usually somewhat larger than those reported 
in practice in liquid phase cracking. For example in Cross* “ Handbook of 
Petroleum (1928),” p. 327, typical results obtained at 50 atmospheres and about 
850° F. with six different oils are given. The average 14 loss ” got by sub¬ 
tracting the total weight of the liquid products obtained from the weight of the 
oil used in these six cases is 7 per cent. This loss may be supposed to be 
mainly gas. The gasoline fractions for these) six oils were about 30 per cent, 
by volume or, say, 26 per cent, by weight. The oil CH 2 , 2 at 60 atmospheres 
and 850° F. gives 9*2 per cent, of gas by weight which is greater than 7 per 
cent. The gas calculated includes C 3 H 8 , C 3 H e , and C 3 H 4 , and it is probable 
that these bodies partly remain dissolved in the gasoline and only escape slowly 
from it. This may be the reason that the gas fractions calculated are often a 
little greater than those reported. The gas is frequently very roughly esti¬ 
mated in commercial work. 

The unsaturated fraction in liquid phase cracking is determined by the 
temperature and pressure according to the theory. The following are the 
values of the unsaturated fraction at 750° F., 800° F,, and 850° F. as given in 
the above table. 

Table VIII. 


! 

Temperature. | 

7*6 atmosphere#. 

| 1 

16 atmospheres, j 

i 

30 atmospheres. 

j 60 atmospheres. 

O Tp 

760 

j 

14-2 1 

5*6 

2*2 

0*9 

800 

300 

9*8 

4-0 

1*6 

860 1 


19*4 

71 

:_ 

2*8 


The calculated value of this fraction increases rapidly with the temperature 
and falls as the pressure increases. 

In vapour phase cracking the theoretical unsaturated fraction when the oil 
is just completely vapourised is about 17. per cent, with the oil CH 2 . 2 &, 26 
von, exxiv.—A. D 
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per cent, with CII 2 . 2 , 32 per cent, with CHf. 15 , and 39 per oent. with CHj.j, 
and is nearly independent of the pressure. 

At higher temperatures it increases and approaches limiting values of about 
39 per cent., 41 per cent., 43 per cent., and 46 per cent, with the oils CHg.jss, 
CH 2 , 2t CII 2 . 16 and CSL rv 

These theoretical results on the unsaturated fraction are in general agree¬ 
ment with the facts reported. The unsaturated fraction is said to approach 
50 per oent. in the products of low pressure, high temperature vapour phase 
processes. In gasoline made at about 7*5 atmospheres and 750° F. it is said 
to be about 20 per cent., and in gasoline made in liquid phase processes at 50 
atmospheres to be only about 5 per cent. Such estimates are very rough. 
It 18 generally believed that the unsaturated fraction increases rapidly with the 
temperature and falls with increasing pressure in agreement with the present 
theory. 

In vapour phase cracking the temperature is raised so that the oil is entirely 
converted into vapour. In the above table we see that the lowest tempera¬ 
ture at which this happens varies from 1075° F. for the oil CHg.j at 60 atmo¬ 
spheres to 766° F. for the oil CII 2.25 at 7 • 5 atmospheres. At any given pressure 
this temperature is nearly the same for any oil. Thus at 15 atmospheres it is 
843° F., 868 ° F., 882° F. and 888 ° F. for the four hypothetical oils CH 2 . 2 $, CH*.*, 
CH 2 . 16 and CH 2 .i. At this temperature at which the oil is just converted 
into vapour the gasoline fraction is nearly 53 per oent. for any oil at any pres¬ 
sure according to the theory. The gas fraction is nearly independent of the 
pressure but varies from 10 per cent, for the oil CH 2 . 10 to 13*5 per cent, for 
the oil CH 2 , 25 . 

These theoretical results may be compared with those reported for the 
Dubb’s cracking process in Cross’ “ Handbook of Petroleum (1928),” pp. 
331-4. In this process the oil is heated by passing it through a coil of pipe in 
a furnace and it then enters a large reaction chamber. The temperature used 
is between 850° F. and 900° F. and the pressure is about 15 atmospheres. It is 
stated that either nothing but coke and vapour can be produced, or coke, vapour 
and fuel oil. To change from coke, fuel oil and vapour to coke and vapour 
it is only necessary to slightly raise the temperature. This shows that the 
oil just evaporates completely between 850° F. and 900° F. at 15 atmospheres. 
The vapour obtained contains about 50 per oent. of gasoline whatever oil is 
used. These results agree very well with those calculated. The calculated 
temperatures at which the four hypothetical oils just evaporate are between 
850° F. and 900° F, and the calculated gasoline fraction is 53 per cent. 



Theory of Cracking Petroleum . 


35 


In the Dubb’s process an appreciable amount of coke is usually obtained. 
If, for example, 10 per cent, of coke were deposited in the reaction chamber 
we should expect to get 0 * 53 X 90 = 47 * 7 per cent, of gasoline when operating 
so as to produce only coke and vapour. The effect of coke formation is merely 
to increase the hydrogen content of the oil, for example, if 1*98 per cent, of 
carbon were deposited from the oil CH 2>1 it would be converted into CHg.i&, 
and if 5 * 83 per cent, of carbon were deposited it would be converted into CHe.as* 
But since the gasoline fraction is the same for CHa.j as for CH 2 .25 the formation 
of coke should make no difference to the gasoline fraction for the vapour 
formed. 

When the temperature is raised above that at which the oil just evaporates 
the calculated gasoline fraction increases to a maximum of about 60 per cent, 
and then falls at still higher temperatures. The maximum value occurs at 
900° F. at 7 * 5 atmospheres and at 1200° F. at 60 atmospheres. The gas fraction 
increases rapidly with the temperature. 

It is found in practice in low pressure vapour phase cracking that the gas 
fraction increases rapidly as the temperature is raised. At sufficiently high 
temperatures any oil gives practically nothing but coke and gas. The formation 
of coke increases the hydrogen content so that at high temperatures the un¬ 
saturated fraction may become small when much coke is deposited. 

It is important to note that the calculated results in the above table are based 
on the assumption that no coke is formed. Coke formation increases x in CH* 
so that for any oil x may become greater than 2 • 25 when much coke is formed. 
There is no difficulty in calculating the results to be expected from any hypo¬ 
thetical oil of composition CH* when any given percentage of coke is formed at 
any temperature and pressure, but it does not seem to be worth while at present 
to carry the calculations beyond the point at which x becomes equal to 2*25. 

Since there appears to be a good general agreement between the calculated 
results for the hypothetical oils and the results obtained with actual oils we 
may conclude that the theory of the cracking of the hypothetical oils repre¬ 
sents the main features of actual cracking. It follows from this that in actual 
cracking operations approximate equilibrium must be actually attained. 

That approximate chemical equilibrium is attained when hydrocarbons are 
kept at sufficiently high temperatures was first suggested by Berfchelot* in 
1866. His views, however, have not met with general acceptance. Many 
facte supporting the theory of an approach to a state of equilibrium are 
described in Cross* “ Handbook of Petroleum (1928)/* pp. 281-288* 

* * Ann. Chim. Physique/ vol fi, p. 445 (I860). 


»2 
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The view which seems to the writer to be most probably correct is that, when 
the rate of coke formation is small, approximate equilibrium is established 
among the liquid and gaseous hydrocarbons. The deposition of coke con¬ 
tinually increases the hydrogen content of the oil and so disturbs the equilibrium, 
but this effect is small when the rate of coke formation is small. 

Any chemical reaction in a mixture of gases may be represented by the 
equation 

ttjAj + n t A 2 + ... == n a A a + + ... (1) 

where A v A 2 , represent molecules and n 2> are integers. In the 
thermodynamical theory of chemical equilibrium it is shown that the con¬ 
dition of equilibrium is log K = R where K is the equilibrium constant 
given by logK — Enlogc. c v c 2 > are the concentrations of A x , A a , .... 
and <]> a> are the thermodynamic potentials and R is the gas constant. 

If the equilibrium constant is very large the reaction should go on until 
practically only the bodies on the right-hand side of (1) remain whereas if K 
is very small it should go in the reverse direction until only the bodies on the 
left of (I) remain. In such cases, where K is very large or very small it is 
sometimes supposed that the theory is inapplicable and the reaction is said to 
be irreversible. This supposition is erroneous because what happens is exactly 
what the theory predicts, viz., that the reaction should go practically com¬ 
pletely one way or the other. The theory applies equally to all reactions and 
it is impossible for a reaction to proceed beyond the equilibrium point indicated 
by the theory because this would involve a decrease of the entropy. 

When the equilibrium constant K iB not either very small or very large then 
the reaction must stop while appreciable amounts of all the bodies on both 
sides of equation (1) remain. It follows that, when K can be shown to be 
neitbor very small nor very large, then when the conditions are such that the 
bodies present react appreciably chemical equilibrium must be approached. 
Such states of chemical equilibrium, of course, are not states of static equili¬ 
brium but states of dynamical equilibrium in which the reactions proceed 
both ways at equal rates. 

In the case of a mixture of paraffins and unsaturated hydrocarbons it can be 
shown that K is neither very large nor very small, and it therefore follows that 
chemical equilibrium must be approached at temperatures at which the 
reactions proceed appreciably. 

A question of practical importance in liquid phase cracking is the amount of 
a given oil which can be cracked in unit time at any temperature and pressure 
with a reaction chamber of given volume. In considering this problem it will 
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be sufficiently exact to regard the oil as consisting of a mixture of paraffins 
only because in liquid phase cracking the unsaturated fraction is small. 

The number of barrels of an oil which can be treated in a given time depends 
on the volume of the reaction chamber, the volume per barrel of the oil when 
in the reaction chamber and on the time which it is necessary to keep the oil 
in the chamber. It is found that the rate of reaction in oil is about doubled 
for a rise of 25° F. It follows that the time required is about halved by a 
rise of 25° F. 

The volume of the equilibrium products formed from one barrel of oil in the 
reaction chamber can be calculated by assuming that the vapour can be regarded 
as a perfect gas and by allowing for the expansion of the liquid. 

If p n denotes the partial pressure of 0 n H 2n+ 2 in the vapour we have Pif*~ x 

where / is a fraction. If m n denotes the mols of C w H 2n _|_ 2 present in a volume 
V then p n V = m rt RT where R is the gas constant for one mol and T is the 
absolute temperature. Hence m n = Vp 1 / n ~ 1 /RT. The molecular weight of 
CJW, is equal to 14« + 2 so that the average molecular weight of the 
paraffins present in the vapour is equal to Lm n (14n + 2)/2m B or to 
X(14n + 2which is equal to 2 + 14/(1 — /) or in terms of x in 
CH X to 2 + 2Sj(x — 2). Knowing the average molecular weight of the 
vapour its density at any pressure P in atmospheres and temperature T° K 
may be easily calculated. The density in pounds per cubic foot is equal 
to MP/1 *314T where M is the average molecular weight. The volumes of the 
liquid and vapour formed from one barrel of oil in the reaction chamber and 
the total volume are given in the following table. The oil of composition 
CHj.j was taken to be of density unity so that the weight of one barrel or 
5*615 cubic feet was taken to be 350 pounds. The weights of one barrel of 
the oils having x =» 2*15, 2*20 and 2*25, were taken to be 322, 306 and 287 
pounds respectively. The liquid in the reaction chamber was assumed to 
have density one at the ordinary temperature and densities 0*72, 0*70 and 
0*68 at 800° F., 850° F. and 900° F. The fractions (</) of the oil in the liquid 
state are given in Table VII so that knowing the densities of the vapour and 
of the liquid it is easy to calculate the volumes.* 

As the oil passes through the reaction chamber its volume increases due to 
the formation of vapour of the volatile hydrocarbons which are produced in 
it. The volumes given above are the equilibrium final volumes calculated on 

* The values of the liquid and gasoline fractions used in caloulating the numbers given 
in Tables IX and XI were those computed for a mixture of paraffins only. They only 
differed slightly from the corresponding values in Table VII. 
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Table IX. 



Temperature. 

Pressure. 

Volume of 
liquid. 

Volume of 
vapour. 

Total 

volume. 



atmospheres. 

cu. ft./barrel. 



x « 210 







800 

16 

6*6 

41*0 

47*6 


800 

30 

7*0 

14*6 

21*6 


860 

30 

7*0 

18*0 

26*0 


800 

60 

7*6 

2-98 

10*5 


860 

60 

7*6 

4-94 

12*5 


900 

60 

7-e 

6*04 

13*6 

x = 2*16 







800 

16 

5 1 

81-2 

86*3 


800 

30 

6*6 

35-6 

41-2 


860 

30 

6*5 

39*6 

45-1 


800 

60 

6*2 

13*9 

20*1 


860 

60 

61 

16*0 

22*1 


900 

60 

| 6-1 

17*7 

23*8 

x - 2*20 







800 

16 

3-7 

I 116*0 

119*7 


800 

30 

4*2 

63 ■ 0 

67*8 


860 

30 

4*0 

! 58*2 

62*2 


800 

60 

4*9 

! 23*4 

28*2 


860 

60 

4-8 

25*6 

30*3 


900 

j 60 

4*6 1 

27*8 

32*4 

X m 2-26 



1 

; 



800 

16 

2*4 

! 148*0 

160*4 


800 

30 

3*0 

70*0 | 

73*0 


860 

30 

2*7 

76*2 

77*9 


800 

60 

3*7 

31*9 

36*6 


860 

60 

3*5 

34*7 

38*2 

j 

900 

60 

3*3 

1 

36*9 

40*2 


the assumption that no appreciable amount of coke is deposited. In reality 
coke is slowly deposited so that exact equilibrium is not attained and the per¬ 
centage of hydrogen in the liquid and vapour continues to gradually increase. 

The part of the oil which is converted into vapour will pass through the 
reaction chamber in a shorter time than that which remains liquid. If the 
reaction chamber is a vertical cylinder and the oil is pumped in at the lower end 
and allowed to escape at the top then the bubbles of vapour formed will rise 
through the liquid with increasing velocity as they grow larger. When the 
volume of vapour formed is large the liquid and vapour in the upper part of 
the ohamber may form a foam in which the liquid and vapour move up with 
nearly the same velocity. If the reaction chamber is a horizontal cylinder and 
the oil is let in at one and out at the other the liquid level will be that of the 
outlet. The bubbles of vapour formed will rise through the liquid and escape 
into the space above the liquid level. In this way the vapour is separated 
from the liquid to a considerable extent. 
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It is clear that no accurate estimate of the time taken to pass through the 
reaction chamber can be made. We may, however, suppose that the volume 
of the chamber divided by the equilibrium volume of the oil pumped in per unit 
time is a relative measure of the time taken to pass through. This time may 
be called the apparent time. For example, at 60 atmospheres and 850° F. 
the equilibrium volume per barrel of the oil for which x ~ 2*20 is 30‘3 cubic 
feet so that with a reaction chamber of volume 1000 cubic feet, when pumping 
two barrels of oil per minute the apparent time is 1000/(2 X 30*3) = 16*5 
minutes. For the oil for which x = 2*10 the corresponding time is 1000/(2 X 
12*5) * 40 minutes. 

In practice the time of passing through the reaction chamber is usually 
considerably longer than necessary. As the chamber gradually fills up with 
coke the time is diminished hut the gasoline does not diminish appreciably 
until the chamber is nearly full of coke. The rate at which the oil is pumped 
in is frequently limited by the heating capacity of the furnace rather than by 
the cracking capacity of the reaction chamber. If the oil is pumped in so 
rapidly that the time in the reaction chamber is less than that required for 
approximate equilibrium to be reached the production of gasoline'per unit 
time is not reduced but is increased, but the fraction of the oil converted into 
gasoline is reduced. 

If the fraction of gasoline in the oil is denoted by g then the rate of formation 
of gasoline will be nearly proportional to g — g where J) is the equilibrium 
value of g . Thus we have tlgjdt = a(p — g), where a iB a constant depending 
mainly on the temperature. This gives g ~~ <7(1 — f y '~ ai ) where t is the time 
of passing through the chamber. 

The production of gasoline per unit time is equal to g times the amount of 
oil P pumped through in unit time, and t = V/P v where V is the volume of the 
reaction chamber and v that of unit quantity of oil in the chamber. Thus the 
gasoline production G is given by 

G « P g = Pg(l - <r aV/Pv ). 

This shows that G increases with P until when P is very large it becomes equal 
to JtaV jv and so is then independent of the amount of oil pumped through. 
The production of gasoline can always be increased by increasing the amount 
of oil pumped through provided the temperature is not allowed to fall. But 
increasing the amount will diminish the fraction of the oil converted into gaso¬ 
line unless the time in the reaction chamber is greater than that required for 
approximate equilibrium to be reached. 
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As an example suppose j) = 40 per cent., V 1000 cubic feet, v = 20 cubic 
feet per barrel of oil, and ct = 0*1 with t in minutes. I he following table 
gives the calculated values of (4. t and g in this case. 

Table X. 


p. 

(J. 

/. 

0* 

BftrrelB por minute. 

1 


Minutes. 

Per cent 

0*308 

50 

39 * 8 

2 -r> 

0*87 

20 

34 0 

r» 

i-:s 

10 

25 2 

10 

Mi 

a 

35*7 

20 

1*8 

2*5 

' 8*85 

40 

1 *0 

1 • 25 

i 4*70 

80 

1-94 

O’63 

I 2*43 

1000 

2*00 

0*05 

! 0*20 

/ 


We see that the production of gasoline increases with the amount of oil 
pumped through at first rapidly and then more and more slowly. When the 
amount pumped through is small the gasoline is nearly proportional to it. 
In practice when P is kept constant and t diminishes, due to deposition of coke, 
Q remains nearly constant showing that P is less than about 2*0 in the above 
case. It follows that if the amount of oil pumped through could be increased 
the production of gasoline would also be increased. 

There is, of course, no definite time during which the oil must be kept in the 
reaction chamber. For purposes of comparison we shall take the apparent 
time to bo 64 minutes at 800° F., 16 minutes at 850° F., and 4 minutes at 900° F. 
With these times the equilibrium composition should be very nearly reached. 

Table XI gives the amounts of the four hypothetical oils which could be 
cracked with these apparent times and the gasoline production in each case for 
a reaction chamber of 100 cubic feet capacity. The volume of the reaction 
chamber required to crack 1000 barrels of oil per day is also given in cubic 
feet. 

It appears that the gasoline production is nearly proportional to the pressure 
and is increased nearly four times by a rise of 50° F. It is nearly independent 
of the composition of the oil used. A less volatile oil gives a smaller per¬ 
centage of gasoline but a larger amount of it can be pumped through. It is 
important to remember that the numbers in the above table depend on the 
assumed apparent times. The amount of gasoline can always be increased by 
pumping more oil through, but this.reduces the percentage of the oil converted 
into gasoline. For example, if it was decided to work with times only half as 
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Table XL 


a. 

Temperature. 

Procure. 

Barrels 

per 

day. 

Gasoline, 
barrels per 
day. 

' 

Volume of 
ohomber 
for 1000 
barrels per 
day. 


o Jf, 

atmospheres. 

... 


cu. ft. 

2* 10 

800 

15 

47 

5*9 

2130 

2*10 

800 

30 

104 

13*2 

960 

2*10 

850 

30 

360 

46 

278 

2*10 

800 

60 

214 

29 

467 

2*10 

850 

60 

720 

93 

139 

210 

900 

60 

2650 

337 

38 

2*15 

800 

15 

26 

5*4 

3850 

2*15 

800 

30 

55 

11*2 

1820 

2*15 

850 

30 

200 

41 

500 

2*15 

800 

60 

312 

23 

893 

2*15 

, 850 

| 60 

407 

81 | 

! 246 

216 

! 

900 

1 60 

■ 1514 1 

! 

306 

66 

2*20 

800 

ir> i 

19 j 

5*5 

5260 

2*20 j 

800 

30 

39 

11 

2570 

2*20 j 

850 

30 | 

145 

42 

690 

2*20 j 

800 

60 i 

80 ! 

21 

1250 

2*20 j 

860 

60 

297 

80 

339 

2*20 j 

900 I 

1 

60 j 

1110 

309 

90 

2*25 

800 ! 

16 

15 i 

5*6 

6670 

2*25 

800 ! 

30 j 

31 

11 | 

3230 

2-25 

850 I 

30 

116 

42 

863 

2*26 i 

800 

60 

63 ! 

20 

1690 

2*25 

850 

60 1 

236 

80 1 

467 

2*26 1 

000 

60 

895 i 

317 j 

112 


1 


long the amount of oil which could be cracked would be doubled and the amount 
of gasoline produced would be nearly but not quite doubled. 

The practical rule which follows from these theoretical results is that the 
amount of oil whioh should be pumped into the reaction chamber per day is 
inversely proportional to the gasoline fraction. For example, if in cracking a 
gas oil*2000 barrels per day of the oil is pumped through the reaction chamber 
and 600 barrels of gasoline is obtained, then when cracking a heavy oil which 
gives only 250 barrels of gasoline per day, when 2000 barrels per day is pumped 
through, the amount of the heavy oil pumped through should be increased to 
2000 X 600/250 or 4800 barrels per day. It is assumed here, of course, that 
the temperature and pressure are the same in each case. At a given temperature 
and pressure the gasoline production for a given reaction chamber should be 
about the same for any kind of oil provided the gasoline fraction is not less 
than about 10 per cent. 
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When an appreciable amount of coke is deposited in the reaction chamber in 
liquid phase cracking the hydrogen content of the oil is increased and so the 
gasoline fraction is also increased. But it does not follow that coke production 
increases the amount of gasoline which can be produced per day in a given 
reaction chamber. For example, with a reaction chamber of 100 cubic feet 
capaoity at 850° F. and 60 atmospheres and with the apparent time of 16 minutes 
the oil CH 2 .i gives 93 barrels of gasoline per day, w T hen no coke is formed. 
If 1 • 98 per cent, of coke were deposited in the chamber the oil would be changed 
to CHjms and so only 81 barrels of gasoline could be produced per day. With 
5-83 per cent, of coke the oil would become CH 2 . 2 o and 80 barrels per day could 
be produced. Thus coke formation may actually diminish the production of 
gasoline according to the theory, because it increases the volume per barrel in 
the reaction chamber so that the amount of oil pumped through per day may 
have to be reduced, and the effect of this may more than compensate for the 
increased percentage of gasoline obtained. 

A serious further reduction of the production of gasoline due to coke is due 
to the time wasted in cleaning out the reaction chamber. 

If a small quantity of a mixture of hydrocarbons containing a high per¬ 
centage of hydrogen is added to the oil then the theory indicates a considerable 
increase in the percentage yield of gasoline. For example, if 6*3 per cent, of 
gas of composition CH 3 were added to the oil CH 2 i its composition would be 
changed to CH 2 .i 5 , so that it would give 1*063 X 20*4 = 21*7 per cent, of 
gasoline and 1*063 x 5*4 = 5*7 per cent, of gas instead of 12*9 per cent, of 
gasoline and 2*7 per cent, of gas. But the production of gasoline per day in a 
reaction chamber of given volume would be slightly diminished since that for 
the oil CH 2 .i 5 is slightly less than that for the oil CH £ .i, as shown above. In 
the same way if 13 *3 per cent, of gas CH 3 were added to the oil CH 2 .i it would 
be changed to CH 2 . 20 and so would give 1*133 X 27*8 per cent. = 31*5 per 
cent, of gasoline and 1*133 X 8*1 = 9*2 per cent, of gas. Thus it appears 
that if about 5 per cent, of gas CH 8 were added to the oil CHj.j then 5 per cent, 
of gas would be produced so that the gas produced could be used to mix with 
the oil and the percentage of gasoline obtained would be about 20. But the 
daily production would not be increased because, owing to the increased 
volume per barrel of oil in the reaction chamber the amount of oil pumped 
through would have to be reduced to prevent the apparent time becoming too 
short. 

No experimental results are available for comparison with these theoretioal 
calculations on the effect of adding gas to the oil. 
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In order to get the gas to combine with the oil it would probably be necessary 
to devise a special apparatus in which the gas and oil would be intimately 
mixed together. Merely pumping the gas through the reaction chamber might 
not be sufficient, because, as explained above, the vapoxir tends to pass through 
rapidly and to separate from the liquid. 

In any cracking process the theoretically possible maximum yield of gasoline 
would be obtained if the oil were converted into nothing but gasoline and 
carbon. If the composition of the oil is CH^ and that of the gasoline CH U . I 
then we have x x j{ 12 + Xj) = ® 8 F/(12* + 3 2 ), where F is the fraction of the oil 
converted into gasoline. This gives F — ^(12 + x 2 )fc r 2 (12 + a^). For 
example if x 2 *= 2*25 and = 2*15, we get F = 96 per cent, by weight or 
about 110 per cent, by volume. 

It ought to be possible to obtain nearly the theoretically possible yield by 
returning to the reaction chamber or “ recycling ” all the products formed 
except the gasoline. In this way only gasoline and the coke formed in the 
reaction chamber would be produced from the oil. The principal reasons why 
the theoretically possible yield is not obtained in practice, at present, are 
because the gas is allowed to escape and fuel oil containing a good deal of 
hydrogen is made instead of coke. But when the gas is allowed to escape it is 
not necessarily advantageous to make coke instead of fuel oil because the gas 
fraction is greater when coke is made. 

A cracking process which gives a high gasoline fraction is not necessarily 
better than another process giving a lower fraction. The products obtained 
are gas, gasoline, oil less volatile than gasoline and coke. The oil less volatile 
than gasoline can be returned to the reaction chamber and cracked again. 
Thus the fraction of the oil which is used up iB the sum of the gas, gasoline and 
coke fractions. A measure of the efficiency of a cracking process is therefore 
the fraction which the gasoline fraction is of the sum of the gas, gasoline and 
coke fractions. For example, in liquid phase cracking at 60 atmospheres and 
850° F. the oil CH^ gives 2-2 per cent, of gas and 12-3 per cent, of gasoline 
aooording to the theory. The coke formed under these conditions in practice 
is negligible. The fraction of the oil used up, converted into gasoline is there* 
fore 12*3/(12*3 + 2*2) «= 85 per cent, by weight. 

With the same oil at 15 atmospheres and 868° F., if no coke is deposited, 
the theory gives 52*5 per cent, of gasoline and 11*5 per cent, of gas. The 
fraction of the oil used up converted into gasoline would therefore be 52 * 5/(52 *5 
+11*5) 82 per cent. But under these conditions probably some coke would 

be formed which would change the composition of the vapour. If we suppose 
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5*83 per cent, of ooke formed the vapour would be changed to CHj.gc and we 
should get 52*9 X 0*9417 ** 49*8 per cent, of gasoline and 13*1 X 0*9417 «= 
12 • 3 per cent, of gas. The fraction of the oil used up converted into gasoline 
would therefore be 49*8/(49*8 + 12*3 + 5*83) * 73*4 per cent. Thus in 
this case according to the theory the high pressure liquid phase process giving a 
gasoline fraction of only 12*3 per cent, is more efficient than the vapour phase 
process giving a gasoline fraction of 49*8 per cent. In these calculations of 
the efficiency we have supposed that the gas is not returned to the reaction 
chamber. 

The quality of the gasoline produced is important and it may be worth while 
in practice to use a less efficient process which gives gasoline of better quality. 

The quality of the gasoline depends partly on the nature of the hydrocarbons 
present in it so that the present theory, depending as it does on the theoretical 
properties of hypothetical oils containing only paraffins and unsaturated 
hydrocarbons cannot give complete information as regards quality. 

The quality is affected by the presence of unsaturated bodies which it is 
usually considered advisable to remove more or less completely from the 
gasoline. The indications of the theory as to the unsaturated fraction have 
already been sufficiently discussed. 

The quality also depends to some extent on the relative amounts of the 
fractions boiling between different limits present in the gasoline. The theory 
gives definite information on this question. 

As an example the theoretical compositions of the gasoline obtained from the 
oil Cll^n at 850° F. and 60 atmospheres, at 882° F. and 15 atmospheres and 
at 7'5 atmospheres and 1025° F. will be considered. 

At 850° F. and 60 atmospheres x for the liquid is 2*089 and for the vapour 
2*425 according to the charts in EI. The liquid fraction is 80 per cent. 
The liquid contains 10*5 per cent, of gasoline and the vapour 56*5 per cent. 
Taking 20 per cent, of the percentages of each paraffin in the vapour from the 
table in E I and adding them to 80 per cent, of the percentages in the liquid 
wo find the composition of the gasoline. Since the other types of hydrocarbons 
have nearly the same boiling points as the corresponding paraffins they need 
not be considered. At 882° F. and 15 atmospheres the oil is all vapour for which 
x = 2 • 30 so that the percentages of the different paraffins may be got immedi¬ 
ately from the table of percentages in E I. At 7 *5 atmospheres and 1025° F. 
the oil is all vapour for which x — 2*80. In this case only 0*2 of the butane 
is included in the gasoline. The following are the percentages got in this 
way. 
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Table XTT. 



! 60 atmospheres and 
850° F. 

1 

16 atmospheres and 
882“ F. 

7*5 atmospheres and 
1026° F. 

c 4 H 10 . 

1 

11 *8 

11*4 

7*9 

c s H ls .! 

121 

120 

29*0 

C.H U .! 

12*0 1 

12*2 

21*3 

C,H W . 

11 *8 

12*1 

14*7 

C,H„ . 

114 

11-7 

10*2 

C,H i0 . 

no 

11 *2 

6*9 

c,„h !s .: 

1 10*4 

10*6 

4*5 

C n li M . 

j 10*0 

9*9 

3*0 

C„H„.: 

: 9-7 

9*1 

1 

2*0 


It appears that the first two gasolines are practically identical in composition 
but the third one is considerably different according to the theory. The numbers 
in the above table may be taken to mean the percentages of paraffins together 
with other hydrocarbons of equal volatility. 

The above theory is not a complete theory of cracking because it does not 
take into account naphthenes and aromatic hydrocarbons. These bodies 
have an important effect on the quality of the gasoline and the writer hopes 
to develop the theory so as to include them in it. 
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The Dispersion of Double Refraction in Quartz, 

By T. H. Havelock, F.R.S. 

(Received February 4, 1929.) 


1. Recent experimental determinations of double refraction in quartz and 
new dispersion formulae for the ordinary index have suggested re-calculation 
of a certain relation between the ordinary and extraordinary indices which 1 
gave some years ago. * The main object of this note is to show that it is possible 
to calculate the double refraction of quartz over a considerable range of wave¬ 
length with an accuracy which seems well within the range of experimental 
error. 

The relation to which I refer is a simple expression for double refraction due 
to crystalline structure, obtained by specifying the effective force at a point in 
the medium as the force within a cavity of suitable shape ; but that need not 
be considered further here. For a uniaxial crystal the relation is 


1 


n 


1 ^ 
n 2 8 — 1 


(1) 


where n x is the ordinary and n 2 the extraordinary index, and C is a constant 
independent of wave-length. It may be remarked that in the more detailed 
analysis, made later by Ewald, of the electromagnetic theory of a crystalline 
lattice, the same relation (1) was obtained again as a first approximation for 
double refraction due to structure. It is not my intention to discuss this 
relation in the light of present knowledge of crystalline structure, but simply 
to show how it may be used in the particular case under consideration. 

2. In the paper quoted, I showed that (1) is in fact satisfied very well for 
quartz over a large range of wave-length. The data used were measurements 
of n x and n 2 by Martens and by Carvallo, and the mean value of C over the 
range 3580 to 10970 A.U. was found to be 0*01441, with a maximum variation 
of two units in the fifth decimal place. Recent writers, both on the double 
refraction and on dispersion formulae, have used Gifford’s measurements for 
quartz.| I have therefore recalculated C from Gifford’s results from 1852 
to 7950, and Carvallo s from 8320 to 21719 ; the calculations have not been 
made for every available wave-length, but for a selection sufficient to give a 

♦ 1 Roy. Soc. Proe./ A, vol. 80, p. 28 (1907). 

t * Roy. Soc. Proc./ A, vol. 70, p. 329 (1902); also vol. 84, p. 193 (1910). 
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fair idea of the relation (1). The results are shown in the following table, 
giving the wave-length, the double refraction, and the quantity C calculated 
from the experimental values of the two indices. 


A. 

n t — n v 

C. 

1802 

0-014173 

0*014210 

2144 

0-012238 

0*014221 

2312 

0011013 

0*014268 

2748 

0 010003 

0*014297 

3034 

0010239 

0*014341 

3302 

0-009987 

0*014385 

3010 

0 009770 

0*014386 

3001 

O 009600 

0-014412 

4046 

0-009500 

0-014411 

4341 

0*009430 

0-014387 

4800 

0 009317 

0-014422 

4861 

0-009288 

0*014402 

5270 

0*009211 

0*014421 

5461 

0-009171 

0*014413 

5893 

0-009110 

0*014424 

0563 

0-009017 

0*014406 

0708 

0-009013 

0*014424 

7000 

0-008986 

0-014436 

7682 

0•008937 

0-014435 

7950 

0-008908 

0*014421 

8320 

0-00888 

0*014419 

9050 

0-00883 

0*014407 

10420 

0*00875 

0*014393 

11590 

0*00869 

0*014378 

12290 

0-00865 

0*014367 

13900 

0-00866 

0*014325 

16150 

0-00845 

0-014326 

18490 

0*00828 

0 014232 

21719 

0-00810 

0*014226 


It should be stated that Gifford claims accuracy for the fifth decimal place 
in his values of n x and ; presumably Carvallo’s values in the infra-red are 
less accurate. The table covers a very wide range and is a severe test for 
simple relation like (1). There seems to be a definite falling off in the value of 
C at both ends of the scale, which may prove of interest from a theoretical 
point of view. However if we limit ourselves to the range 3961 to 8320, the 
values are remarkably constant . The mean value of C in this range is 0 • 014416, 
practically the same as obtained previously from other data. The chief 
divergences in this range are irregular and may fairly be taken to cast doubt 
upon the experimental values of n x and n v For instance, the value at 4341 
is too low and that at 7066 too high, and we shall see later that this remark 
is confirmed by recent experimental determinations in the neighbourhood of 
these two wave-lengths. 

3. In using (1) to calculate the double refraction we must, of course, know 
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either % or n 2 . But this need not be an experimental determination, for there 
are dispersion formulae for the ordinary refractive index of quartz of sufficient 
accuracy within the range with which we are concerned. It should be noted 
that in calculating the difference n 2 n } by means of (1) we do not need to 
know n l to a specially high degree of accuracy; for an error in n } means a 
corresponding error in n 2 and only a relatively small error in the difference . 
For instance in quartz, it is easily seen that an error of one unit in the fifth 
decimal place for n t would give an error of about four units in the seventh 
decimal place for the double refraction, which is certainly well within the 
range of experimental error. 

The dispersion formula for the ordinary index which we shall use is a recent 
one given by Coode-Adams,* namely 


n* = 3-53445 4- 


0-008007 
X*—0-0127493 


+ 


0*002682 , 127-2 

X s — 0*000974: X 2 — 108* 


( 2 ) 


This formula was devised in connection with a certain dispersion formula for 
the natural rotation of quartz ; that particular theory need not be discussed 
here, except that reference may be made to an alternative view given in a later 
paper by Livens and Bradshaw-t We use (2) solely as a formula which gives 
Gifford’s values of n x with great accuracy in the range concerned, the average 
error in the value of n x being one unit in the fifth decimal place. We proceed 
now to use (2), together with 

7 - vh - °' 014416 - < 3 > 

to calculate n 2 — n A for any required wave-length. 

4. In a recent paper Harris^ has given experimental values of the double 
refraction for many wave-lengths, and compared his values with those of 
Gifford in the same range ; it should be said that Harris* method gives the 
double refraction directly without making separate determinations of n x and 
n r In the calculations made from (2) and (3) a selection has been made 
from the wave-lengths used by Harris, together with some of Gifford’s values. 
In the following table the first column gives the wave-length. The second 
gives the experimental value of the double refraction, those marked with G 
being from Gifford and the remainder from Harris. The third column gives 

* ‘ Roy. Soe. Proo., 1 A, vol, 117, p. 209 (1927). 
t ‘ Roy. Soo. Proo., 1 A, vol. 122, p. 245 (1928). 
t ' p hil. Mag., 1 vol. 7, p. 80 (1929). 
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the double refraction calculated from (2) and (3), except that for Gifford's 
wave-lengths his value of n 1 was used directly in (3). 


A. 


(», - *,) exp. 


(n g — »|) oalo. 


G. 

mi 

/ 0-009600 

/ 0-000608 


9992-265 

/ 0-009571 

/ 0-009588 

a 

4046 

0-009560 

1 0-000004 


4174-244 

0-009496 

0-000011 

G. 

4341 

0*009430 

0-009449 


4341-844 

0-009438 

0-009449 


4413-601 

0-009416 

0-009425 

G. 

4861 

0-009288 

0-009298 


4866-063 

0-009293 

0*009296 


6009-171 

0-009261 

0-009264 


6383-916 

i 0*009188 

0-009188 


6628-602 

! 0-009148 

0*009145 

G. 

6893 

: 0-009H0 

0-009105 


6047-303 

0-009091 

0-009080 

G. 

6438 

0-009044 

0-009038 

a 

6663 

0-009017 

0*009025 

G. 

6708 

0-009013 

0-009008 


7011-389 

0-008974 

0*008980 

G. 

7066 

0-008987 

0-008974 


7166-062 

0-008963 

0-008970 

G. 

7960 

0-008909 

0-008906 


A study of this table will show that there is agreement as far as the fifth 
decimal place in a majority of the cases. In the remainder the difference i& 
not more than one unit in the fifth place except in one or two cases, and then 
the experimental values are not consistent among themselves; for instance 
the values at 4341 and 7066 are clearly out of place on the experimental side.. 
There is also some indication that Harris* values for the short wave-lengths* 
for example, 3992, may be too low. 

5. It has been shown that it is possible to calculate the double refraction of 
quartz for wave-lengths between 4000 and 8000 with great accuracy, probably 
within possible experimental error, by means of a relation between the two 
indices, namely, (nf — l)' 1 — (n a 2 — l)”* 1 = constant, together with a dis¬ 
persion formula for the ordinary index. 


£ 


von. exxiv.— a. 
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The Spectrum of H t : The Bands Analogous to the Parhelvum Line 

Spectrum.—Port III. 

By 0. W. Riuuakdson, F.R.S., Yarrow Research Professor of the Royal 
Society, and P. M. Davidson, B.A., King's College, London. 

(Received March 13, J929.) 

Synopsis. 

§ 10. The system X K 2 1 S. A strong system, v« — 21427. In the desorip- 
tion of this system is included a rather full account of the manner in which the 
data for the rotational energy interval tables are obtained and set out. This is 
generally applicable to similar tables in Parts II-IV. § 11. The system 
i L->2 1 S. This is a very similar system to the preceding but weaker, 
v* = 23057. § 12. The system -+ 2 1 S. Strength intermediate between 
the two preceding systems. Similar in many ways but differentiated by a 
change of structure of rotational terms with vibrational energy of initial state, 
v, - 23191. §13. The system 1 N^>2 1 S. A strong system but has only 

two progressions, n* = 0 and 1. General type similar to preceding three 
v,» 24896. 

§10. TheSysttmA 

This is the first of several band systems having P and R branches in which 
there is not so much disparity between the strength of the two sets of branches 
as in the 3 *A -*■ 2 *S and 3 X C -*> 2 systems and in fact in most of the systems 
so far described. The consideration of these systems has been postponed up 
to the present as the progressions are very much interwoven and they are not 
so easy to classify as the systems already dealt with. The present one is a very 
strong system and contains some of the strongest lines in the spectrum, and 
we do not think there is any doubt that the three progressions of which it is 
constituted belong to the same system. Gale, Monk and Lee's wave numbers 
of the lines are given in Table XVII. The number which precedes the wave 
number is the intensity as measured by Kapuscinski and Eymers,* and that 
which follows it, in brackets, is the eye estimate of Gale, Monk and Lee.f 
In some cases where the line is not resolved by Kapuscinski and Eymers, rough 
estimates of the constituents are given based on their data and on Gale, Monk 

* 1 Roy. Soo. Proo./ A, vol. 122, p. 58 (1929). 
f ' Astrophysical Journal,* vol, 57, p, 89 (1928). 
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Spectrum of H r 

and Lee’s eye estimates. Data for a blend of which the line forms part have 
a bar over them. 

A very remarkable feature of this band system is the distribution of intensity 
of the lines. Keeping to any single branch there is the alternation in intensity 
corresponding to a 3 to 1 weight ratio which we have found to characterise 
all the bands of this spectrum hitherto examined. But in addition to this 
there are other curious alternations. The intensity diagram does not take the 
simple form of a parabolic maximum with an axial minimum observed in the 
previous systems, but there are maxima along two branches with two inter¬ 
vening minima as shown in fig. 7. In this figure the numbers in each rectangle 



are the sums of Kapuscinski and Eymers’ measures of the intensities of the 
strong R (3) and P (3) lines except those in brackets which are the intensity 
estimates of Gale, Monk and Lee, no measurements being available for these 
lines. There is another curious feature of this alternation in that the bands 
which have R (m) strong tend to have P (m) weak and vice versa. This is 
well shown 'by the R (3) and P (3) lines of the 1' progression where for »" = 0 
R (3) = 56-4, P (3) = 23-7, for n" = 1, R (3) = 12-6, P (3) = 36*5, for 
»" = 2, R (3) = 58-6, P (3) = 13-3 and for n" = 3, R (3) = about 35, 
P (3) = 26-0, These peculiarities cannot be due to the progressions having 
been wrongly combined together into a band system as they are well marked 
features of the single progressions. 

. The properties of the system are sot out in Tablo XVIII. 

It is perhaps desirable to say a few words about the meaning of the rotational 
energy intervals given in this and similar tables and the manner in which they 
are obtained. We know from the progression vibration intervals that the 
lines numbered (w) end on the final level for which the number is (to) and 
j = to — Thus any P (to) line has a wave number given by P (to) = v 0 -f- 
F'(p) — - F" (to), where we suppose for the mqment that the number p and the 
corresponding j value of the initial state are unknown. The next line will 
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Table XVIII. 


Initial 



vibration 

O'. 

r. 

abate. 





5 



i 

F<») — F (8) for P linen 



K(8)-F<7) . 



F(7) - F<0) . 

J 



i 

& 4J 

V (6) - F (6) . 


?93-32 . 


ft 3j MMMMM 

a 3J ii 

K (8) - F (4) . 

66-2K 

07*29< 


* 2J >22*80 

* 2i - —>i 

K (4) - F (3) . 

43*4l< 

40*87<( 


a 1} .. >21*00 

a 1 -£ !■■■ iwhw mn >5 

V (3) - F (2) . 

21*45/ 

17*93/ 


« i 

x 1 - - - - 

2B' lor m small . 

21*8 

21 

I form small X If) 40 .... 

2*54 

2*6 

** . 

21427*54 

23880*38 

Av 9 . 

2232 

•79 

Next J --- 2xa> 0 


12-75 

€ about . 

0 

0 

i 

© .| 

‘ 0 

i 

1 0 



> 26 - 03 ? 



not known 


22 

2*5 

25880•37 


2220<04 


initial 

value**. 


H 

H 

H 

H 

H 

2* 

H 

1 


JVoie,—The top level of 1' is queried because there are not enough lines to base anything very definite on. 


have the wave-number P (m-f-1) = v 0 + F'(p,-f 1) — F" (m + 1). Thua 
P(m+1)-P(m) = F' (|t + l)-F' (|x) - {F" (m + 1) - F" (ro)}. Very 
accurate values of the final intervals F" [m + 1) — F" (m) have been tabulated 
in Part I. From them and the differences of the vibration numbers of succes¬ 
sive lines the values of the successive energy intervals oan be obtained. If we 
use the double intervals such as are given by P {m + 2) — P (m) = F' (p + 2) 
— F' (p) — {F" (m + 2) — F" (m)} no theoretical assumptions as to the level 
structure are involved. All that iB assumed is that the lines are successive 
lines of a band and that there are no missing levels as in the He a spectrum. 
The alternating intensity of these bands shows, however, that all levels are 
represented. The single level differences such as F' ( p + 1) — F' (p) do involve 
the assumption as to the structure of the very small lowest final level F" (1) 
which was made in Part I. This assumption is, of course, amply verified. 
This does not determine p. The data in the tables are given in a form whioh 
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does not involve assigning a value to fx. Thus F (5) — F (4) means that 
level interval got from the two successive lines numbered P (5) and P (4) in 
the table, t.e,, those two P lines which end on the m = 5 and m = 4 final 
levels. The same data can be got from pairs of R lines if both branches are 
really coming from the same levels. The data in the table are, in general, 
the mean of a number got in various ways. Where both P and R lines are 
present those have to satisfy the combination rule R (m) — P (m + 2) = 
F" (m + 2) — F" (m) and we can at once write down the j values from our 
knowledge of the j values for the final states, since for R lines j -* j — 1 and 
for P lines j + I- 

The rotational energy level intervals are remarkably close together compared 
with those of the bands hitherto described, P (2) occurs, at any rate in the 
O' and 1' progressions, so that for them or = 0 and the j = \ level is present. 
The differences of the intervals are not constant but increase with m. How¬ 
ever, for the intervals which have been found in the O' progression this change 
is not very great so that for the three lowest levels F (m) = B (j — e) a will be 
a good approximation. If we apply this we have 2B = 21-90, 2B (1 — e) == 
21-45, giving & = + 0 *0232. To the accuracy of the data and interpretation 
this is the same as e =» 0. We shall adopt this for all the progressions as the 
terms are of the same type. The values of the constant 2B for the upper 
state when the rotational energy is small are much smaller than any hitherto 
encountered and the moments of inertia are correspondingly high. They 
appear, in fact, to be nearly six times as large as the value 0 - 480 for unexcited 
H 2 . From the values of the v 0 ’s for the three progressions we find for the upper 
level <o 0 ' » 2239 * 17, say, about 2239, and x<o 0 = 6*38, say about 6. That the 
weight ratio of the alternate rotational states is practically 3 to 1 is shown by 
Table XIX in which the measured intensities of R (1) + R (3) are compared 
with six times the intensities of R (2) for the strong 2' progression. 


Table XIX. 


i 

0 . 

l. 

2. 

! ». | 

i i 

4. 

«• 

6. 

7. 

ft(l) + R(3).... 

96-9 

318 

161 

■ about 
36 

about 

71 

84*5 

7*1 

(i) + m 

«X(0) 

a»(8). 

103-8 

282 

19*3 

39 *U 

1 

74*4 

85*2 

6 X (0) 


Any apparent exceptions to this rule are believed to be due to coincidences 
of which there are a fair number in the system. The numbers in brackets in 
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Table XIX are the eye estimates of Gale, Monk and Lee on the conventional 
scale, actually intensity measures being lacking. 


§11. The System X L -> 2 X S. 

This is a weaker system but otherwise is very similar to l K *+ 2 X S. So far 
we have only found two progressions and it seems probable that these are the 
0' and 2' progressions, the missing one being the intervening 1' progression. 
This is not so surprising as in the *L -* 2 *8 system there are no lines in the V 
progression which are as strong as the strongest lines in the O' and 2' pro¬ 
gressions. When in addition one considers the comparative weakness of the 
two X L 2 *S progressions which have been found and the alternating intensity 


Table XXL 


Initial vibration state. 

I 

O'. 1'. 


F (6) — F (4) for P lines 

“.. . 

a 34 — 

61-87. 

a 


F (4) - F (3). 

F (3) — F (2). 

8B' lor m small . 

I for m small x 10 40 


Av % jwvbabJy about 
t about 

o . 


21 

11 

i 


Ui Oli 

->23- 

38-85<^ 


38 

19 47/ 
19-4 
2-80 
23057-22 
(1835) 
0 
0 


02 
19-38 


(24890) 


2'. 


21 

11 

1 


51-71 


US 


32 - 54 / 

10- 5l/ 


19-24 

10-03 


10-3 
3-40 
20714*81 


(1825) 


Initial 

i 

values. 


34 

24 

1.1 


Table XXII. 
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*'i\ 


I 

; 

i 

to 1 

] 

_i 

zc 

4 . 

5. 

9 . 

; 

1 

7 . 

8. 

0 

l K 

»L 

39 

u* 

n* 

84 

19 

6 

*-» CM 




2 

1 

M >4 j 

4 

1 * 

13 

2i 

84 

1 

4 

4 

5 

14 

■ 

1 4 
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among the bands of a progression which characterises these two systems it is 
evident that the intervening progression may be a very rudimentary affair 
consisting of a few weak lines and very difficult to locate. The lines and 
their intensities are set out in the usual way in Table XX. 

The properties of the system are set out in Table XXI. The rotational 
energy levels are even closer than in X L-*2 X S. The terms are of the same 
type as in X L 2 X S. P (2) occurs so that a = 0 and the j = $ level is present. 
The differences of the energy intervals are increasing with m but not very 
fast, so that F (m) — B (j *— e) 2 will be a satisfactory approximation for the 
two lowest intervals. This gives 2B 0 = 19*38 and c = — 0*00464. These are 
the same, respectively, as 19*4 and 0 to the accuracy of the data. The higher 
vibrational level by the same method'gives 2B 2 ^ 16*03 and e == — 0*03. 
Probably 2B a = 16*3 and e = 0 are better values than these. The moments 
of inertia, for zero rotation, are the highest which have appeared so far. On 
the assumption that there is a V n' progression not yet found, the value of 
the double interval between the two v 0 ’s is 3657*59, so that the vibrational 
intervals are in the neighbourhood of 1835 and 1825 unless xo) 0 has a very 
exceptional value. 

The distribution of intensity among the bands is similar tp that in X K -*• 2 X S. 
This can be seen from fig. 8 in which the upper figure in each rectangle gives 
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the sum of Gale, Monk and Lee’s intensity estimates for all the lines of the 
corresponding band of X K -** 2 X S and the lower the similar value for X L 2 x 8. 
In doing this, lines classed as (0) are given the value | and those classed as 
(00) the value £. It will be seen that in each case the strongest band is the 
0 '-*0" and in the 2' progression the maximum strength is at It 
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would appear from fig. 8 that in the 2' progression the band intensities have 
more alternations in l L 2 X S than in *K -* 2 *S. This seems to be due to the 
fragmentary nature of the bands compared with the more robust X K 2 *S 
system. We have seen that in that system there is a definite alternation with 
final vibrational number in one set of branches such as P which tends to be 
compensated by an opposite alternation in the other set such as R'. Thus if 
only one set of branches is strongly developed there will be an increase in 
alternation from this cause. To test this we can make a comparison by 
including in the sums the intensity estimates for those corresponding lines 
only which are common to the two bands. This is done in Table XXII. It 
will now be seen that in the 2* progression the figures are quite parallel for 
both systems which suggests that the greater degree of alternation apparent 
in the 2' progression in *L as compared witli is due to the weak develop¬ 
ment of the R branches in 2' -► w" of 1 L. On the other hand both methods 
indicate that in the O' progressions *K has one more alternation than 1 L. 

The alternation in intensity in the lines in the ratio 3 to I which is present 
in every band of the H 2 spectrum hitherto described is present also in this 
system. Thus in O' 1" of *L 2 *S we have the intensities of R (1) + R- (3) 
= 22 + 7*6=:6 x 4*9, whereas R(2)^4*0, This agreement is not as 
good as it should be and it seems likely that R (3) is too strong. If this line 
were a blend it might help to remove the difference as regards vibrational 
alternation in intensity between the 0' progressions of *K and X L just referred 
to. There are not enough sequences of lines in this faint system whose intensi¬ 
ties have been measured and which are free from blends to test this relation 
accurately; but in 0' -► 0" we have P (3) + P (5) 4 - 6 = 2 • 5, whereas P (4) = 
2-0, in 2' 2" we have R (1) + P (3) -5- 6 =s 1-8, whereas P (2) « 1*6, and 

in0'-+ l'R(l) + P(3) -5- 6 «= 3*8andP(2) + R (2) -*• 2 = 5*4 and generally 
it can be seen that the intensity estimates are about what would be required 
by a 3 to 1 weight ratio. 


§ 12. The System X M 2 *S. 

This system is closely allied to the two preceding systems X K 2 and 
1 L-*2 1 S but it has some individual features of its own particularly in the 
upper initial vibrational levels. It is stronger than *L -* 2 *S and weaker 
than x K-*2 X S. The R branches are stronger than the P branches throughout 
the system. The lines and intensities are set out in the usual way in Table 
XXIII. It will be seen that the alternation in intensity in the bands of a 
progression is again present. Thus in the 0' progression the 0" band is strong. 



Table XXIII. 
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the 1" band weaker, the 2" band stronger, and 3" band very weak, the 4" 
band strong and the 5" band not so strong. There is again the same tendency 
for the P (m) lines to be stronger in the bands for which the R (m) lines are 
weaker and vice versa. Thus in 0' -*■ 0" R (3) = 56*2 P (3) = 28*2 in O' 1" 
R (3) = 20*9 P (3) = 30*7 and in O' - 2" R (3) = 35*8 P (3) = 29*6, and in 
fact in O' »► 1" the P branch is stronger than the R branch, whereas it is weaker 
in 0' “► 0" and in 0'-*2". The 0' progression is the strongest and the V 
progression the weakest, as in the *K -* 2 *S and. the 2 *S systems. 

The properties of the system are set out in Table XXIV. The rotational 
energy levels are of the same type as those of *K 2-* *8 and *L ”+* 2 l S, the 


Table XXIV. 
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differences of the intervals increasing slowly at first and then more rapidly as 
m increases. P (2) occurs in the strong 0' vibrational level so that for this level 
at least <7 = 0 and the j = £ rotational level is present. For the V and 2' vibra¬ 
tional levels the P (2) lines have not been found with certainty, but we assum e 
that they are capable of existing and that <7 = 0 for these levels also. If this 
assumption, which leads to a very simple description of this band syst em, should 
turn out to be incorrect the values of e whioh we find for these higher vibrational 
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levels would be changed. Subject to this reservation, we assume that for the 
two lowest rotational intervals F (m) — B (j ~~ e) 2 will be a satisfactory 
approximation. In this way we find for the O' vibrational level that 2B 0 « 
26*42, which is the same as 26, and e — + 0*04 which is the same as t = 0 
to the accuracy of the data. From the P (2) line these data give v 0 = 23191*66 
which should be correct to about 0*1 wave number. For the V vibrational 
level the same method of treatment gives 2B » 17-96 which is equivalent to 
2B — 18 and e = -f- 0*38. This is probably the same as e = + £ to the 
accuracy of the data, owing to the uncertainty as to the exact manner in 
which Bi is varying with m or j: If we adopt 2B = 18 and e = | we find 

from the R (1) line that v 0 = 25370*08 and if we adopt 2B — 18 and e — 
+ 0*374 we find v 0 = 25367*7. 2Bi might be as high as 20 so that two 
alternative values are given in Table XXIV. There is thus an uncertainty of 
several units in this v 0 . With the 2' level data we find as a first approximation 
in a similar way 2B g = 17*6 and t = +0’94. This is the same as s = + 1 
to the accuracy of the data. If e — + 1 exactly then F' (2) — B 2 (If — I) 2 = 
B a (f ™ l) 2 = F' (1) and R (1) - P (2) » F' (2) — F' (1) + F" (2) - F" (1)- 
F" (2) — F" (1). This would enable the P (2) lines to be calculated from 
the R (1) lines and the known intervals in the final 2 *8 level. Finkelnburg* 
has some weak lines close to the calculated positions. These have been 
inserted in Table XXIII. Except for the one which is queried the lines agree 
amongst themselves, but if they are really the P (2) lines the j = f and^ = If 
levels do not exactly coincide but the j = f level is 0 * 27 wave number above 
the If level. If this is the position of the j = f level it gives c = + 1 *014 — 
+ 1 and 2B, « 19*0 ±0*1 instead of the preliminary value 17*5. Finkeln- 
burg has such a large number of these weak lines that it is difficult to be certain 
of their reality as a progression so that the value of 2B 2 is given in the table as 
18 to 19. With 2fe fl = 19 and e = + 1 we have for the 2' level v 0 *= 27513*84. 
This should be reliable to within 0*4 wave-number whether the P (2) lines are 
real or not. The apparent values of the moments of inertia are again very 
high and as in the preceding system they increase with increasing vibration 
and diminis h with increasing rotation. One third of 2$<* 0 for this system = 10 
or 11*6 is nearly equal to 2x& 0 for *K -^2 1 S (12*75) which recalls a similar 
relation in the l A 2 *S, X B 2 X S and X C -*■ 2 X S systems. The value of co 0 
the vibration frequency at zero amplitude for the X M state is 2195 * 75 or 2190*95 
according to whether we assume e ~ + f or e = -f 0*374 for the 1' vibration 
level* 


* * Z. Physik/ vol. 52, p. 27 (1929). 
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The change in £ from 0 to + J and then to + 1 as the vibration number 
changes from 0 to 1 and then to 2 is a curious and interesting feature of this 
band system. 

An intensity diagram for this system is shown in fig. 9 where the numbers 



are the sums of Kapuscinski and Eymers intensity measures for the R (3) 
and P (3) lines of each band, except those in brackets which are Gale, Monk 
and Lee’s eye estimates of weak lines which have not been measured by 
Kapuscinski and Eymers. By comparison with fig. 7 it will be seen that the 
intensity distribution is of the same type as in *K •+ 2 *S and possesses two 
lines of maxima and minima respectively. The tendency to opposite alterna¬ 
tion in intensity with final vibration number in the P and R branches respec¬ 
tively has been described already. 

The bands of this system possess the alternation in intensity in the lines of 
each band corresponding to a weight ratio of 3 to 1 in the rotational terms which 
is such a marked feature of the whole H 2 spectrum. This is shown for example 
by the intensity data in Table XXV where the sums of the intensity measures 
of Kapuscinski and Eymers for the R (1) + R (3) lines or P (3) -f P (5) lines 
divided by 6 are set against those of the intervening R (2) lines or P (4) lines, 
and times the sums of the intensities of P (2) + P (4) lines are set against 
the intervening P (3) lines, where such data are available. 
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On account of the temperature effect the number opposite R (2) or P (3) 
should be somewhat greater than the number above it, the R (3) line being 
considerably stronger than the R (1) line owing to the magnitude of I in the 
initial states of these bands. It is very satisfactory that the O' 0" R (2) 
line is nearly twice as strong as it ought to be as this line is also required as 
R (1) of 1' ~*2" of the 1 C-^2 1 S system where it is a little more than twice 
as strong as it should be. 

§ 13. The System X N 2 

This has a good deal of resemblance to the three preceding systems *K, 
and It is a powerful system extending right across the visible 

spectrum and containing many strong lines but it consists of only two progres¬ 
sions. The lower, which is believed to be a 0' progression, starts at X — 
3715*990 and the upper which is believed to be a 1' progression, starts at 
X 4009*561. The reason for assigning these initial vibrational numbers is 
that if they were incorrect there should be a strong progression with similar 
properties starting near X = 4360 A.U. but no such progression exists. The 
next upper initial vibrational level may have too much energy to be capable 
of existence. The wave-numbers of the lines preceded by Kapuscinski and 
Hymens’ intensity measures and followed by Gale, Monk and Lee's eye estimates 
are given in Table XXVI. 

The properties of the system are set out in Table XXVII. It will be seen 
that the energy intervals are of the same character as those for the three 
preceding systems, 1 K, 1 L and * 2 1 S, their differences increasing slowly at 
first and then more rapidly as j increases. The values of B' are larger and 
the values of I smaller, for m small, than for those systems. In this respect 
*N is intermediate between *K, 1 L, and 1 A, *B, J C, but, as in other respects, 
closer to the former group. For m small the terms are very close to the form 
Bj 2 with the values of j in Table XXVII. These have been determined by 
the transitions to the final 2 X S level. These are governed by the rules, so far 
found universal, that Aj — 0 or ± 1 and s a and a ■> s transitions are not 
allowed. The values of v 0 are got from the P (2) lines, using P (2) *= v 0 + 
F' (£) — F" (1^) and taking F' (|) to be £B'. The v 0 for the 0' progression may 
thus be in error by about J wave-number but for the 1' progression it should 
not exceed the errors of measurement. Since the rotational terms are close 
to the form Bj 2 , e = 0 or thereabouts and since the P (2) line, which comes 
from the initial j = £ level is present, a = 0. 
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Table XXVII. 
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The intensity distribution has the same features as that presented by the 
X K, *L, X M -► 2 *8 systems. In Table XXVIII we have set out the sums of 
Kapuscinski and Eymers’ measures of the strong R (3) and P (3) lines of the 
system by the usual double entry method. It will be seen that in the 0' 
progression there are three maxima separated by intervening minima and 
only two maxima and one minimum in the V progression. 


Table XXVIII. 


•**\ 

0. 

1. 

2. j 3 . 

i 

1 

4 . 

5 . 

0. 

7 . 

0 ! 

82-5 

j 102-7 

33-0 

104*4 

119*0 


21*9 

! 

9*7 

1 

29*1 

47 -S 

j 

4 H(t 

2-8 

j 28*8 

31*2 

32-3 

5*6 


It is clear from an examination of the intensity data in Table XXVI that the 
strength in the P branches in a progression varies with the final vibration 
number of the band in a different way from that in the R branches. The 
behaviour is, however, very complicated. It seems, in fact, as if the systems 
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were trying to accomplish the impossible task of making P weak where It iB 
strong and vice versa as in X K * 2 X S, and at the same time making P and R 
strong and weak together as in X A and l C > 2 hS. As we have seen this is not 
the only way in which this system seems to be intermediate between these 
two groups. 

There is plenty of evidence that the weight ratio has the usual value 3 to 1 
for the alternate rotational states of this system. Ill Table XXIX we have 
set out the values of £ the sum of Kapuscinski and Eymers’ intensity 
measures of R (1) + R (3), P (3) ~f~ P (5) and P (5) + P (7) compared with 
the intervening R (2), P (4) and P (6) respectively as well as times the sum 
of P (2) + P (4) compared with the intervening P (3). The only case in 
which there is a disparity which is very seriously beyond what might be due to 
temperature effects is in the line P (6) of V 3" which is about four times as 
strong as it should be. It is satisfactory that this line is also claimed as P (5) 
0' -*• 0" of X L 2 X S where it is about twice as strong as it should be. There 
are four other cases with considerable discrepancies but .these might arise 
from a variety of causes. 

Table XXIX. 
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The remaining band systems will be described in Part IV of this paper 
and will include, among others, a strong band system in the infra-red region. 
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Spectrum—Part IV. 

By 0. W. Richardson, F.R.S., Yarrow Research Professor of the Royal 
Society, and P. M. Davidson, B.A., King’s College, London. 

(Received March 13, 1929.) 

Synopsis. 

§14. The system 1 0->2 1 S. Similar to 1 A-^2 1 S but weaker and with 
e = 0. Lowest level j — £. Branches P and R. v P = 22814. § 15. The 
progression X Q -> 2 1 S. Of the same type as x O 2 X S but with a much larger 
value of B. Lowest level j = lj. Branches P and R. v e =s 21843. § 16. 
The progression X 4142 *801. Single branches. If Q lowest j = 3^, v 0 = 
24367. §17. The progression X 4097 *433. Single branches. If Q lowest 
j ss= 2J, v 0 s= 24447. § 18. The infra-red system. These bands are close to 
where the bands whose initial states are the initial states of Werner’s ultra¬ 
violet bands should lie. P and R but no Q branches. 

§ 14. The System x O 2 X S. 

Gale, Monk and Lee’s* wave-numbers of the lines of this system preceded 
by Kapuscinski and Eymers’f intensities and followed by Gale, Monk and 
Lee’s (in brackets) are set out in Table XXX. It is not a very strong system 
and consists of three progressions. It is intermediate in character between 
the groups of systems *A, *B and X C -> 2 *S and l K, a L and 2 X S, but nearer 
to l A> l B and X C than to X K, X L and X M. There is no great disparity between 
the strength of the P and R branches in this system. There is a disagreement 
in the intensity data for the line 2' -> 1" P (5). Gale, Monk and Lee’s estimate 
is (1) and Kapuscinski and Eymers’ measure is 112* 

The properties of the system are set out in Table XXXI.J The transitions 
to the final states are governed by the rules Ay = 0 or ± 1 and s to a and a to s 
not allowed with the j f s and a allocations to the levels shown in the table. 
In each initial vibrational level the strong lines start from j « l£ or 3£ and the 
weak lines from j = \ or 2J. In the ri = 0 initial vibrational level P (2) is 

* * Astrophysics! Journal,’ vol. 67, p. 89 (1928). 

t ‘ Roy. Soo. Proc.,* A, vol. 122, p. 68 (1929). 

X The precise meaning of these onorgy intervals and the methods of obtaining them is 
explained fully in Part III. 



5*2 22813*80(1)1 II *i 21404*98(0) j 4*0 20213*54(0) 
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Together with H£ = 170*0. 
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Table XXXI. 
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present so that 0 = 0. Assuming F (m) = B 0 (j — e) 2 for the three lowest 
rotational levels we get 2B 0 = 58-22 and e = — 0-0165. Owing to the 
sharp drop from 58-22 to 51-87 at the next higher energy interval difference 
the precise interpretation of these data involves some slight uncertainty, but 
it is probable that the right values are close to e ~ 0 and 2B 0 = 59. It seems 
unlikely that this value of 2B 0 is incorrect by $ a unit. From P (2) = v 0 -f 
F' (£) — F" (1$) putting F'(i) = 59 ^ 8 and F" (1$) = 43-71 we find 
v„ = 22751 -60. This value should be correct to within 0-1 wave-number. 
For the »' = 1 initial vibrational level P (2) lines have not been found, bo that 
the value of a is uncertain. This makes the lowest rotational energy interval 
for which we have a value the interval between j = 2$ and j — 1 J. The two 
rotational energy intervals which have been found are similar to but smaller 
than, those of the n' = 0 state, so that the term structure is of the same type 
having t ~ 0 (with j half integral). The absence of the j ~ J level and the 
uncertainty in the rotational level structure makes the value of 2B t for this 
vibrational level very uncertain. We put it at about 50 but this figure might 
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be wrong by 5 units either way. The absence of the P (2) lines and the 
uncertainty in Bj makes a corresponding uncertainty in the v 0 for this vibra- 
tional level. Using R (1) = 25093*50 = v 0 + F'(l|) — F" (D and putting 
F(H) = 9/8X 2B, = 56*25 and F" (J)^4*86 gives v 0 = 25042 which 
might be wrong by about 5 units either way. The ri = 2 progression is the 
least satisfactory in the system, in fact it is probably the least satisfactory 
progression of any described in this series of papers. In the 2' v 0" and 
2' --»* 1" bands the P (3) and P (5) lines are so strong that the intervening P (4) 
lines should occur on account of the 3 to 1 weight ratio which is universal in 
this spectrum and in the 2' -+ 1" bands the same applies to R (1), R (3) and 
R (2), but we have not been able to find them. There are two possible reasons 
for this difficulty. One is that this progression is interwoven with the various 
0' n” progressions which come from the 4' electronic level which have been 
described in Part II and it may be that the missing R (2) and P (4) lines have 
been gi ven by mistake to one of them. The other reason is that the progression 
itself has a definite abnormality. The R (1) line of 2' -> 0" is entirely absent 
although R (3), P (3) and P (5) of the same band are strong and R (I) of 
2' --> 1" seems abnormally strong. The absence of R (1) from 2' -> 0" is the 
more remarkable as it springs from the same level as P (3). Thus both its 
initial and final levels are known to occur. The absence of the R (2) and P (4) 
lines is not more remarkable than the absence of this line and may be another 
feature of the same or a related abnormality. On account of the absence of 
these lines we only have the rotational energy interval between j — 3J and 
j =3 l\ for this vibrational level. It is 251*59 and is very close to the corre¬ 
sponding quantity for the n f = 1 vibrational level. This strongly suggests 
that all three vibrational levels have the same rotational term structure. As 
the P (2) lines are unknown, if they exist, this would make ct doubtful but we 
should have e = 0 and 2B 2 about 50 with an uncertainty of about ± 5 as in 
the n* = 1 level. From the wave-number of the 2' -* 0" R (1) line, calculated 
by the combinations from P (3) or from the R (1) of 2' -*■ 1", and R (1) =s= v 0 + 
F' (ID - F" (D using F (ID « 9/8 x 2B* - 50*25 and F" (D = 4*86 we 
find v 0 M 27084 for this vibrational level. This may be wrong by several 
units as in the v 0 of the 1' vibrational level. 

These values of v 0 give = 124 and to 0 — c o^c = 2290 so that the 
vibrational frequency for zero amplitude is <o 0 = 2414. As there is an 
uncertainty, owing to lack of sufficient data and ignorance of the precise 
interpretation which should be put on such data as are available, of several 
units in the v 0 ’s of the n' = 1 and 2 levels we have thought it well to check 
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these results by using instead of the v 0 ’s the wave-numbers of the R (1) lines 
of the 0" band of each progression. These are set out in Table XXXI and lead 
to o> 0 — =s 2280, ~119 and <o 0 — 2399. These, of course, are only 

rough but they confirm the values given already. The large value of #co 0 = 124 
is very nearly the same as that for *0 -> 2 *8, 

The values of 2B and 1 for the initial levels of this system are very similar 
to those for the 1 A, 1 B and l C levels and also they are probably not vastly 
different for j small and j large. 

The intensity diagram for this system, shown in fig. 10, gives the sums of 
Kapuscinski and Eymers’ measures for the strong R (3) and P (3) lines of all 



the bands by the usual double entry method. It is quite similar to the diagrams 
for the X A, *B and l C > 2 l S systems except that the minimum in the 2' level 
instead of being confined to 1 or 2 bands has developed into a considerable 
area. In this system as in *A, and 1 C > 2 T S the general tendency is for P 
and R branches of the various bands to be strong or weak together. 

Except in the 2' progression, there is good evidence that the weight ratio of 
alternate rotational states is 3 to L This is shown in Table XXXII where £ 
the sum of Kapuscinski and Eymers 1 intensities of various Rjl) and R (3) 
or P (3) and P (5) lines are compared with the intensities of the intervening 
R (2) or P (4) lines respectively. 


Table XXXIL 


n'-> 

1. 


0 . 

0 . 

o. 

1 . 


0 . 


0 . 

1 . 

2. 

1 . 

i{R(l) + B(3)} 

12*0 

J{P(3) + P(B)} 

6*4 

n*r> 

3-8 

5*0 

. R(8)-+ 

16 


6*7 

11-4 

4*1 

5*1 
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§ 15. The Progression *Q -*■ 2 1 S. 

There is not very much of this, as we have only been able to find one pro¬ 
gression so far, but it has some interesting characteristics. The wave-numbers 
of the lines preceded by Kapuscinski and Eymers’ intensity measures and 
followed by Gale, Monk and Lee’s eye estimates are given in Table XXXIII. 


Table XXXIII. 


m n"-+ 

4 

o. j 

1 . 

2. 

3, 

R 

1 

I* 

R 

2 

V 

R 

3 

P 

13 * 1 21922*71 (2) 


9-0 19322-86(1) 

18076*20(0) 

J 

22198 84(00) 

54-3 21806-54(5) 

14-4 20493-95(3) 


18400 *57 (00) 

11*8 17975*00(3) 

R 

4 

P 

R 

6 

P 

7-4 21844-49(1) 

25-4 21931-77(4) 

20537*44 (1«) 

10-0 20631*95(2) 


18027 -62 (00) 

18134-00(1) 


The properties are set out in Table XXXIV. No P (2) lines have been found 
so that a is uncertain and the lowest known initial rotational level has j = 1$. 
The energy level intervals are approximately in the ratio 2:3 and suggest 
e = 0 or thereabouts with the j values given. These and the s and a assign¬ 
ments satisfy the usual rules Aj = 0 or ± 1 and s •■+ a and a a barred for the 
transitions to the final 2 l S states. Since the rotational term values are given 
approximately by F (j) = B (j* — cr*) whatever value <r may have it is evident 
that 2B has a value in the neighbourhood of 75. This might be in error by 
about ± 5 units. In any event this value of 2B for j small is distinctly greater, 
and the value of I correspondingly less, than for any of the systems which come 
from an initial 3 electron state, although some of the systems described in 
Part II which come from 4 electron states probably have values of 2B 0 which 
are not very different from this. 

If we adopt c = 0, a = 0 and 2B — 75 as approximately correct, we get 
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Table XXXIV. 


Initial vibration state. 

Probably O'. 


i 


Jr 


a 3J - 

F<5) - F (4) for P lines 

238*95. 


tt n .>85*94 

F (4) - F (3) . 

153-01' 


a 1 j —- 

2B for j small J 

About 75. 

I for j small j 

About 7*4 X 10-* 1 

. 

About 21843. 

I 

* .i 

0 

- .. ! 

I 

? 


from R (1) = 21922-71 » v 0 -f F' (1|) - F" (|), v 0 = 21843, using F" ($) = 
4-86 and F' (1J) = 84-38. Even if these assumptions are correct this value 
might be wrong by ± 5 units. It is a ourious fact that this v 0 is the same as 
the v 0 for 3 X B -*• 2 X S which, adopting assumptions similar in principle to these, 
was determined in Part I, p. 62, as 21839, and Part II, p. 473, as 21849, and 
the mean of these is 21844. This suggests that this progression may be the 
P' and R' branches corresponding to the Q branches which constitute l B -> 2 J S. 
However, this seems very doubtful. In the first place there is the great 
disparity between the values of 2B, for j small, for the two systems. In the 
second place the v 0 ’s have been evaluated on the assumptions that tr was in 
the neighbourhood of 0 for both systems. But if they are to be combined into 
a P'QR' system it would be natural to assume that a was at least equal to 
something comparable with 1. In any event some such value of a seems 
to be required for 3 *B -► 2 1 8 from which the j ~ \ level is definitely 
missing in the initial state. If we assume a = 1 and apply the formula 
F (j) = B (Vj*—cr* — e) 3 to the rotational level data of this progression, 
we find 2B = 84*56, c =4- 0'164 and v 0 — 21889 (0*12). Applying the same 
method to the corresponding levels of the 0' progression of X B -*■ 2 1 8, assuming 
that the branches are Q, we find 2B 0 for j small = 47-96, c — + 0*378 and 
v 0 = 21861 (18). The agreement of the v 0 ’s has now disappeared. 

The intensity distribution among the 14 lines which constitute this pro¬ 
gression is very peculiar. In the 0" band either the P (3) line is muoh too 
strong or P (4) is muoh too weak to agree with the 3 to 1 weight ratio. Of 
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course P (8) might be a blend but we have no grounds for suspecting it. In 
fact the evidence is rather to the contrary as there is only one unclassified 
line within 100 wave-numbers of it with strength greater than (1) on the scale 
of Gale, Monk and Lee. The intensity of this line 4605*364 (2) is given by 
Kapuscinski and Eymers as 4*5 and is much less than 1/3 of the surplus 
strength in P (3). Moreover in the 1" band the R (1) line is missing although 
the strength of P (3) requires that it should be present. On the other baud 
the R (1) line appears in the 2" band, in which every other line fails, and in 
about the strength which it was expected to have in the 1" band where it is 
absent. This is something like the behaviour of the 2' progression of l O -■> 2 *S 
where the R (1) line of the 0" progression was missing, the R (1) line of the 1" 
progression abnormally strong and the R (2) and P (4) lines all absent. Here 
the R (1) line of the 1" band is absent, the R (1) line of the 2" band is too 
strong, the P (4) lines are too weak and the R (2) lines are missing. 

§ 16. The Progression startimf from X = 4142*801. 

The lines of this progression preceded by Kapuscinski and Eymers’ intensity 
measures and followed by Gale, Monk and Lee’s eye estimates are set out in 
Table XXXV. This is a well-defined, although not very strong, progression 
and is remarkable for the fact that it has no lines which end on values of 
m" < 4 (or j" < 34). It seems likely that the bands consist only of Q branches 
since we can find no evidence of the corresponding R branches if they are P, 
or P branches if they are R and it is unlikely that such a well-defined progression 
would consist only of unaccompanied P or R branches. However, this likeli¬ 
hood is diminished owing to the existence of a progression having a good deal 
of similarity to this which is described in § 17. 

The properties on the assumption that the branches are Q are set out in 
Table XXXVI. If the branches were P the j values would all have to be 
reduced by 1, if they were R the j values would all have to be increased by 1* 
The energy level intervals are very nearly in the proportion 1; 2 ; 3 which is 
what would be given by B (j —■ e) 2 with c = 3 with the j values necessary for 
the interpretation of the lines as Q branches. This, however, could only be 
correct if a were in the neighbourhood of zero and the 3 missing levels of this 
initial state suggest a = 3. Accordingly two alternative interpretations are 
given in the table. Assuming cr = 3 and using F (j) ~ B (Vj a — cr 2 — e) 2 we 
obtain 2B for j small = about 52, the corresponding I ~ 1-06 X 10~*°, 
e 1'69 or say 1J and v 0 = 24367. If on the other hand we take or « 0 we 
find 2B for j small «= about 75, the corresponding I ™ 7*4 X 10“ 41 , e = 3 or 
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Table XXXVL 

_ — ■ j . 

Initial vibration state. j Probably 0'or 1'. 


K (7) - F (6) 
F (0) - K (5) 
F (5) - F (4) 

2B forj small 
1 for,; small . 
« if Q lines 
a 

v Q if Q lines 


thereabouts and v 0 =. 24358. Each of these alternatives would, of course, 
require a corresponding modification if the branches should prove to be P or 
R instead of Q. 

There is good evidence that the weight ratio 3 to 1 for a to ft states holds 
for these bands. In the upper part of Table XXXVII are set out times the 
sum of Kapuscinski and Eymers’ intensities of P, R or Q (4) and (6) lines 
against the intervening P, R or Q (5) and 1/6 the sum of similar data for P, R 
or Q (5) and (7) against the intervening Q (6). The disparity between the 
pairs of numbers compared is about what is to be expected if the maximum 
intensity, if there were no alternation (i.e., if the weight ratio were 1:1), 
occurred at m = 6, which is a reasonable position for it; except that in n" = 3 
Q (4) + Q (6) are too high compared with Q (5). This is due to Q (4) being 
too high which is satisfactory because this line 20314 • 59 (2) also has to do duty 
as 3 ac* P (2) in the orthohelium like bands.* 

This progression possesses the property of alternation of intensity of 
the bands as a whole with final vibration number which is a feature of 
*K -► 2 *S and most of the systems which have followed it in this account. 
This is shown by the figures in the bottom row of Table XXXVII which give 
the sums of Gale, Monk and Lee’s eye estimates for all the lines in the band 
having the final vibration number lying immediately above it. In this 

♦ Richardson and Das, * Roy, Soc. Proc.,* A, vol. 122, p. 694 (1929). 


: j if Q lines 

j a - 

70:12 

j a 4J - >79-14 

J 70-07' 

[ *3 4 . 

I About 52 or about 75. 

.j About 10*6 x 10~ 41 or about 7 • 4 >: KM 1 . 

! About IJ or about 3. 

i 

. About 3 or about 0. 

24367 or 24358. 


H 


149-21 


> 
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Table XXXVIi. 


n"-> 

0. 

2. 

3. 


0. 

1. 

2. 

3. 

P P 





P 

P 







ljr <J(4) + Q(H) 

34-7 

25-4 

21 0 

ir Q(SH- Q(7) 

11*1 


1*7 

9*6 

3*6 

or R or R 





or R 

or R 







P, QorR(5) . 

3M 

19*4 

11-2 

i 

P, Qor 

R(0) . 

17-2 


2*2 

10*5 

6*4 

«"-> 

0 

1 

2 

3 

4 

5 

6 

£2 . 

n 

21 

8 

41 

n 

n 

I 


summation (0) is given the value i and (00) the value ({). Evidently there are 
maxima of intensity at n" = 0, 2 -f, and 5 and minima at n" = l and 4. The 
fact that the strongest band of all is the one with n" s= 0 makes it pretty 
certain that its initial vibration state is either ri = 0 or n' = 1. It is just 
possible that it might be the n' = 1 progression of X Q -> 2 1 S ) but the fact that, 
on any hypothesis, the lowest rotational state has / > 1 £ is difficult to reconcile 
with this view. On the whole it seems most likely that it is a 0' progression 
of an entirely new system. 

§ 17. The Progression starting from 4097*433 (3). 

Superficially this is very like the one just described and they lie close together 
in the spectrum. They also appear to consist of single branches. On the 
assumption that they are R we have looked for the corresponding P lines and 
on the assumption that they are P for the corresponding R lines, but without 
finding anything definite enough to support either assumption. Accordingly 
we shall describe them provisionally as Q branches. This involves making 
them belong to a different system from the progression just described which 
starts from X *= 4142*801, if that is also made to consist of Q branches. We 
are not really satisfied with this arrangement. These two progressions have so 
much in common that we think it is not unlikely that they are really different 
branches of the stale bands. The lowest final rotational level in the present 
progression is m" = 3 or /' = 2£ as against m” = 4 or j" « 3| in the one 
starting from 4142*801. This suggests that the two may be related as P and 
Q or Q and R. If the present is Q, then 4142*801 would be P, if on the other 
hand it is R, then 4142*801 would be Q. The wave-numbers of the lines, 
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preceded by Kapuscinski and Eymers* intensities and followed by Gale, Monk 
and Lee’s, are set out in Table X X XVIII. 


Table XXXVIII. 


m n —< 

i 

► 0 . 

1 . 

' 

2. j 

i 

3. 

4. 

1 

2 






3 

32-7 24398-06 (3) 

5*9 23086-09 (1) 

9*3 21809*48 (2) 

20506*99 (0) 

19357*95(0o) 

4 

10-9 24479*87 (1) 

23172 *98 (0a) 

21901*17 (1) 



5 

33-7 24580*27 (1) 

3*3 23280*55 (1) 

9*0 22014*85(2) 

20782*31(0o) 


6 

8 24090*90(1) 

23400-11 (0o) 

9*3 22147*95 (3) 

20922*09 (0)F 

19728*21 (5) 


The properties of the initial level are collected in Table XXXIX. The j 
values are assigned on the assumption that the branches are Q and all the 
values of B, I, e, or and v 0 are also based on this assumption. If the branches 


Table XXXIX. 

Initial vibration state. Probably 0 or 1. 


F (7) - - V (6) 
F(0) F(5) 

F (5) F(4) 
F (4) - F (3) 

2B for j amall 
2B for j large 
I for j small , 
I fori large 

t.. 

a . 


j if Q lines 

l 

I a - 

.1 354*04. 

! h ..> 50*45 

303*59( 

a - >51 *51 

252 * 08 < 

s 3J .>55*81 

! m-27^ 

a 21 —.- 

58 

50 

D-fij x 10~« 

Ml x IQ- 4 * 

-0-24 

2 


24430 
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are K the j values will all be raised 1 , and if they are P they will be lowered 1, 
and corresponding alterations will be required in the values of B, I, e, 0 and v 0 . 
The values in the table have been obtained as follows. The value 0 = 2 is 
assumed in order to account for the absence of the levels j = \ and j = !£. 
We then apply the formula F (j) = B {\/j 2 — 0 * — e} 2 with 0 = 2 to the three 
lowest levels, the j values, of course, being determined by the assumption 
that the branches are Q and the known j values of the final levels. The 
two lowest energy intervals give 2B = 58*9 or say 58 and £=—0*24. 
These data enable F' (2,£) to be calculated; its value is 89 and 
if Q (3) « 24398*66 = v 0 + H v (2£) - F (21) we find v 0 = 24430 since 
F" (2£) = 121*01. 


We regard the theoretical treatment both of this and the preceding progres¬ 
sion as very provisional and hope to return to the matter in a subsequent com¬ 
munication. 

There is good evidence that the weight ratio 3 to 1 for the alternate rotational 
levels holds in these bands. Thus in the strongest band which ends on the 
0" vibrational level we have, using Kapuscinski and Eymers* intensity measures 


•{-r 4 - 



= 11-1 whereas the intervening m" = 4 line has 


w+ -s 

veiling m = 5 line has intensity 33*7, 

The intensity distribution is similar to that of the progression which starts 
at X =as 4142*801. The maximum strength is in the O'' band, there is then a 
minimum at 1" followed by a second smaller maximum at about 2". The main 
difference is that the 5" band completely fails in this progression whereas it 
is a well defined band which gives rise to a third maximum in 4142*801. The 
fact that the maximum intensity in this progression is in the band which ends 
in 0" makes it fairly certain that the vibration number of the initial state is 
either 0 or 1. Most of the strength of the »" = 4, m" = 0 line 19728*21 (5) 
belongs to another system. 


intensity 10*9 and H times | (J 

[ R 


(6)f = 28*4 whereas the inter- 


§ 18, The Infra-red System . 

It is probable that there is a great deal more of this system beyond the 
present limit of the infra-red measurements. It is obviously a very important 
system as the fragment which we have contains all the very strong lines that 
have been measured in the infra-red and it maintains its strength in almost 
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©very direction right up to the limit of the infra-red measurements. The very 
strong lines lie in three bands of two progressions whosen" = OR (1) lines are 
at v = 13402 * 1 and 15211 * 77 respectively. There is a weaker progression whose 
= 0 R (1) line would be at v = 17246 * 14 if it existed and the last line but 
six and the last line but one of Gale, Monk and Lee’s tables are in about the 
right position and have the correct separation for the R (1) and P (3) lines 
of the n” = 0 band of a lower progression which should thus start with its 
ft" = 0 R (1) line at v 11350*5. The frequencies of the lines of the bands 
followed by Gale, Monk and Lee’s eye estimates and preceded by Kapu¬ 
scinski and Eymers' measurements of the intensities, when such exist, are set 
out in Table XL. 

The four progressions have been assigned, for reasons which will appear 
later, the initial vibration number 1 ?, 2 ?, 3 ? and 4 1. Whether the first 
number should be 1 is very problematical, but 2 and 3 are obviously two pro- 


Table XL. 


w 

m 

n"-> 

0. 

1. 

2, 

3. 

4. 

l 








s. 

1 

R 

11350*5 (la) 





1? 







- <* 

3 

P 

11234 *3 (Oc) 







fR 

13402*1 (4) 

12083*8 (8) 





1 

{p 








fR 

13447*8 (2a) 

12131-5 (3) 





2 







X* 

1 13317 3 (3) 

1 12000*9(7) 





« 

f* 

1*470-4 (1) 

12157*8(2) 




2? 

« 

i p 

13286 0 (0) 

11973*5(10) 




4 



12189*6 (0) 







\p 

13255*5 (2a) 

11948*6 (3) 






fR 







S 

{* 

13203*6 (la) 

11904 0 (3) 






fR 







4 



- 






l p 

13157*7(1) 

11866*8 (00) 




! 

7 

C 

13115*2(1) 

11834*3 (004) 
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Table XL—(continued). 


n' 

I 

m 

i 

0. 

1. 

2. 

3. 

4. 


■{: 

15211*77 (3a) 

13803*4 (0) 

12612*1 (00) 




■c 

[HaJ 

18142-64 (2) 

13915*3 (2) 

13826*2 (4) 




3 ? 

| 

•C 

15237*22 (2) 

15095 * 67 (4) 

13924*7 (3a) 

13783*1 (10) 

12506-6(06) 



•c 

i 

18039*34 (2) 

13732*4 (2a) 

12460*6 (006) 



w 

■e 

14970*53 (2) 

13070*0 (2) 




i 

j 

•{: 

14885*15 (la) 

13504*3 (l) 





■{: 

[17246*14J 

i 

! 

15927*80 (1) 

14646*38 (2) 




■c 

i 

i 





4 ? 

■c 

[17245*71] 

46*2 17129*89 (8)? 

15933 *16 (0a) 

13*9 15817*47 (3) 

14656 *57 (0) 

14540*88 (3a) 

[13288-44] 

12089*5 (00) 


•c 

16*0 17047*15 (4)? 

15740*49(1) 

14408-48 (la) 




*{: 

28*0 10078*52*( 10) ? 

9*5 15679*29(1) 

14413*75(1) 




gressions with consecutive initial vibration numbers and if 1 and 4 are real 
and belong to the same system they must have initial vibration numbers less 
and greater by 1 than 2 and 3 respectively. Thus if n' is the initial vibration 
number assigned to the progression starting with n" = 0 R (1) = 13402*1 
the others must be n' — 1, n' + 1 and n' + 2 respectively. In spite of the 
strength of the P (m) lines we do not feel very convinced of the reality of the 
4' 0" band. The entire failure of the R (m) lines is suspioious. 17129*89 

o 2 
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has a defect of 0*13 wave-number and 16978*52 bos the quite inadmissible 
defect of 0*45* This is especially strange as this line was measured by Gale, 
Monk and Lee on the interferometer. The intensities are about in the right 
proportion for P (3), P (4) and P (5) lines of a band, which does not favour the 
idea of a perturbation. 16978*52 shows the Zeeman effect and probably 
17129 • 89 also does. This is uncertain, as this line is not resolved from 17130 * 78 
by Merton and Barratt and probably would also not be resolved by Croze. 
On the whole we are inclined to attribute these three P (m) lines of 4' O' 1 

to some other system. The line 15740*49, P (4) of 4' 1" has a defect of 

0*28, but this is not unreasonable as it is also claimed by .ja s Q(4) of the 
orthohelium like bands. The value is about right for gOt 8 Q (4) t-o which 
therefore 35740*49 should be given ; it may, however, be concealing the line 
of the present bands. 

The properties, etc., of the system are set out in Table XLI. The bands 
have P and R but no Q branches. In the strong 2' -► n" and 3' -* n" progres¬ 
sions P (2) is present, so that the lowest possible j value, viz. j = occurs in 
the initial state. As the P (m) and R (m) lines are definitely identifiable by 
their final rotational term differences, this determines the initial j values. 
These satisfy Aj = 0 or ± 1. There are no Q branches, so that A j 0 is 
excluded. This is because transitions between & and a rotational levels are 
not allowed. Since there are no other branches such as P\ Q' or R' the initial 
levels must be single. The energy level intervals have a very unusual detailed 
structure but they are evidently modifications of the type with the intervals 
approximately in the ratio 1 : 2 : 3, etc. This is most evident at the 3' vibra¬ 
tional level. At the 4' level the type has changed to — 1 : 1: 3 : 5, etc. It is, 
of course, possible that this rather weak V progression does not belong 
to this system but we have no other use for it. Similar changes of type of 
rotational structure, with increasing vibration number, have been found in 
some of the systems already described, for example in 3 *C -* 2 X S. Since the 
j ~ $ initial level is present a = 0 and the rotational term structure requires e 
in the neighbourhood of zero, the terms for j small being approximately of the 
form Fj 8 , with j semi-integral. From P (2) = v 0 + F' (£) — F" (1|) where 
P (2) occurs and from R (1) — v 0 + F' (1£) — F" (J) in the other two cases 
the values of v 0 can be found since the values of F" (£) and F" (l£) are known 
with precision (see Part I). The resulting accuracy depends on the accuracy 
with which F' (J) and F' (1|) may be estimated. Since F" (J) *» 2B 8, 
even a rough value of B will not introduce much error so that the v 0 ’s for the 
»' ~ 2 and n f ==? 3 progressions should be reliable to one wave-number or 
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possibly better. In the other two oases only rough values are given owing to 
the uncertain elements present in the rotational term structure in both cases. 

The values of v 0 thus found are very curious. Their first differences furnish 
the sequence of numbers 2046, 1826*6 and 2034, and these have the second 
differences +219 and — 207. These numbers for the second difference are 
large but no larger than some we have met with already, for example in 
*A -> 2 1 S and in *C >2 1 S. What is really remarkable about them is the change 
of sign, as these second differences are usually supposed to be essentially 
positive, the first differences steadily diminishing as the vibration numbers 
increase. This result is not due to errors introduced by the uncertain elements 
which enter into the determination of the v 0 ’s. If the v’s for the R (1) lines, 
which keep roughly the same distance from the v^s, are taken and treated in 
the same way an exactly parallel set of figures is obtained. These are Hhown 
at the bottom of Table XLI. If we take 2xto 0 to be + 219 we have <u> 0 the 
frequency at zero amplitude of the initial state of this system = 2376 or 
thereabouts. 

We have not drawn an intensity diagram for this system because we think 
that so much of it lies in the unknown part of the infra-red that it might be 
misleading. We can, however, say something about the general intensity 
distribution. In both the ri =. 2 and ri = 3 progressions the ft" »= 1 band 
is stronger than the n" » 0 band. These are not features which characterise 
ft' = 0 progressions or ri =n 1 progressions, but they do characterise ri = 2 
or 3 progressions in these parhelium-like systems (see, for example, the intensity 
diagrams of *A, and 1 C 2*8 in Parts I and II). They are therefore in 
favour of the assigned initial vibrational numbering. This is further con¬ 
firmed by the fact that in the ri = 2 progression the ri ' = 1 band is only 
slightly stronger than the ri* = 0 band, whereas it is much stronger in the 
n' = 3 progression and in the ri =. 4 progression the maximum of intensity 
appears to have moved still further to the right in Table XL (if we disregard the 
strong P lines in the 0" band of this progression, the inclusion of which is 
almost certainly wrong). 

There is evidence that the 3 to 1 weight ratio of successive rotational states 
holds in this system, but it is not so precise as in the other systems as moat of 
the system is beyond the long wave limit of Kapuscinski and Eymers* measure¬ 
ments. For example, in the ri = 3 progression, we find in the ri ' =» 0 band 
R (1) has intensity (3) R (2) is absent, whilst R (3) has intensity (2) and in the 
«" - 1 band R (1) - (9), R (2) - (2) and R (3) - (3) according to Gale, 
Monk and Lee's eye estimates. The strong lines are those which end on the 
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levels with m odd, i.c., those which come from j = l£, 3£, throughout- the 
system. 

There is one further peculiar fact about this system. It lies almost exactly 
where we should expect to find the bands which arise from the transitions 
from the C to the B states of Dieke and Hopfield. The position of these can 
be found as follows 

From the data given by Hori* we can find the wave numbers of the lines 
which would correspond in the C -■> B system to any set of lines such as the 
R (1) lines in our infra-red system. In the Lyman bands the line Hori calls 
Q(l) which is really a P(l) line goes from the rotational level denoted 
by a and j =* £ of the B electronic levels to that denoted by a and 
j = of A (see fig, 11). In the Werner bands the line Hori calls Q(l) 
goes from the level denoted by a and j — \\ of C to that denoted by a and 
j ™ 1£ of A. The difference of these transitions should go from the level a 
and j ~ of C to the level a and j ■= | of B. This would correspond to the 
line we call R (1) in our infra-red system. In Hori’s tabulation of the Werner 
bands there are no bands which end on the vibrationless state (n" =0) of A. 
Accordingly we start with the Q (I), really P (1), line of the Lyman band which 
goes from n' = 3 of B to rc" = 1 of A. The wave-number of this is v = 89764. 
This line starts from the y — 1 level of our final levels. The first three of our 
final vibrational differences (Part I, Table IV) for this level are 1318 *34 5 , 
1281*475 and 1246*71 5 and their sum is 3846 T>3 6 . If we subtract this from 
89764 we get 86917 which is therefore the wave-number of the P (1) line of the 
O' -> J" band of the B -* A system. Now the Q (1) line of the 0' 1" band of 

the C A system has v — 94860. These two lines have the same final state, 
namely, a and j == 1|, »" = 1 of A. Subtracting them we get 8943 as the 
frequency of the line which starts on the level a and j = 1| and ends on a 
and j l in the O' 0" band of the C B system. This is the (R 1) line of 
that system. These R (1) lines have the same initial states as Hori’s Q (1) 
lines of the A -> C system. We have determined the average values of the 
vibrational intervals for Hori’s Q (1) lines for the C levels as follows, using 
Hori’s tabulated wave-numbers —- C 0 ~ 2308, C 2 — C x = 2167, C 3 — C a 
=S5 2045 and C 4 — C» — 1907, The R (1) lines of the C B system will have 
the same intervals as these and accordingly starting from 8943 we get the wave- 
numbers of the various R (1) lines of C -> B shown in Table XL where they 
are set over the corresponding lines of this infra-red system. 

The most serious misfit is at the 3' 0" transition where the present data 

* ‘ Z. Phyeik/ vol. 44, p. 846 (1027). 
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Table XLTI. 


J* 


*'->■ J 0. 

1 . 

2. 

3. 

4. 

*'-* 0"B<1) lines of CB. 

0" RJ(1) linos of infra-red system 

8043 

11251 

11350*5 

13418 

13402*1 

19463 

15211-77 

17370 

[17246-14] 


are most certain. The present initial level has, however, quite different pro¬ 
perties from those which Hori finds for Dieke and Hopfield’s C level. The 
j — 4 rotational level is present and all the levels are single, whereas Hori has 
j = l absent and all the levels are double. The present rotational structure is 
what would occur if only transitions from the levels from which Hori’s Q lines 
oome were allowed, but there is no known exclusion principle which would 
stop transitions from the other levels ; we should in fact get Q' branches in 



the present system. These have been looked for without success. Also his 
values of B (or B') are larger than ours and have a beautiful regularity which 
we do not find. It is a most remarkable fact that two such levels, one alone 
present in the ultra-violet, the other alone present in the infra-red spectrum, 
both presumably electronic 2 levels, should lie so close together. It is quite 
impossible to reconcile Hori’s analysis with the properties we find. If the 
states are not different, then Hori’s analysis is quite wrong, and this we are 
loath to believe. 
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Stress Systems in an Infinite Strip. 

By R. C. J. Howland, M.A., M.Sc., University College, London. 

(Communicated by L. N. G. Filon, F.R.S.—Received November 28, 1928.) 

The problem of determining the stresses and displacements in a rectangular 
atrip of elastic material whose long edges are acted upon by any system of 
tractions was attacked by Filon,* who gave a solution which is almost complete 
if the breadth of the strip is small compared with its length. The problem 
was treated as one of “ generalised plane stress/'*]* i.e., the stresses and dis¬ 
placements considered were means taken with respect to the thickness. It 
was found possible to express these mean stresses and displacements by series 
so that the boundary conditions over the long edges were completely satisfied 
while the total forces and couples over the short edges could be adjusted. 
In the limiting case of an infinitely long strip the series were replaced by integrals 
which proved in many cases more convenient for calculation. 

The cognate problem of finding the stresses and displacement produced by 
forces acting within the strip instead of on its edges appears to have received 
but little attention. An attempt to find the solution for an isolated force 
acting at a central point and in the direction of the length of the strip was 
recently made by E. Molan.f but he was unable to satisfy the boundary 
•conditions without introducing shears on the edges. 

In the present paper a satisfactory solution is given for the much more general 
problem of a force, either longitudinal or transverse, acting at any point of 
the strip. The stresses due to any distribution of force over the strip may be 
deduced by integration. 

The method used is essentially that of Prof. Filon, whose results are first 
•expressed in a compact and convenient form which he has himself suggested. 
The solutions are obtained by the use of the stress function while the strip is, 
from the start, regarded as of infinite length so that Fourier integrals are used 
instead of Fourier series. The stress function corresponding to an isolated 
force is then written down as if the elastic plate were unbounded in all directions 
and the resulting stresses along the edges of the strip are annulled by Filon’s 
method. 

* ‘ Phil. Trans./ A, vol. 201, pp. 83-165 (1903). 

t The term is due to Love, * Theory of Elasticity/ 4fch ed. (Cambridge. 1927), p, 138, 

} ‘ Z. angew. Math./ vol. 5, pp. 314-318 (1925). 
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Fundamental Formula. 

We consider an infinite plane strip of elastic material, isotropic and uniform 
and of constant thickness. We take axes of x and y in a plane parallel to the 
faces of the strip and placed so that the boundaries of the strip are represented 
by the lines y = ± b. We suppose a system of generalised plane stress pro¬ 
duced by forces acting upon the edges of the strip. Then the mean stresses 
are given by 

xx 


where x is a stress function satisfying the equation 

V 4 * » 0, (2) 

and the boundary conditions. 

The mean displacements u and v are to be found from 

where p is the Modulus of Rigidity, a is the modified form of Poisson’s Ratio 
which appears in the theory of Generalised Plane Stress, while ip is to be found 
from the equation 

- V«x, (4) 

with the additional restriction that 

V*<J> = 0. (5> 

We proceed to construct eight special forms of stress function from which 
can be built up a solution satisfying arbitrary boundary conditions of normal 
stress and shear. 

Consider first the function 

Xi — (Ay sinh my + B cosh my) cos mx, 

which is even in both x and y and is a solution of (2). It will satisfy the con¬ 
ditions for zero shear on the edges y = ± b if 

A (sinh mb mb cosh mb) -f Bm sinh mb = 0. 


8 * 4 * 

8a: 8y 





Stress Systems in Infinite Strip. 


91 


Henoe, C being any constant, we may write 
Xx = C [(ainh mb -f- mb cosh mb) oosh my — my sinh mb sinh my] cos mx. 

This holds for ail values of m so that, provided that the integral converges, a 
more general solution is % 

Xj = j [(sinh mb + mb cosh mb) cosh my 

Jo 

— my sinh mb . sinh my] cos mxf(m) dm. (6) 

To obtain a given distribution of normal force over the boundaries y = ± b> 
we have to make 

y = ±b. 


<f> x (x) being a specified function. This requires that 

(x) s« — | J m 2 (sinh 2 mb + 2 mh)f (m) cos tnx dm, (7) 

Jo 

which is an integral equation to determine / (rn). 

Now, for even functions, we have the reciprocal integral equations 


If in these we 


<M*) 

F (m) 



F (m) cos mx dm 
<f> } (ar) cos m-x dm 



put 

F (m) = — \ \f ^ m 2 (sinh 2 mb + 2mb)f(m), 
2 


the value of / (m) is given as 


(8> 

( 9 ) 


f im) — ---i- [ <6, (a;) cos mxdx. (10) 

J 1 ’ nm* sinh 2 mb + 2mb Jo ' 

Substitution in (6) gives the required value of /r In writing down this and 
subsequent formulae it will be convenient to use the following abridged notation 

8 = sinh mb, c = cosh mb 

S = sinh my, 0 = oosh my 

£ == sinh 2 mb + 2 mb 
£' = sinh 2 wti — 2 mb 



The solution may now be written 


4 

Xi =- 
njo 


w y 8 ^ — (* . !5 S s} - 9 cos tnx dm f <j> x (u) ooe mudu. (12) 

jw*S Jo 
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Leaving aside, for the moment, all questions of convergence, we proceed to 
find formula) for the displacements. Provided that we may differentiate under 
the integral sign, we have 

8 r 00 sc r 

= - I — cos mx dm I <f> l (w) cos mu du. 
wJo S Jo 

and a solution of (4) is 

+ = — f sin mxdm \ (u) cos mudu. 

K J o Mr 24 Jo 

As this is a harmonic function, it is the value of required. We then find 
from (3) 

f mys8f{(1^2a)^w6c}0 . * P , , x j 1 

Z\kUi =* - —---—-sin mxdm <£, ( u ) cos mu du 

tcJo m S J 0 

2,/s _4r{2(l-a)s+n»6c}S-wy«C , [' (18) 

«Ju ml J„ ri J 

Proceeding in this way, wo find the following eight solutions, of which the 
first is the one already obtained and is repeated to make the list complete :— 

!•—X in eyen in x and even in y. 

(«) xy = 0, yy — fa (x) when y = ± b. 

v _ 4 f* mysS—(s~\~mbo)C , f® , . . . 

Xi ~ - I —- - -— cos mx.dm\ fa (u) cos mu du 

it J o 7Tl* 2u Jo 

2pw, == - [ — ^SL9 sin mx. dm f fa (u) cos mudu > _ Q4) 

J 0 WIZi Jo • \ r 

rei i .-°>»+"*>)g-<'wc‘ C0 . K . *,r AM 

kJo w£ J 0 riv J 

W yy = 0, xy — fa (x) when y = 6; 

yy = 0, (*) when y — — b. 

„ __ 4 P ycS—6sC , f“ . , . . , 1 

Xi-I -=— cos mx . dm I <L» («) sin mu. du 

«Jo m£ J 0 Tav ' 

2pu 8 = i p+^y*^ 8 - n ^ ( M ) 8 in tnu.du ».(15) 

M. - i r«l^2h±»ai=»c m dm r t Mda ^ 

WJo m2 Jo J 
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(a) xy ~0, yy = <£ a (x), when y = b ; 

xy = 0, yy = — </> a (x), when y = — b. 
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Xj 


■if’ 

7C Jo 


mycC — (c + ml>s) S 
m 2 X' 


cos m# 


#.dmj ^E» 3 (u) 


2(tu 3 -if 1<L-M c -Z^«}g . ±a8 £ g a in mx. dm f («) 

7i Jo mX Jo 

2|J, = 1 (' t 2(1 », . dm (%,(«) 

7tJ # m£ Jo 


cos mu . du 

cos mu. du 

cos mu . du 


X (16) 


(b) 


X« 


_4 r 

TC Jo 


xy — 4*4 (*), yy = 6, when y = ± b. 


ysC — bcS . 

2 -cos mx . dm 


mS' 


j +«(«) 


sin mu. du 


2^u 4 sa - f k+3 , y!!Q - a in, dm f ( w ) s i n mu t du L (17) 

TC J o mX' Jo [ 

2( xo 4 =^ f fli ~ 2g) S gr?jgg cos MX. dm f+«<«)« 

71 Jo mX J() 


sin mu . du 


III .—x * 8 odd in x bgt even * D V' 

(a) xy = 0, yy = ri (*)» when y = ± 6. 

v B = — j" 4~ whc) C s j n mr f ^ ((/) sin •/»«. dw 

7T Jo m 2 X Jo 

.5,, sas i f frflfec — lj— cos m# . dm J (u) sin mu . du 


*A-if 

w Jo 


mX 


2nv 6 = - f — q)$+m6c)S -wjffC g j n ^ dm f ^ ( n ) 8 i n , du 

7tJ 0 >nX Jo 

(6) xy^^t, (*)• fy = <>, when y = f>; 

£y «= — 4*6 yy <= o, when y = — 6. 

y # = 1 f sin mx . dm f (Jj 6 (u) cos mu . du 

TC J o fuX J 0 

2fx5e=-j ^2(1 cos mx .dm j (w)cos mu.du 

« -=== ^f • ^(1—2g)c+mfe*}S s j nwa; dm [ <Mu) cos mu. du 

7T Jo 


X (18) 




mX 


j W*). 


X (19) 
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IV. —x i« odd in both x and y. 

(a) xy = 0 , yy — <£7 (a), when y * b ; 

5y = 0. yy - — <^7 (as), when y = — b. 

4 f* mycC — (c + S . 7 T^jl / \ ■ j 

v 7 = - --— --— sin mx . dm | 6 7 (u) sin mu . du 

tcJo m 2 £' Jo 


<, - _4 C {wfe?-(l-2q)c}S+»»ycC 


cos mx. dm 


2^v 7 = - 

n Jo 


«r 


sin mx . dm 


<^ 7 (u) sin raw. dt* V (20) 
Jo 

I <f > 7 (u) sin raw. du 
Jo 


{b ) xy = <J / 8 («), yy — 0 f when y *= ± 6 . 

X$ = - f ■■ sin ?/u;. dm f ^ 8 (w) cos mu . riw 
7 tJ 0 ml* Jo 

— 4 f* { 2(1 — cf).s — mfec}S—mysC * f" r / 

t m* = - I —---—*-*—cos . dm \ tb «(w 


77 Jo 


L —j5a)$-t-Wl 


-sin ww?. dm 


j ipa (w) cos mu . du k (21) 
| ( u ) cos mu . du 

Jo - 


Suppose now that the upper and lower edges of the strip are aoted upon by 
any arbitrary distributions of normal force and shear, expressed by the 
equations 

fyz=a.(x), xy = $( x h y = ~\ 

~ ,s - », \ A- (22) 

yy = r (*)» x v =* (*>. y -- b J 

Then the stress function is given by 

( 23 ) 

r * 1 

when the %, are given by equations ( 14 ) to ( 21 ) and 

&(*) — H*(*) + «(— *) + r(®) + y(—*)} ' 

<M») - 1 {?<*)” ?(—■) — *(») + 3 (-*)> 

<M») = !{*(*) + *(—*)—y(®)—y(— *)} 

'!'*(*) = HP (*)-?(-*) + *(•) — 3 (-*)} ^ 

fa (®) — H« (*)-«(—*) + Y (*) — Y (— *)} 

+6 («) - HP (®) + p (- X) - 8 (*) - 3 (- *)} 

sM*) = *(—*)—y(®)+y(—*)} 

^(®)»i{p(*) + P(-ic) + 8(*)4-S(-®)} . 
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The solution is therefore complete provided that all the necessary conditions 
of convergence are satisfied. These conditions will now be investigated. 


The Convergence Problem . 

Consider first the integral for % v equation (14), and suppose that fa(u) is 
finite and integrable. Then, since I cos mu \ 'C l, J <f> t («) cos mu du will be 

less in absolute value than j I fa (m) | du for all values of m. If this last 
integral converges, then when m oo we have 


fa («) cos mu . du 


< 0 , 


(25) 


where C is a positive constant. The inequality (25) may be satisfied when 
fa(u) conforms to less stringent conditions than those stated. 

Again, when m is large, we have 

2s - e"*, 2c - <e tn6 , 2S - e mv , 20 - e*", 2S - e** 

Hence, apart from a constant factor, the principal part of the integral in 
Xi is less than 

e m(v ~ b) M 

-cos mx , 

m 

which is lees than ~ e m [b '~ b) if y < V. The last expression is independent of 
m 

both x and y and tends exponentially to 0 as m-+». Hence the integral 
converges at the upper limit, and this convergence is uniform with respect to 
both x and y. 

Passing to the lower limit, we have for the integrand when m is small 

V f <k («) du + 0 (m®) * 
n J# 


which remains finite when m-*0. 

Differentiation under the integral sign with respect to * or y introduces 
additional powers of m which do not affect the convergence at either limit. 
It follows that such differentiations are valid and that Xi satisfies both the 
differential equation (2) and the boundary conditions. The validity of the 
formulae for w t and v, may be established in the same way. 

* The notation is that of the Tract, “ Orders of Infinity,” by G. H. Hardy, * Cambridge 
^Mathematical Tract*,’ No. 12. 
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In the integrals for the other stress functions the conditions at the upper 
limits are the same as in Xv Those at the lower limits are sometimes less simple. 
For the purpose of the present problem, a complete investigation is not neces¬ 
sary, but some general remarks will bo of assistance in dealing with the special 
cases. 

Consider, for example, Xr When m is small, this may be written 

4 r* f ^ 1 ' * 

X* — - 1 - -7—r + 0 ( m ) r dm 1 'Ps («) sin mu ■ «*«. 
tc Jo L J Jo 

and there is not convergence unless the second integral is 0 (m). This will, 
however, clearly be so if ^ a ( w ) i 8 zero f° r sufficiently large values of u , or if it 
tends to zero sufficiently fast when u -*■ oo . ^2 will then be convergent, and 
it is easy to verify that the corresponding integrals for the stresses and dis¬ 
placements will also converge. 

Similarly in Xz we have, when m is small 

7a = * j [—£, y (fef* — 6 2 ) -f 0(1) j dm j" </> 3 (w) COB mu . du, 
and there will be convergence only if 

f (f> 3 (u) du — 0, 

Jo 

i.e., if the forces applied to the boundaries are self-equilibrating. It is easy to 
see the meaning of this condition, for the stress function 

Jjyw- 6 *) 

corresponds to a unit bending moment across every section of the beam, so 
that the lack of convergence is an expression of the fact that unbalanced trans¬ 
verse forces would lead to transverse reactions at infinity and thus to an infinite 
bending moment. The convergence will be restored if the strip is supported 
at a finite distance. 

It should, however, be observed that the terms producing the divergence 
may be removed from the integrand, provided that this removal does not 
produce divergence at the upper limit. For they are themselves solutions of 
(2) and correspond to stross-systems which do not violate the boundary 
conditions. 

The other five stress functions do not show any essentially new features. 

and x, converge under the same conditions as xi» X« x» converge 
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conditionally; while the non-convergent part of x& is trivial, as it disappears 
in the formal© for the stresses. 

Further discussion of the convergence and of its relation to the stresses at 
infinity will be reserved for the special problems that follow. 


Solution for an Isolated Longitudinal Farce, 

Suppose now that a force P acts at the point (0, yj) in a direction parallel to 
the positive direction of the x-axis. If the plate extended to infinity in all 
directions, the solution would be* 


Xo 


4rr 


1 - 2a 


x log r — 2 (y — yj) 0 


where 


V tf 2 + (y — v;)*, tan 0 — ^ ^ 


The corresponding stresses an 


~ P X 

XX = — — 

£ 2 

(jy ~ *i) 2 3 — 2<x i 

' 

r 2 

1 — a 

r 2 1 - < 

T _ 


- _ P X 

fl - 2o 2 (y - -vf ) 

> 

4tc r 2 

1 — a 1 — a r 2 

J 


P 

?/ - *1 

ri — 2<r 2 a; 2 ] 



xy-~- 

r 2 

..l-o 1 l-o r 2 . 




(25) 


(26) 


To annul the stresses yy, xy along the lines y — ±.b, and so obtain the solution 
for the strip, we now write 

X — Xo + Xo + X# + X? + Xs (27) 

where to are given by equations (18) to (21) with the following values for 
the functions: 


, P * I' V | bl l-2g ( 1 , 1 Vi 

' ~47r-l-oL(® 2 +V) 2 (** +V)* 2 \z2 + 6 1 2 " r x 2 +6 2 »/J’ 

(28) 

; ,_ k P * r V V 1 - 2<r ( 1 1 n 

fTW “S-l-aL(* , + 6 l i )* (^ + V) 2 2 t* 2 + V feJ+V/J’ 

(29) 


* Love, ‘ Theory of Elasticity/ 4th ed., p. 20ft. The notation has been changed to 
correspond with that used in the previous sections of this paper. 

VOL. OXXTV.—A. 
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+ h ft* I 1 - 2c [ 6 , . 6 , ri 

4n (1 — <y) L (x % + 6 t 2 ) 2 (.r 2 V) 2 2 lar 1 + 6j a ' x* + b*) J ’ 

(30) 


47r(l — ct) 


feicr 2 
~(* 2 + 


1 - 2o f fe 


2 ) 2 (x 2 + A/) 2 2 


/_*,_Ml 

1^ + 6^ ar* + 6 2 2 /J’ 


where 


= b — f), b 2 — b + T). 


We have now to evaluate I <f> ; , (u) sin mu . du and three similar integrals. 

Jo 


These depend on integrals of the types 


f” u sin mu , f* u sin mu , 

).<?+w ' J. 


To evaluate the first of these, consider the complex integral 

[-- e imu du 

J(b x * + u*)* 

taken round a contour enclosed by the real axis in the w-plane and a large 
semicircle above this axis. The part of the integral due to the semicircle 
clearly tends to 0 as the radius tends to infinity and we are left with 

( « 

- - -- e 4 **** du = 2 m X residue at u = ih v 

... (V 4- « 2 ) 2 

The residue is easily found to be ——. Hence, since the integrand is an 

46j 

even function of u t we have 

f* u • j 7t me~ wU ' /oox 

~$r- ' ’ 

Now take the integral -— e imu , du round the same contour. The part 

J a, 2 + tt® 

due to the semicircle tends to 0, by Jordan’s lemma, and we obtain 


[ 'L . .. . e*™.dM^2rziC- r 

V + U* 2 


whence 


r ?/ s - 

Jo V 4* « 3 1 


sin mu . du = Jrae 
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The other integrals required may be evaluated in the same way, the results 
being 

f* J/2 ym., Iltbl 

I —————cos mu.dii — —. -(l — ■mb,), (36) 

Jo (V + a 18 ) 2 46 , V lh ' 


f 1 

Jo 6 / + « a C ' 


os mu. die 


ne 


~ mb i 


2b t 


(36) 


Using these results, and those obtained by changing b l to 6 2> we may now write 


I <£ r> ((f) sin mu .du = 

Jo 

y'JO 

J tf> 7 («) sin tim . du — 

o 

d/fl (u) cos mu . du — 

Jo y 16 ( 1 - 0 ) 


16(1 - a) 
P 

16(1 - o) 

P 


(H, + » 2 ) 
(B, - B 2 ) 
(B/ + B,') 


r p 

<M«) COS mu . du ——--(B,' — B 2 ') 

Jo 16 (1 — a) 


where 


( 37 ) 


Bj — {mb, — (l — 2<r)) e. mb ‘ 

B 2 = {tnb 2 — (1 — 2<t)} ii~ ,nb ' 

B/ = {2(1 - it) — mbj} 

B 2 ' = {2 (1 - a) - wZ» 2 > e~ "*» J 

Substituting in the formulas for to we have finally 
P 


( 38 ) 


X* 

Xa 

Xr : 

X* : 


4rr (1 - rs) 
P 

471 (1 — <t) 


47 T (1 


I - j l+JZWi (B, + B 2 ) Sin . dm- 

Jo 

1 (B,' B/) sin mx . dm 

Jo W»S 

P f* mycV — (c -f nibs) S /B n \ • . 

-W-— ( B i — B a) 8in »» • <*»» 

. — o) J,, ndl, 

( — ^ -(B,* — B a ') sin mx . dm 

rnz. 


>, (39) 


4r: (1 — n) J 0 rnS' 

and the complete solution is given by these, together with (25) and (27). There 
is no divergence at the lower limits since in y 7 , the only critical integral, we 
have 

(B, — B 2 ) = 0 (m), 

and this is sufficient for convergence. It should also be noticed that the 

H 2 
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additional exponential factors in B 3 B 2 , B/, B a ' will greatly increase the 
convergence at the upper limit. 


Stresses at Infinity. 

In order to find the limiting values of the stresses when x qo we have to 
find the values of limits of the type 


lim j F (m) sin mx . dm , 

(A) 

*—►05 


lim I F (m) cos mx . dm. 

%—►« J 0 

(B) 


Provided that F (m) tends to 0 when m oo , the limit of (A) is well known to 
be* 

~ lim m¥(m). 

« *»-* o 

To evaluate (B), we integrate by parte and write 

-OO ' ^ 

1 F (m) cos ?nx dm = — F (m) sin mx\ -1 F'(m) sin nix dm. 

Jo | x L Jo x Jo 


In all the integrals occurring here, both F(m) and F' (m) tend exponentially to 0 
as m t oo . Thus it is clear that the limit (B) is 0. 

From this last result, it easily follows that xy tends to 0 when x -► oo . It 
is also obvious that yy tends to 0, since two differentiations with respect to x 
in any one of the stress functions will give an integral of type (A) in which 
F (m) = 0 (m). Passing to xx , we find that x& makes no contribution. But 



(1 — a) 


i 


m (hsC — 7/cS) — 2cC 


(B/ + B a ') sin mx . dm. 


and the limit of this when x tends to oo is 


2 lim (-£2!_ 

2 ^ol 4* (l-o) 


2cC 


(Bx' + B 



JP 

46 ' 


In the same way, we obtain from X 7 a contribution to xx of amount 


3 iikJi) 

86® 


y » 


while makes no contribution. 


* Oawlaw, ‘ Fourier Series and Integrals,’ London, 1921, p. 900. 
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There is thus at 4 * 00 a total thrust f P ; as this comes from x«» which iB odd 
in x, there will be a total tension |P at — co, and the applied force is auto¬ 
matically balanced. The term arising from x? corresponds to a bending 
moment JP (b t — b 2 ) ~ — £Py), produced by the unsymmetrical position of 
the force. 

If we require the applied force to be balanced by stresses at infinity in one 
direction only, we have only to add terms corresponding to tensions and 
moments transmitted from infinity. Thus, the stress-function 

X = Jj, .V 2 (6* + w) 

gives the stresses 

xx ^ib + 46 ® y ' = °* 

so that there is across any transverse section of the beam a uniform tension of 
total amount IP and a bending moment equal to 



If x is added to y, the stresses at x = -f co are removed and the applied force 
is balanced by stresses at x = — °o alone. This corresponds more closely to 
conditions occurring in practice. 

Distributions of Longitudinal Force . 

If x is changed to a? — 5 is (39) and (25) the new value of x will correspond to 
the stresses produced by a force P applied at the point (5, **)) and acting parallel 
to the axis of x. If we then multiply x by a function/(£, 73 ) and then integrate 
with respect to £ and yj over a region entirely within the strip the result will be 
the stress function corresponding to the application of longitudinal forces of 
intensity /(£, yj) over the part of the strip covered by the integration. It is 
clear that this process can be j ustified if /(£, yj) is bounded and the region of 
integration finite. If these conditions were not satisfied the validity of the 
processes might need to be specially investigated. 

Transverse Force . 

A force P, acting at (yj, 0 ) in the direction of the y-axis, will produce in an 
infinite plate a stress-system given by the function 

Zo '_ I[w+1^(!(-,) logr], 


(40) 
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where r and 0 are defined as in (25). This gives for the stresses 


47r r 8 L 1 — a 1 — a r* J 

- p 7/ _ •„ r 2 .r a 3 - 2a 
4.71 r 2 L.l a r* 1 — a 


_ ^ — jjg 2 (y —• y;) g 

4r: r 2 l I — <7 J — <3 r 2 


To obtain the solution for the strip, we take 

x = yJ -f Zi H- /.a + /.a ! z* 

where y tl toy 4 are given by (equations (J I) to (IT) with 

M*)- — . _ l ^~\ 

91 4tc(1-o)L 1(^ + 6 ,*)* (/* +V)*l 


— 2 a ( b 2 } 

1 2 U * + 5,'- :r* + 6 2 *i 


P f ( fcjfr 8 6jj.r 2 ) 

4* (1-5)1 l(a* + V) 2 1 (/* + 6,*)*J 

, -- 2 nr | 6 . 


2 t.r 2 -4-V 


Px - b t * 

4tc (1 - a) L(x* + 6, 2 ) 2 " (a 


Iji 

(** + &,*)* 


1 ^ + 6 ;- x* + 6 a a 


. f . _ Fa: - 6 t * 6 a * 

^4tt (1 - 5) Ja; 2 + V) 2 + (a- 2 + A? 2 ) 2 


+ Lzi? (__L_ + _J_ 


1 2 U* + V • ** + &,* 

Again using the results of (33) to (36) we havd 

j <f>i (u) cos mu . du = ---- (P, - p a ) 

Jo 16 (1 — 5 ) 

f°° p 

<f>s («) cos mu. du = ——-- ( P, + Pa) 

Jo 16(1 — a) 


I +a (w) ai 

Jo 

f <M u ) ai 

Jo 


sin mu.du =-(S/ — B ft ') 

16(1-5) Pl P * 


sin mu.du -- (P,' + p.') 

16(1 - 5 ) Pl p *\ 



where 
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[ij ={2(1 - a) + wiftj <;-»*■ 'i 
P 2 ={2(1 — cr) + »d> 2 } 
fV = {(I - 2s) -f mbj 

(V {(1 — 2a) -f nib.,) <r”»» __ 


Hence the four component, stress fimctious are 
P 


Xi 

X i 

X» 

X4 


4rc (1 - ct) 

P 


f J »m/*S — (s -| • m6c) C , rj „ , , 

I -- - -— (^ - (i 2 ) cos wx. dm 


i * 

tf) * 0 


4tc (1 — c) Jo /w-’S 
P r<X> 


ycS — 6s*0 , 3 

-(Pi P 2 ) cos mx.dm 


47: (1 — g) J,, 
P 


mtfcC — (c -f mbs) S . r , , 

-2-- !— (Pj + p 2 ) cos mx. dm 


'1-7C ( I •— G) J o /// 


“N/sC — 6cvS . , ( , . 

—— (Pi + Pa ) cos • (lm - 


(45) 


(46) 


Of these, y s and */ 4 are not convergent at the lower limit; but convergence 
may be secured if further stresses are applied to the boundaries, so that the 
applied force is balanced. To make this clear, it is necessary to examine the 
divergent terms more closely. Those in the integrand of y 3 will be found to be 



( 2(1 - <*) 
{ m z 


6(1 z go) ) 

m f ’ 


while in y 4 there is the single divergent term 


1 - 2 rj 
‘Ibhn 


y(y 2 




When these are added the terms in 1/m combine to give a multiple of y. But 
such a term is trivial, as it gives nothing to the stresses. If we multiply it by 
a suitable exponential factor, such as and subtract it from the integrand 
the convergence at the upper limit will be unaffected. To cancel the other 
term we now add a stress system 

y 3 ' = 1 f n - l $ c ~ - - cos mx dm j* <f> 3 (u) cos mudu, 

7: Jo Jo 

where <f> z (w) is zero outside a finite range of values of«/. We may then expand 
the cos mu and integrate term by term, obtaining 
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It is now evident that the integral for X 3 + X 4 + Xn will contain no divergent 
term if 



P 


in which case the new stress system balances P. 

Another method of securing convergence* is to subtract from the integrands 
of Xa and Xi terms which will cancel the divergence at the lower limit without 
affecting the convergence at the upper limit. Thus if we take 


p 

_ p 

— (c + mbs) S 

nna WLT 

y(y* — 36*)] 

in (1 - 

-a) Jo t 

m* S' 

LUO fivJU 

4m*6® J 





X (Pi + P*) dm 

P 

f 

— 6cS 

___ flrtO MI'T . 

yif: 

-m 

4tc(1 - 

- a) Jo \ m2' 

4m6 2 j 


((V + IV) J 


the integrals will converge at the lower limits, while the convergence at the 
upper limits is maintained by the exponential factors in (3 X , (3/, (V- 

The terms that have been subtracted are solutions of the bi-harmonic equation 
(2) and they do not affect the stresses on the boundaries. We have thus a 
solution valid for finite values of x. But the stresses tend to infinity with as. 
For we have 

Xs + Xt = ~ ( cos ^ +/(*») 008 «“} dm > 


where/ (m) is finite when m = 0, and when x is large 

T 

Jo 




m 8 


But 


and we have 


Jo tn 2 « 

x* + X4 — 


This corresponds to a stress-system 



yy ~ o, 


- 3P / » U1 

xy — §&* Cr _ *)• 


* Of, Filon, loc. cit. f § 15, pp. 88, ei sag. 
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Integrating across the strip, we have at any section a total shear — $P and a 
bending moment which tends to infinity with x . 

The physical meaning of this is plain. If we attempt to balance the applied 
force by transverse forces at infinity, these will produce an infinite bending 
moment in the finite part of the strip. This infinite bending moment corre¬ 
sponds to the divergent term in the solution. It can be removed, but only by 
placing an infinite bending moment at infinity. The resulting solution is not, 
however, as artificial as may at first appear. For if we suppose the strip to 
be cut at x = ± a, where a is large compared with b, the solution will be that 
for a bar acted upon by a transverse force P at (0, 0) and supported by shears 
and couples applied to its ends, the couples being so adjusted that the bending- 
moment vanishes at the middle of the bar. By adding further solutions of 
bending-moment type wo may now adjust the conditions at the ends so that 
they correspond to one of usual types of fixing condition. We may, for example, 
make the bending moment vanish at the ends so that the conditions approxi¬ 
mate to those of free support. There will, however, be small residual longi¬ 
tudinal forces on the ends, having a zero resultant. Alternatively, we may 
adjust the moments so that the middle line of the strip remains horizontal at 
the ends. We have then approximately the conditions for a clamped end. 

By further introducing stress functions of the type xy (6 2 — -|y 2 ), which give 
both bending moment and shear, we may make the conditions at the two ends 
different obtaining, for example, the solution when one end is clamped and the 
other free. 

Thus the solution for the transverse force may be regarded as complete. 
That for any distribution of transverse force is derivable as in the case of 
longitudinal forces and, by combining the two solutions, we have the solution 
for an arbitrary distribution of forces applied to the strip. 


Appendix. 

[Added February 27, 1929.] 

It does not appear to be possible to express the integrals in (39) and (46) in 
terms of a finite number of elementary functions. These integrals, or their 
simpler components, must be regarded as defining new functions whose pro¬ 
perties have to be independently investigated, and whose values should be 
tabulated. It will then be possible to enter upon a fuller discussion of stress 
distributions of this class. 
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It is, however, not difficult to find the values of the stresses at special point* 
by direct computation. In what follows the results of such calculations are 
shown. 

Stresses I hie to a Central Longitudinal Force . 

If the force acts in the middle of the strip, we have b x = b % 6, so that x? 
and y 8 vanish identically. In the remaining parts of / it is convenient to make 
the substitutions 

mb u, y — by\ x ----- bx, (48) 


so that x\ y are the co-ordinates measured in a unit equal to half the breadth 
of the strip. This leads to 

X = Xo + Xs + X«' C 9 ) 

where 


X» 


Pb 

4tu 


J-— x! log r* — 2i/'G 

1 — a 


Pb f x uy'sS — (a* -f uc) C ( n o u -u * * i 

V.s = rr-v — - ~ (1 "■ 2a V e 8ln ux du 

2t:(I — a) Jo 


/« 


Pb _ f*gC-y'cS, c 


2n (1 — cr) Jo wS 


{2 (1 — rr) — u} e u sin ux' du 


, (50) 


the symbols having now, in terms of the new variables, the meanings 

s = sinh u t c = cosh u, 

S sinh uy\ C = cosh tty* 

£ — sinh 2 w + 2« 

The longitudinal stress is uow given by 


(51) 


xx 


1 

— -LA. 

6* 3y' 2 


JL£ 

2 y'* 

3 — 2a 1 

47 vb r' 2 

Ll 

1 -oJ 

j- 

p r 

uy'sS 4- (s — wc) C 

2tc (1 — <j) 6 Jo 

£ 

-1- 

p f 

(us — 2c) C — wi/'cS 

2k (1 — (j)6 Jo 

£• 


{« — (1 — 2a)} <? “. sin ua;' du 
{2 (1 — a) — «} e~" sin u*' du. 


We consider the values of this along the two lines y' ~ 0, y’ — 1, i.e„ along 
the central line and along one of the edges. 
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Putting y' = 0 and making a few easy reductions, we get for the stress on 
P 


the axis 

xx 0 = 

where 

Xi — 


X* = 


in (1 — a) h 


-[2X, - (3 - 2a) (X a + ];)] 


f M 2 - ii* . , , 

I -sin mx . an 


■l 


3 — 2 tf + c- 5 " 1 * , , 

-sin m tin 


(52) 


jo 2 

These integrals are very rapidly convergent at the upper limit and require 
no further treatment before computation. 

The case of ?/' — 1 is a little different. The part of the stress due to y r , and 
X« w 

_ i _r t«i ■> .( ." ± ' . )+ y- „■. i„. 

27r(i— a)6 Jo L 

and this is not so rapidly convergent as the previous integrals. We therefore 
make the substitutions 

sc ■— u ~ — 2w 

2e 2 = cosh 2 u 1 


sinh 2 u + e 2u + 1 

= S— 2 a + e“ 2u + ). 


The more slowly convergent terms now separate out to form an elementary 
integral and we get 
P 


XXl 2 * 6(1 
where 




x 3 - 


X, 


-£ 

£ 


d + *T 

* e -. sin ux' du 

X 

ill — 1 — (~ tu 

S 


e “. sin ux' du 


• (58) 


The convergence is now extremely rapid. 

Owing to the fluctuation in sign of the trigonometric factor, integrals of the 
type X t to X 4 are not conveniently calculated from ordinary quadrature 
formulae except when x' is small. An analogue of Simpson’s formula, adapted 
to use with trigonometric integrals, has been given by Filon in a recent paper.* 
* L. N. G. Filon, “ On a Quadrature Formula for Trigonometric Integral)),’' ‘ Proc. Hoy. 
Soo. Edin.,’ vol. 49, pp. 38-47 (1929). 
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By the aid of equation (20) of his paper, the integrals to X 4 have been cal¬ 
culated for x* tc/9, tt/B, n/2, 2nj3 and it, using an interval for u of 0‘5. 
For a special reason to be noted later, X 3 and X 4 have also been calculated for 
x* = tc/ 18 and tc/30. 

Preliminary tests with Filon’s equation (24) showed that the errors in the 
values of the integrals would be unlikely to affect the third decimal place. 

The details of the calculation are not of much interest. Owing to the possi¬ 
bility that the final results might depend on small differences between relatively 
large numbers, eight decimal places were retained in the first stages, the tables 
of the exponential function hy Newman and Glaisher being used.* But six 
places, with five in the final stages, would probably have been adequate. It 
is unnecessary to use values of u greater than 8 in the first two integrals, while 
the effective upper limits in X 8 and X 4 and 7 and 6 respectively. 

It is easy to prove that the contributions from the infinite range above these 
limits are negligible. For, when u is large, we have 

~ = 26-*“ (1+6), 

where c is small and steadily decreases as u increases. When u > 8, t is 
certainly less than 10” 6 . Thus the remainder in X x may be written 

2 (1 + e) J* e(2 — u z ) sin ux' du , 
and the numerical value of this is less than 

2 (1 + c) J* (m* - 2) e"*“ du < 10 V 

The remainders in the other integrals may be examined in the same way. 

The values obtained for the integrals are khown in Tables I and II, the 
asymptotic values being added for comparison. The other columns in these 
tables give the values of the terms in xx 0 and xi x which contain parts additional 
to the integrals. With the aid of these columns the values of xx may be at 
once found, for any value of c, from the formulas 

px - ~ (i - 8,1 x ‘ ,] 

* Newman, ' Trane. (Iamb. Phil. Soc.,’ vol. 13, p. 145 (1883 ); Glaisher, ibid., vol. 13, 
p. 243(1883). 
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The values of the stresses for a = i.e., for Poisson's ratio = are shown 

in Table III and graphically in fig. 2. They have been modified by the addition 
of P/46 to each stress in order that the balancing forces at infinity may be in 
one direction only, and the signs have then been changed. The conditions 
then correspond to fig. 1, the force acting in the negative direction of the 
x-axis, and being balanced by forces at 4* 00 only. Before these modifications 
are made, the value of the stress for any negative value of x is the same as 
for the corresponding positive value but of opposite sign. The values of the 
stresses for x negative in Table III are therefore obtainable without further 
calculation. 


Table I.—Values of the Terms in the Equation for xi 0 . 


x'. 

X,. 

x t . 

X,'. 

w/9 ~ 0*349 

0 066 

0 069 

2-934 

ir/ft - 1-047 

0*380 

0*533 

1*488 

ir/2 * 1 -571 

0-604 

0-799 

1*436 

2tt/3 » 2*094 

0-701 

1*018 

1*496 

it ~ 3* 142 

0-785 

1-250 

1*568 

cc 

0*785 

1*571 

1 571 


Table II.—Values of the Terms in the Equation for xx v 


s'. 

x a . 

X,. 

X.'. 

i 

\ * 

*/30 =0-106 

0*055 

0-017 

0-355 

0*190 

ir/18 0*175 

0*090 

0-028 

0-567 

0*311 

ir/9 - 0*349 

0*174 

0-054 

0-935 

0-568 

tr/3 - 1-047 

; 0*363 

0-095 

0*590 

0*904 

It 12 1 *571 

1 0-341 

0*050 

0*182 

0*856 

2w/3 « 2*094 

i 0*257 

—0*034 

0*032 

0*812 

7T ~ 3 -142 

0-110 

-0*208 

-0*004 

0*786 

<x> 

! 0 

1 

—0*785 

0 

0*785 
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Table 111.—Values of xx 0 , the Tension in the Middle Line, and xx v the Tension 
in the Edge of a Strip Stressed as in fig. 1. (o = £.) 


x\ 

2b . S*„/P. 

26 . 

; 

— X 


0 

— rr 

! 0'002 

-0 002 

~2ir/3 

i 0 006 

- 0-004 

~n/2 

! — 0-002 

0-027 


-0 118 

0 159 

tt/9 

— 0-992 

0-511 

— »/ 18 

— 

0-532 

■ rr /30 

— 

0-521 

0 

X 

0-500 

tt/30 


0-479 

w /18 

— 

0-468 

7 r /9 

1-992 

0-489 

ir/3 

1-118 

0 841 

tt/2 

1-002 

0-973 

2*/3 

0-994 

1-004 

TT 

0-998 

1-002 

X 

1-000 

1-000 

.. ‘ - 

.Y 

1. __ __ 



Fig. I. 


It will be seen that the stress across the strip is equalised at a distance from 
the force about equal to the width of the strip, the stresses at greater distances 
than this differing from their asymptotic values by leas than 1 per cent. 

It is interesting to notice that both stresses cross their asymptotic values 
at values of x ' between 1 • 5 and 2 and then approach them from the other 
side. This phenomenon was observed by B’ilon* in his results for stresses 
produced by forces applied to the edges of a strip. Tl^e values of xi x in Table 
III show the additional interesting phenomenon of an initial decrease below 
the value at x f = 0. In order that the amount of this decrease might be 
estimated the tension in the edge of the strip has been calculated for the 
additional values rc/30 and 7r/18 of It will be seen that the decrease at 
%' = 7r/18 is about 3 per cent, of the asymptotic value of the stress or 6 per 
cent, of the stress at x’ = 0. A rough graphical interpolation suggests that the 

* * Phil. Trans.,’ A, vol. 201, pp. 115, 127 (1003). 




Stress Systems in Infinite Strip. 


Ill 


stress has a least value when x' is about 0 • 24 and is then about 7 per cent, less 
than the value at x' — 0. 



Fig. 2.—StresbeM due to a force P acting at (0, 0) in tho negative direction of Ox. 

The value of the cross-stress yy on the middle line is now easily found. For, 
after a little reduction, we obtain 


t&X. 

dx*. 


P ■= 0 


47t (1 — <y )b 


1 — 2a 


2 xi l 4 - 2u + 1 — < 3 * 


sin ux f du 


j 

Jo 

0/1 ,ri + 2. , . 1 

■ 2 (1 — cr) I —:-—-sin ux du 

J o S -I 


These integrals are easily expressible in terms of those already obtained, 

together with the additional integral 

v f sin ux* j /rKV 

X 0 = j s . du, (65) 


and we have finally 


where 


~ p r i 
= - - 


Mo 


4nb L 


r—— X B — 2X«], 
1 — a J 


x» = 8X 0 - 2 X, - X,'| 
X« = 4X 0 -X 2 ' j' 


(56) 

(57) 
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The values of X u , X 5 , X 6 and yy 0 are shown in Table IV and the variation of 
Sty. is also illustrated in fig. 2. The values have again been modified so as to 
conform to the configuration of fig. 1. It is of interest to observe that, although 
yy 0 is small when x f is greater than 1 * 5, yet it does not approach its asymptotic 
value as rapidly as do the tensions in the direction of the ct-axis. There is a 
slight indication of a change of sign at x’ = n, but the degree of accuracy of 
the figures is not sufficient for this to be asserted confidently. The values of 
yy 0 for negative values of x ' may be found by a simple reversal of sign. 


Table IV. -Values of yy 0 (a ={) and its Component Integrals. 


X 1 

1 

| X„. 

X,. 

*■ i 

26. yy./P. 

w/9 

0 130 

-2*026 

—2*414 

-0-364 

w/3 1 

0*312 

0*248 

-0*240 

-0 110 

rr/ 2 

0*369 

0*308 

0*040 

-0*049 

2tt/3 

0*389 

! 0*214 

0*060 

-0 023 

7T 

-0 002 

0*000 

-0 002 

0*000 

oo 

0 

; l 

0 

0 

0 


Stresses Due to a Central Transverse Force. 

For a transverse force P acting at the origin the stress function reduces to 


X = Xo' + Xs + X4< 


(58) 


Modifying the values of Xa, x* as * n (47) and then making the same change of 
variables as before, we obtain 


Xo' = 

— 2x'0 -f- 
4rr 1- 

1 

1 

— a J 

Xs = 

rfe | 

•aC 

fvy'cC — (c + us) S 

27T (1 — <j) . 

0 

X u*Z’ 

X« = 

P b 1 

*00 

fy’sC - cS. 

27t (1 — a) J 

L 

1 uV C ° 8MX ~ 

where 





cos ux 


4w* J 


X {2 (1 — cj) + «} e~ u du> 

4 u f 

X {(1 - 2a) + u}e~ u du> J 


Km 


S' = sinh 2u — 2 u t 


(60) 


and the other symbols are defined in (48) and (51). 
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We first consider the values of yy on the line x = 0; denoting this stress 
by yy 0 ' we have immediately 


where 


SWo 


JL 

4tt6 


2Y, + 




V = f (j. - ; 2» 4 -c~ 2w )«- - d 

1 Jo S' 

Y f" 2 m. 2 S-m/( 1 -2t4-e- 8 “)C rftt 


(61) 


(62) 


These integrals may be calculated from an ordinary quadrature formula. 
Their values for y* » | and §, found by using Simpson’s formula with an 
interval of 0*5, are shown in the first two columns of Table V. The corre¬ 
sponding values of ytf 0 ', taking cr — £ are given in the third column. The 
values for y f — — £ and — § arc found by a reversal of sign. 


Table V. —Values of yy on the Line x! =.■ 0 due to a Transverse Force P acting 

at the Origin, (a = £.) 


1 

y '- 

Y,. 


26 • m'fP- 

-1 



0 

“1 

-0*971 

—0*864 

0*30 

”1 

-0*563 

-0*445 

1*28 

0 

0*563 

0*445 

00 

-1*28 


0*971 

0*864 

-0*30 

0 


For the longitudinal stress we have 

° - is b ( Y * + &) + rh ( Y * ^).] ■ l63 > 


where 


y 8 =£ + coe ^ _ a& ±i) e -.} du 


f t== £ |«2l(g± 


-1+«-*“) C+2 (2m— u s —1+e-**) S 
S' 


cos w 


3y'e“*| du 


1 


(64) 


In order that these integrals may be evaluated by Filon’s method, it is 
necessary that the trigonometric functions should be multiplied by functions 
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of u which are finite when u = 0. This condition is satisfied in Y* but not 
in Y 3 . We therefore write 

Y 3 — Y 3 ' — *&y j* e” tt (1 — cos ux') du 

J o «** 

Y 3 ' — tan" 1 x, (65) 

where now 


Y ' 
X 8 


f 2«yC + (3 - 2» - «-) 8 _ V (. + 1) .... A . 

. o £* V> J 


( 66 ) 


It should also be noted that the final term in Y 4 may be omitted without 
loss, since it contributes only a finite constant bending-moment to the solution. 
The subsequent calculations were made after .this term had been removed. 

The calculation of Y 3 ' and Y 4 ' may now be carried out in a straightforward 
manner, using Filon’s formula (22).* This has been done for y' = $ and $ on 
each of the cross-sections x ' = 0, tc/ 2 and re. As y' increases, however, the 
convergence of the integrals at the upper limit becomes less rapid and, for 
calculations of the stress in the edge y' = 1, some further preliminary trans¬ 
formations are of value. To obtain the most convenient form of the integrals, 
it is best to return to the form in which they first appear after the differentiation 
of x has been carried out. We have 



F 

2tt (1 — a)b 


Pi+ij. 


where, putting y' = 1, 

Ijl = 008 ux' — { 2(1 — <t) +u)e~' i .du 

T 2 = f I ~ cos ux’ ——} {(1 — 2<t) + u) e~ u du. 

Jo IS 2 m ) 


The least convergent terms may now be removed by using the substitutions 
cs + « = + 2u, 

2.?* = E' + 2m - 1 + e~ u . 

If, at the same time, we make the coefficient of cos ux' finite for u = 0 by the 
same method as before, we obtain 

Ii + I, - (1 - o) (2Y 0 - 3 f (« +1) c -“d« + 3 

l J u 'dr 

>•00 

Y 8 + \ j (3m— 2) e~ u cos ux' du — $ J duj, (67) 

* Loe. cil. supra, p, 107. 



r 


e~**cos ux 9 du\ 
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where 


r 4*+- 1 ~ 

J« l S’ 2«» ) 


M 


4u 2 — 3 m + 1 + (u — l)e' 


- 2 » 


. <~ u . COB ux' du 


( 68 ) 


;o S' 

The last term in (67) corresponds to the bending-moment term which was 
disregarded above. When this is omitted and the values of the elementary 
integrals are inserted, the equation for the stress takes the form 


~, _ p r 

XXl 2t zb _ 


where 


Y 5 ' = 2Y r , + 
Y e ' = Y« 


y ‘+r^ Y *'] 

Hz' tan -1 x' 


1 + z ' 2 
3*' 2 


(69) 


( 10 ) 


(i+*'*)* 

The convergence in Y a is now so rapid that the effective upper limit is 5. The 
same is true of the first term in Y 6 but the second term decreases more slowly. 
It is therefore best to write 

Y 5 s f <t> (u) du + f ~ — ^ e~ u cos ux' du, 

Jo J& 2« 2 

<f> (u) being the complete integrand, and to find the value of the second integral 

e~ 9u 

from an asymptotic expansion. This is readily found by integrating- 


p—wm 

and —— successively by parts and then putting p = 1 — ix' and retaining 

91 .® 


only the real part. This leads to the expansions 

cos ( vx ' 6) _ cos (vx’ +20) 

.. Xv XV 


r” e~ u cos ux' 

J„ « 


du = e~ v 


+ ... + *———00* («*' + ”9) •••] 




rcos (vx' + 6) 2 1 


Mil) 


Xv 2 


XV 


cos (vx' + 20) 


where 


+ ... + ( -I- t a —cos (vx' + n6) ...J 


X = y/l 
0 = tan 


+ \ . 

j* 


(72) 


i 2 
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With the aid of the equations (68) to (72) the value of axe/ has been found 
for x' equal to 0, rc/9, 7t/3, rc/2, 27t/3 and 7t. Combining (63) and (69) into a 
single equation, we may write 



(73) 


and the values of Y 7 and Y 8 are those shown in Table VI. The values of xx 
are those for a = J. It will be seen that when x* = tv the values of xx are 
almost proportional to y\ so that the stress approximates to that due to a 
simple bending-moment. The asymptotic value of the tension in the edge 
y* =» 1 is easily seen to be 


XXx 


2b \2 tv' 


and when x' = tv this has the value 


|(B-757), 


agreeing almost exactly with the calculated value. It would seem, then, 
that nothing is to be gained by extending the calculation to larger values of x. 

In order to obtain a comparison with the elementary theory of bending we 
now add a stress system of simple bending-moment type expressed by 

3-755 y\ 

and suppose the strip cut at x' =* ± ir, while supported at these sections by the 
neoessary shears. The modified values xx' of the stresses are shown in the 
last column of each seotion of Table VI. The conditions are now those shown 
in fig. 8, the residual tensions on the ends being extremely small. The elemen¬ 
tary theory of bending would give for the stress in this case 

xx = ~(n- x') y'. 



Fro, 3. 



Table VI. Values of Y7, Yg in liquation (73) and of zx when <7 — ^; xx' is the Stress when the Cross-sections zf — 

are Freed from Bending-moment. 
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The distribution of longitudinal stress over the sections x' = 0 and os' = n/2 
as predicted by the exact theory and by the elementary theory are Bhown in 
fig. 4. 



(Elementary theory-; exaot theory —). 

Fio, 4.—Distribution of stress over the sections Fio. 5.—Distribution of stress on the edge y' =1, 
x‘ = 0, or' = ir/2, vhen *' = ± ir are free when x' — ±j»r are free from longitudinal 

from longitudinal stress. stress. 

It is also of interest to compare the stresses in the edge y' =* 1. Those 
given by the exact theory when x' — ± n are freed from longitudinal stress 
are shown in the last column of Table VI. The elementary theory gives the 
values in Table VII. 


Table VII.—Stresses in the Edge y' — 1 as given by the Elementary Theory. 


s'. 

XX. 

x\ 

J-Xs 

XX. 

0 

4*713 

ir/2 

2-386 

"ft 

4*189 

fer/3 

1-671 

w/8 

3143 

ir 

0 


Fig. S gives a comparison between the two theories. 
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To summarise the results obtained, we may say that the characteristic 
effects of an isolated force acting at the centre of the strip are not appreciable 
at a distance from the force equal to the width of the strip, when the force is 
longitudinal, or equal to times the width of the strip when the force is 
transverse. The conditions at a “ freely-supported ” end may be closely 
imitated at any distance exceeding 1£ times the width. 


On the Intensity of Total Scattering of X-Rays . 

By I. Waller and D. R. Hartree. 

(Communicated by R. H. Fowler, F.R.S.—Received January 29, 1929.) 

Introduction and Sumtnary. 

We shall here investigate theoretically the intensity of total scattering of 
X-rays by atoms distributed at random, e.g. y the scattering by the atoms of 
a monatomic gas. In the scattered radiation we shall not include the character¬ 
istic X-rays excited by the incident radiation. The scattered radiation con¬ 
sists then partly of radiation having the same frequency as the incident 
radiation (coherent scattered radiation) and partly of radiation having other 
frequencies (incoherent scattered radiation).t For sufficiently high frequency 
of the incident radiation the incoherent scattered radiation is then nearly 
monochromatic for a given scattering angle, and consists practically entirely 
of radiation whose wave-length and intensity is given by the formulae for 
the Compton effect for the scattering by free electrons. Generally, however, 
it must be taken into aocount that several frequencies occur in the scattered 
radiation for each direction of scattering. The total intensity of the scattered 
radiation for a given direction has therefore to be taken as a sum of the 
intensities of the different components, each having a definite frequency. 

General expressions for the scattered radiation are given by a scattering 
formula derived by one of us.J In this formula “ relativity corrections M are 

t Each of the frequencies in the incoherent scattered radiation corresponds to a tran¬ 
sition from the initial state of the scattering atom. The energies of the final states of 
these transitions may lie in either the discrete or the continuous range of possible energy 
values. 

t Waller, ‘ Z. Physik,’ vol. 51, p. 213 (1928). 
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neglected; for the intensity of scattering in the Compton effect for free 
electrons, this approximation, and a further one which we also make, lead to 
the classical Thomson formula. This means that our intensity formula gives a 
useful approximation only if the incident radiation is not too hard has a 
wave-length not shorter than about 1 A., in which case the error arising 
from the approximation just mentioned should not exceed a few per cent.). 
In § 1 of this paper we deduce from the general scattering formula just 
mentioned an expression for the total scattering of the atoms in a gas, 
approximately valid if the frequency of the incident radiation is essentially 
higher than the K-absorption frequency of the atoms. In § 2 we apply this 
formula to the special case of the scattering by helium atoms, taking the wave 
functions which correspond to the case of vanishing interaction. In order to 
calculate the scattered radiation in practical cases it is necessary to find 
approximate wave functions for the initial state of the atom and the application 
to the simple case of helium makes evident the necessity for using wave 
functions of the right symmetry properties. Tliis means a complication of the 
problem which does not arise when we are concerned only with the coherent 
scattering. In § 3 it is then shown how in most practical cases such wave 
functions can be formed from wave functions for the separate electrons corre¬ 
sponding to vanishing resonance interaction (neglect of “ exchange processes ”). 
These considerations can be directly applied to wave functions for the separate 
electrons calculated according to a method developed by one of usf which, 
have been found to give results in close agreement with experiment for the 
coherent scattering.^ Using these wave functions we get (§ 4) the scattering 
formula in a more explicit form. In § 5 we treat more generally the relation 
between our formula for the total scattering and an approximate one which 
may be derived from consideration concerning the scattering by each electron 
separately. In § 6 our formula for the total scattering is ovaluated numerically 
for the case of argon, and compared with the experimental results of Barrett.§ 
Since the wave-lengths used by Barrett are rather short so that for the 
experimental results “ relativity effects ” are appreciable, we cannot make a 
strict comparison. We actually compare the theoretical scattered intensity, 
given by our formula? in terms of the classical intensity of scattering by a free 
electron, with the scattered intensity observed by Barrett, expressed in terms 

t Hartree, ‘ Proc. Camb. Phil. Soc„* vol, 24, pp. 80, 114 (1928). 

t James, Waller and Hartree, 4 Roy. Boc. Proc.,* A, vol. 118, p. 884 (1928); James and 
Brindley, ‘ Roy. Soo, Proo./ A, vol 121, p. 155 (1928). 

§ ‘ Phys. Rev.,* vol. 32, p. 22 (1928). 
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of the intensity of scattering of a free electron given by Dirac’s formulae.t 
The agreement seems to be satisfactory. The measurements of Barrett seem 
to be the only one suitable for a comparison with this theory 4 

§ 1. Deduction of an Approximate Formula for the Total Scattering . 

We shall start from the general scattering formula published in a paper by 
one of us. The incident radiation may be assumed to consist of a mono¬ 
chromatic plane polarised X-ray wave, the electric vector of this wave being 
defined by the real part of 

E 0 (1) 

We will consider the time t = 0 chosen so that E 0 is real, r is the vector distance 
from a fixed point, e.g. y the nucleus if the wave is scattered by an atom, a is 
a unit vector in the direction of propagation of the incident wave. 

It can formally be assumed that a state n of the scattering atomic system, 
atom or molecule, is represented by a single wave function *F n , which is a 
function of the co-ordinates of the atomic system. The energy of the state 
n is denoted by E n . The radiation scattered in any direction defined by the 
unit vector s' consists of a number of components, each corresponding to a 
transition of the scattering system from its initial state n to a final state§ m. 
For any direction of scattering it is convenient to describe each component of 
the scattered radiation (at large distances from the scattering system) by a 
vector d, which can be interpreted as the dipole moment which would give 
that radiation in that direction on the classical theory. The total radiation 
scattered in the direction s' by atoms or molecules in the state n is then defined 
by two sums of such dipole moments 

(d nm + d\ m )+ (d*. + d* mn ), (2) 

K* < + hv Bm<K* - hr 

where the asterisk denotes the conjugate complex quantity. The frequencies 
of the components corresponding to the terms in the first and second of these 
sums are 

v' ftW - (E tt - E Jlh + v, v' mw - (E n - E JIh - v (2') 

t Birao, 1 Boy. Soo. Proc./ A, vol. 3, p. 406 (1026). 

% Prof. P. Scherrer has kindly informed us ftbdut recent measurements made by him and 
A. .StXgor on the total scattering of X-rays by mercury vapour, but there are difficulties 
in applying the theory to the scattering by such a heavy atom. 

$ The final states m will usually include states in whicli an electron is free, and whose 
energies belong to the continuous range of possible energy values. In the formal pre¬ 
sentation of the theory it is convenient to deal with discrete energy values only; this 
seems to be justified lor the purposes of this paper. 
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respectively. In the first set of components we can have m = n, so that 
v «iK = v. This component gives the coherent scattered radiation. 

The electrons in the scattering system may be numbered j = 1, 2,... N, 
and the position vector of the jth electron may be denoted by Xj with com¬ 
ponents x s , y h z y The co-ordinates of the nuclei may be denoted by Xj, Yj, 
Z, (l 5 = 1,2,... M). In practice only the electrons will contribute appreciably 
to the scattered radiation. Taking thiB into account and making some formal 
alterations in the formulas given in loc. cit we have the following formula 
for 


WfJLVV' 




, JLv f (E,,.A,J A'* mu 
+ 47rV M ». v nu + v 


) « -^um) A 

— V J 


where e and [x are the charge and mass of the electron. Writing dv for the 
volume element of the configuration apace of all particles (electrons and 
uuclei),f we have 


N M 

3 n d/Xj dy s dzj II dXj rfYj rfZj, 


N 5>iri 

n*Xn 2 C c 

j 3v 1 


(/*»«'-»•) Tj 


A«, =* J'En* 2^ e~ * "* rj grad, T„ dv | 

A'. = JV.* T*'" n ' r ‘ T n dv J 


( 6 ) 


We shall assume the initial state n of the atomic system to be its normal 
state. Wo are then concerned only with the first sum in (2). We shall further 
assume that the frequency v of the incident wave is essentially hi gW t ha n the 
K absorption frequency of the atoms in the system. Then the first term in the 
[ ] in (3) is the most important, and we shall calculate only that part of the 
scattered radiation which arises from this term in the expression for each d»,„. 
This means that we put 



t For systems mow complicated than single atoms each wave function depends on the 

co-ordinates oi ** m,oloi w weil M <* those of the electrons, and cannot in general be 

written as a product of a function of the co-ordinates of the nuclei and a function of the 
co-ordinates of the olectrons. In the following we will be mainly concerned with atoms, 
for which the co-ordinates of the nucleus can bo disregarded. 
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The intensity of the coherent scattered radiation is then given by 

U-loJIU*, (*) 

I cl being the intensity of the scattered radiation calculated according to the 
classical formula given by J. J. Thomson, and as far as the coherent scattering 
alone concerned, wo get from this simple expression a satisfactory agreement 
with experimental resulfcs.f 

It seems justifiable to assume that from (7) we can also get a proper approxi¬ 
mation to the total scattering.^ For the total intensity of all the components 
of the scattered radiation we get from (2) and (7) 

Itot = *c, s |D nm |*. (9) 

We shall now make the further assumption that all components giving an 
appreciable intensity have frequencies v' nm not very different from v. This 
seems to be justified according to an earlier investigation of the scattering 
by an atom containing only one electron.§ We can then put = v in the 
right side of (9). For a similar reason we extend the summation over all 
states m. Writing D' nm for the quantity obtained by putting v' nm = v in * 
that is 

( N 2* iv fm . 

X e™ )r> dv , (10) 

j m 1 

we have to the approximation considered 

I tot =:I ol S n |D' nw |^ (II) 


The quantities D'** defined by (10) can be interpreted as coefficients in an 
expansion in terms of wave functions ; we have in fact 




N S 

S t 

j = 1 


(•’-•)»s 


= s. D' 


t See James, Waller and Eartree, loc, cil. 

X A general discussion of the terms neglected in the approximation given by (7) is difficult, 
hut for the one-electron problem it can be shown that they are small (a) for coherent 
scattering and hr ^ ionisation energy, (b) for hv/c M* where M* is the mean momentum 
in the initial state (of. Waller, * Phil. Mag.,’ vol. 4, p. 1228 (1927)). It does not seem 
that there is likely to be any essential difference in order of magnitude of these terms for 
coherent scattering and incoherent scattering with v'nm nearly equal to v. 

§ Waller,‘Phil. Mag./ loc, tit. 



124 


I. Waller and D. R. Hartree. 


Since the Bet of normal orthogonal functions muet be assumed to be a 
complete set, we have 


dv . (12) 

The total intensity of the scattered radiation is given by (11) and (12) to 
the approximation considered here.| 

These forinul© are not necessarily restricted to the normal state of the atom 
(or molecule); they apply also to the scattering by an atomic system in any 
low state. 

For an atom containing only one electron, it follows that 

2 m | D'^l * = 1. (13) 

Thus to the approximation considered here, the total intensity of scattering 
by an atom containing a single electron is given by the Thomson formula for a 
free electron, which is a result found earlier. We will write R for the ratio 
of the intensity of total scattering by a many-electron atom to the classical 
intensity of scattering by a free electron. Then from (11) and (12) it follows 
that to this approximation where 

R = I^/I* - [ | T n | 2 1 S exp (iKt,) I* dv, (14) 

J lj~i * I 

where 

k = 2tcv (s' — 8 )/c. (14') 

In the deduction of the general scattering formula a wave equation was used 
in which no account was taken of the spin of the electrons. In using this 
scattering formula we can therefore take the spin into account only as far as 
it is connected by Pauli’s principle with the wave function in the co-ordinate 
space of the electrons. It seems justified to assume that we get in this way a 
proper approximation. The deduction just mentioned also rests on the assump¬ 
tion that we can represent each spectral term by one wave function. The 
validity of this assumption follows from the investigations on non-combining 
sets of wave functions, which we shall consider more closely in § 3. 

f The possibility of devising a formula for the total scattering by a many-eleotron atom 
according to the same principle (use of u Vollstandigkeits theorem ") as had been used by 
Wentzel (* Z. Physik,’ vol. 43, p. 1 (1927)) and one of us (J. 'Waller, * Phil. Mag., 1 Joe. oii.) 
for a one*electron atom was first mentioned by Prof, W. Pauli in a discussion about this 
problem. 




2 — 


(iv.l’l 


N -*)r, 

£ e c 
j ~ i 



Intensity of Total Scattering of X-Rays. 


125 


Farther approximation8 have been made in that relativity effects have been 
neglected and in putting — v. The results may, therefore, be expected 
to apply best to the scattering of radiation of not too short a wave-length by 
the lighter atoms. 

§ 2. Discussion of a Special Case . 

We will apply the formula (10) and (14) to the total scattering by a helium 
atom, as this simple case will illustrate the main points which arise in the 
treatment of a more general case. 

We take the wave functions for the limit of vanishing interaction, when they 
can be written as sums of products of the wave functions of the two separate 
electrons, and consider first the scattering by a helium atom in an excited 
triplet state, for which the spins of the electrons are parallel, so the wave 
function must be antisymmetrical in the position co-ordinates of the two 
electrons, f 

Thus for the initial state n we take 

V, — [<h (1) (2) - (1) <K(2)], (15) 

and consider the scattering of the component of the radiation corresponding to 
a transition to state m with wave function 

v. » (1) (2) - ^ (1) <]>„, (2)]. (16) 

V2 

We will write 

dx i dy 5 dzj = dv } . 

| <}/.* ( j) exp {iKTj) ( j) dv, (17) 

All the we orthogonal, as they are wave functions for one electron in the 
limit of vanishing interaction, so substituting (14'), (15), (16) in (10) and 
carrying oat the integration we have 

I D'»m 1 * — 0 when m 1( tn % both different from 1 and 2 (a) 

= I/u+/mI* when m, = 1, »», = 2 or m, = 2, m 2 = 1 ( b) 

— IA «, I M k »h I 8 when = 1, m s 5* 1,2 

or = 1, m, ^ 1, 2 respectively 

= i /i.m.lM/i.m.l 2 when m 1 = 2, 9 ^ 1, 2 

or m t — 2, m i ?£ 1, 2 respectively 
= 0 when w, = m 2 — 1 or 2. ( d) 

t Of. Heisenberg, * Z. Physik,’ vol. 38, p. 411 (1926). 
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The result (a) indicates that the (to the approximation considered) incident 
radiation does not give rise to simultaneous transitions of both electrons; 
(b) gives the intensity of the coherent scattering, and (c) and (d) the intensities 
of components of the incoherent scattering. If only one electron were present, 
say with wave function \ f n | 2 would be the intensity of coherent scattering 
[cf. (8)] and | fi t m A 1I fi, «, I 2 the intensities of two components of the in¬ 
coherent scattering; the total intensity of incoherent scattering would be 
1-l/ii1 8 by (13). 

We see from ( b ) and (c) that for the scattering by a helium atom we must add 
the amplitudes of the coherent waves scattered by single electrons with the 
two wave functions ty lf present in the initial state of the atom, and must add 
the intensities of the incoherent waves scattered by these electrons, with one 
important exception. This exception is given by result {d), that (with anti- 
symmetrical wave functions) transitions to the states m l = w 2 1 or 2 
cannot occur. For a single electron these transitions could occur, so if we wish 
to use the results for one electron to deduce the total scattering by a helium 
atom, we must take account of the fact that the corresponding component 
of the scattered radiation is absent. For one electron this component has the 
intensity |/ 12 | a , so the total scattering by a helium atom is given by 

R = Kn+/22l a + l-|/ul 2 + l-|A 8 l 2 - 2 |/ u |* 

= 2 + /u/ aa *+/„*/22-2|/ 1 ,|*. (18) 

The same result follows by substituting (15) in (14); the object of the de¬ 
duction here given is to show the origin of the term — 2 1 / 12 1 2 . This term will 
in general be small when the frequency of the exchange of electrons 1 and 2 is 
small. 

If the initial state has the symmetrical wave function 

we find similarly 

R = 2 +/„/„• +/„•/„ + 21 f lt | 2 

In this case it should be noted that the probability of a transition to a state 
in which both electrons have the same space wave function is different from 
the probability of the corresponding transition of one electron if the presence 
of the other is neglected. 

If we had taken the wave function Y « ^ (1) (2) for the initial state, we 

would have found 

R = 2+ /uAa*+/n*/aa- 
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The difference between this and formula (18) shows that in calculating the 
total scattering by a many-electron atom it is necessary to consider carefully 
the question of the proper wave function by which to represent the initial 
state of the scattering atom. This question we now investigate. 

§ 3. On the Formation of A pproximate Wave Functions of required Symmetry 
Properties for an Atom containing several Electrons. 

We consider an atom containing N electrons. The spin of the electrons 
is taken into account only as far as it is connected by Pauli's principle with the 
wave function in the co-ordinate space of the electrons. 

Introducing external electric and magnetic fields as weak as we like, we may 
ensure that the system does not contain any degeneracy but that caused by 
the identity of the electrons. This means that from any wave function belong¬ 
ing to a characteristic of the Sclirodinger equation (that is, to a spectral term) 
we can form by permutations of the electron numbers and linear combina¬ 
tions all wave functions belonging to the same term. All the wave functions 
of the atom can be grouped in a number of non-combining sets (“ systems ”).f 
We denote a wave function by (1, 2, ... N), j standing for x jt y i} z i (the 
co-ordinates of one electron) (1 N), and by F (1, 2, ... N) an arbitrary 

function or operator, symmetrical in all. electron numbers 1, 2, ... N. Then, 
if V' is a wave function belonging to another system, we have 

f FT dv ^ 0 , dv^ n dx k dy k dz k . 

J 

To each characteristic E* in one of the systems belongs the same number / 
of linearly independent wave functions T7 fc> (1, 2, ... n), l = 1, 2, .../. Accord¬ 
ing to Wigner ( loc. tit.) these wave functions can be chosen in such a way that 
for any two terms E fc and E fc ' belonging to the same system 

jV* F (1) 2> ... n) Yr dv = C 8„<, s„. = j ~ V v , 

the value of C being independent of l and l' but, of course, dependent on F and 
k, k'. This equation is valid also for k — k' (i.e., E fc = E t <). The normalisation 

condition means that C = 1 for F = 1. The-expansion of F (1, 2,...») *F, (W 

• 

f Heisenberg, loo. cit.. and ‘Z. Physik,’ vol. 41, p. 239 (1927); Dirac, ‘Roy. Soo. 
Proo.,’ A, vol. 112, p. 661 (1926); Wigner, ‘ Z. Physik,’ vol. 40, pp. 402, 883 (1926-7), 
and vol. 43, p. 624 (1927); Hand, ‘ Z. Physik,’ vol. 43, p. 788 (1927); Delbrflok, 

‘ Z. PhyBik,’ vol. 61, p. 181 (1928). 
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in terms of wave funotions therefore involves only wave functions with the 
same suffix I, and has accordingly the form FY/* 1 -S bo that an 

adequate representation of spectral terms by wave functions can be made by 
taking one of these wave functions for each term, l being the same for 
all terms of the system. We can easily prove that for the evaluation of any 
matrix element F^.. of the symmetrical function F (1, 2, ... n) we can just as 
well represent each term by the general wave function 

Y a <*> - £ ad/" 

i-i 

if the a,’s are the same for all terms, and if, according to normalisation 
/ 

condition, £ |a*| 2 is equal to unity. We have in fact 

i-i 

|V 0 '*' ) *F4V* , <Zv = S aflr j dv = C. 

In evaluating the integral (14) for the total intensity scattered, we can 
therefore use for the initial state n any wave function which has the right 
symmetry properties. 

Each system is characterised by the symmetry properties of the wave 
functions belonging to it, and it follows from Pauli's principle that only certain 
types of symmetry are actually possible. Using the notation of symmetry 
characters introduced by Hund (loc. cit.) we can represent any system allowed 
by Pauli's principle by the symbol 

A(N-g, q) (q < N/2) (19) 

known as the antisymmetry character of the system. This symbol means 
that from any wave function belonging to this system we can form a wave 
function antisymmetrical in N — q electrons, and in the other q electrons by 
permutation of electron numbers and linear combination. Using the notation 
that a bar under the electron numbers indicated that the wave function is 
antisymmetrical in these electrons, this wave function can be written 

^ (1, 2, ... N ~ g, N — g + 1, N — g + 2 ...N ) (20) 

The antisymmetry character (19) also means that by the procedure just 
mentioned we cannot form any wave function antisymmetrical in more than 
N — q electron numbers, and the wave function (20) which is itself anti- 
^symmetrical in N q electrons and in the other q electrons, is known as the 
“ antisymmetrical normal form ” of the wave function of the system.f 

t The " degree of degeneracy M of this system is / « N I (N - 2q + l)/q \ (N - q -f I)J 
(Wigner, loc. ctf.). The multiplicity of each “ term ” due to the spins is N - 2g + 1 
(Heisenberg, Wigner, loc. cii.). 
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The simplest interpretation of q is this ; if the electrons are divided into two 
groups of opposite spin, N — q and q are the numbers in the larger and smaller 
groups respectively. 

If the solution of the wave equation involves a degeneracy of any kind 
other than that caused by the identity of the particles, the considerations just- 
mentioned can no longer be applied directly. 

Since the many-electron problem cannot be solved exactly, it is necessary 
to use an approximate wave function. A suitable approximation is provided 
by considering each electron to he in a stationary state in the field of the 
nucleus and remaining electrons. In this approximation the interaction of 
the electrons is taken into account in so far as it can be expressed by a static 
field acting on each electron, but its essentially dynamical character, involving 
the interchange of electrons, is neglected. We will express this by saying that, 
we neglect the “ resonance interaction.” 

in this way approximate wave functions for the single electrons are found, 
and from them we have to form a wave function for the whole atom with 
definite symmetry properties. This problem is closely related to some investi¬ 
gations by Heisenberg, Wigner and Delbruck (loc. ciL ), who have studied the 
wave functions of an atom by treating any interaction as a perturbation. We 
shall here treat the problem in a different way which makes it possible in. cases 
of practical importance to find directly wave functions of zero order of approxi¬ 
mation which have the required symmetry characters. 

The use of a static field acting on each electron as an approximate expression 
of the interaction of the electrons provides deviations from a Coulomb field, 
and in order that the wave functions for the single electrons in the limit of 
vanishing resonance interaction shall be non-degenerate, we can assume a 
homogeneous magnetic field in addition. 

The various wave functions for the individual electrons in the atomic state 
considered will be written 


<k(j). (2i) 

j denoting the space co-ordinates of a single electron. These wave functions 
the suffixes oq, a 2 , ... ot N ) need not all be different, but according to Pauli’s 
principle each one can be identical with not more than one other, and any 
two which are identical must be wave functions of electrons of opposite spin. 
Two electrons having the same space wave function and opposite spins may be 
called a “ closed pair ” ; we will write s for the number of closed pairs ; clearly 
von. cixiv.— a. x 
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$ q. If there are s closed pairs, we can suppose the wave functions so 
numbered that oq... a N _ t are all different, and 

&N—l a l» a N—n+« ~ a 2 ’**’ a ** 

In the limit of vanishing interaction, any wave function for the w hole system 
can be expressed in the formf 

- <"i) <P«, <«a) ••• (%)> > 

(«) 

(a) - (tr Jt a 2 ... </ N ) being any permutation of the electron numbers I ... N, 
and the C (a) 's being constants. An expression of the form (21) will not 
generally have a definite symmetry character ; on the other hand, if we take 
the resonance interaction of the electrons into account we must get perturbed 
wave functions of definite symmetry characters. We consider a set of per¬ 
turbed wave functions belonging to a given term ; these have a definite anti¬ 
symmetry character (19) and normal form (20); we wish to form wave functions 
of the type (21) which shall be the limit of these perturbed wave functions as 
the perturbation tends to zero; that is to say, we want to determine the 
coefficients 0 (a) in (21) so that this expression has the symmetry otthis normal 
form. 

Putting N — q = p (we must have j> q, since q <T : N /2) we must have in 
the limit * 

T (I, 2, ... p, f + 1, f H- 2, ... p -f- q) — £ <J (0) (}/., («,) («.) ... 4/. (a*). 

---- (a) ” 

By arranging the factors in each product in the sum in such a way that the 
electron numbers have their natural order, we get 

T (1, 2, ... p, P ±},P 1 + 2. ... p + q) 

— ^ ^<s)4fc (1) 4 p. ( 2 ) ••• 'tap!?) (p 4-1)... 4'Pp +4 (P + s) 

where (£) =* (p x , fj s , ... (J p+<r ) is a permutation of the suffixes (a,, a 2 , ... a B+c ). 
We now permute (l, 2, ... p) into (6) = (b v b 2> ... b v ), multiply both sides of 
the equation by — 1 if the permutation is an odd one, and sum for all per¬ 
mutations. This gives 

¥ ! V ( J > - P, V + 1 . p -f 2, ... p + q) 

^^••• H+i ••• 4<v+t( J> + 

t It is convenient to use Bomau letters for the electrons and Greek letters as suffixes 
to distinguish the various wave functions for one electron. 
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where (-™) (6> means + 1 or — 1 according as (6) is an even or odd permutation 
•of (1, 2, ... p). Then permuting (p + 1, p + 2, ... p -f- }) into 

(b') = (6„ + i, 2 -** &p+«) 

we get in the same way 
P 1 ? 1 (1, 2 ... p, p + 1, p + 2 ... p + q) 

- SGV fa (-) w +* (*i)... V (6,) IpE(-)*'> (W (*W«)1 

(» L( 6 > p J 1 .m p + l J 



j^d).. 

- <i* p (i) 

K+X (P + ] ) " 

• 4v # (2 , + 1 ) 

= £ C(^j 
(£) 

i 

k (p) 

■ +» p (p) 

1 I+Vi/P + ?) •• 

• 4»Vm {p + q) 


The sum on the right side might contain terms corresponding to any per¬ 
mutation ((3) = (p x ... Pp+. a ) of (ocj ... GLp+q) (i*e. 9 of the suffixes of the wave 
functions of the separate electrons), including interchanges of one or more wave 
functions between the two determinants. 

If s s= q we can from (22) definitely find a unique expression for 

T (G 2, ... p, p i- G /> + 2 , ... p + g) 

for vanishing resonance interaction. The number of suffixes a x ... <x N which are 
different is N — s, and in the case of s -- q this number is equal to p, these 
different suffixes being a* ... a p . In any non-vanishing term of the sum on 
the right-hand side of (22), $ x ... % must be all different, and also 
fe+i ... Pp+fi. In the case s = ^ ... p p must therefore be a permutation 

of a x ... a„ and ... a permutation of a^+i ... a p+a . We therefore 
get from (22) 

plql V ( G 2, ... p, p + l,p p 2, ... p + q) 

+. PV1 (p + i)... +. p+t (p +1) 

®[2±0 W . 

U« J 

4-a, (p) <]'«„(p) +. p+4 (p + ?)... +. p+f (p + ?) 

which means that 

V(1, 2 ,...p , p + l ,p + 2. ..p + y) 

+.,U) - K (1) K + i + 1 > - ^.(p-H) 

= A . (23) 

4Up) - I 4%+i ( P + f) - (P+f) 

K 2 


A being a constant. 
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If s < y, the number N — s of different suffixes a is greater than p. We can 
by the method just mentioned get some information also in this case, i,e.> 
that Y can be expressed as a sum of products of two determinants of orders 
p and y. 

It appears that the condition s — y, for which the wave function can be 
expressed as a single product of two determinants, is usually, and perhaps 
always, satisfied for the normal state of an atom or ion. For we have the rule, 
at first stated empirically from the results of the analyses of complex spectra,f 
and later given a theoretical basis by Heisenberg,£ that of the different multiplet 
arising from a set of electrons with given space quantum numbers, the term 
of greatest multiplicity generally lies deepest and for the deepest terms no 
exceptions are known.|| But this term is just the one for which the spins of 
all electrons not in closed pairs are parallel, which is the case s ~~ q . 

If for homopolar molecules we form an approximate wave function in terms 
of the unperturbed wave functions of the component atoms after the method 
of Heitler and London,f the condition s =*™ q does not hold for them, as each 
homopolar bond essentially involves two electrons, not members of closed 
pairs, with different spins and different wave functions, one from each atom. 
This can be seen already by considering the normal electronic state of the 
hydrogen molecule. But another approximation would be to consider each 
of the binding electrons as in a stationary state in the field of the nuclei and 
other electrons of both atoms, and it might be found that with this approxi¬ 
mation, the two electrons have the same wave function, in which case the 
condition s = q would apply here also. 


§ 4. Application of Approximate Wave Functions to Formula for Total 

Scattering . 

It is more convenient now to distinguish the different wave functions of a 
single electron by numerical suffixes, or generally by single Greek letter Buffixes. 
Those in the first determinant in (23) will be written ... ^ and those 

in the second determinant will be written ... ^ +(J . Also we will 

write I; p as an abbreviation for “the electrons 1 to p ” ; and dv UP for 


f See F. Hund, “ Linienapcktren,” p. 124. 
t Heisenberg, ‘ Z. Physik,* vol. 41, p. 239, especially p. 257. 

|| Hand, op. cit, 

^ *Z. Pliysik, vol. 44, p. 455 (1927); London, 4 Z. Physik,’ vol. 4fl, p. 455 (1928). 
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the volume element of the co-ordinate space of these electrons, and 
will put 

A(l;p) . A'(?>+1 ; P+?) = j^p+i(P+l)- -^+g(P + l) 

. ) 

•h(v)---’¥v(v) •W+i(v fy).-^+*(p+?) 

(24) 

so that the wave function (28) for an atom consisting of q closed pairs, and 
p — q additional electrons all of the same spin, can be written 

V - A A (I ; p) A' (/> + 1 ; p + ?). (25) 

It the wave functions ... y J( were different wave functions for a single 
electron in approximately the same field of force, they would be orthogonal ; 
Actually they are wave functions of a single electron in a field of force which is 
slightly different for different electrons, but it will be assumed for the present 
that they are exactly orthogonal, and departures from this will be considered 
later. In the case considered each of the wave functions in the second deter¬ 
minant is the same function of its arguments as a wave function in the first 
determinant, but in this section it will not be necessary to make use of this 
property. 

In working with wave functions which involve such determinants, it is 
convenient to use the following notation. For a determinant of order p we 
write 

£„ 0 Y .„„ = 0 unless oepy ... tt arc all different. 

1 if a[iy ... 7 r is an even permutation of 1 , 2 , 3, ... p, 

=s — 1 if afiy ... tt is an odd permutation of 1 , 2 , 3, ... p } 

— 1 if a = p. 

= 0 if a p£ p. 

Further it is convenient to adopt the convention that in a product or in a single 
term a repeated Greek letter suffix indicates summation over all relevant 
values of that suffix (this notation is suggested by the “ summation con¬ 
vention ” of the calculus of tensorsf). The determinant A (1 ; p) can then be 
written 

A (1 ; />) = e a fiy.„ n (1) tyfi (2) ... 4v (p), (26) 

the summations being over the values 1 to p for each of the repeated suffixes, 
f Eddington, * Mathematical Theory of Relativity, 1 p. 50. 
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* 

The following properties of the coefficients are reqaired 

... w S a ^y,„ir P * 

£*£>...* Sa'/Jy ...« — (f ~ 1 ) • 

Ett^y,..TT £ a'0'y ... it * (jP *0 * (^ao' 

Since the wave functions ... vj/* are taken to be orthogonal, we have 


| +«* (j) ^ U) dv i ■-= ( 28 ) 

where dvj = dx s dy, dz s ; and if F is a function of the co-ordinate* of any one 
electron, we will write 

| <K* ( j) *’ ( j) to ( j) <kf — F «*. ( 29 > 

and will write F a @* for the conjugate of F„p, it is the 3 a component of [F (j)|*. 
From (26) to (29) it follows that 

jjA(l; p) | 8 dv U9 - p ! (30) 

jl A(1; p) |« V ( j) dv u p = (,, - 1)! F tt . (1 sC> sS p), (31) 


J | A (1; p) | « F (j) [F (*))* dv x v = (p - 2)! [F„ F w * - F„ F„*] 

(j l<.j<Zp, 1 £k£p). (32) 

The first of these results gives directly the normalisation of the wave function 
(25), viz. 

A 2 f ! q\ = 1. (33) 

The formula (14) for the intensity of total scattering can be written 

p+fl r 

R = p + ?+ S' (34) 

i. * « i J 

where S' denotes that the terms j — fc are omitted from the sum. There are 
two main types of terms in the sum according as the electrons j, k occur as 
arguments of wave f unctions in the same determinant or different determinants 
in (25) (t.e., according as these electrons have the same or different spin); 
in the former case the integral reduces to one of the type (32) and in the second 
to a product of two of type (31). We will write 

j (j) exp (iKTj) (j)iv, = /„«, 
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(cj. (17)), and use suffixes without and with a dash to refer to wave functions 
in the first and second of the determinants (24) respectively. Then using 
f3I), (32) the value of Ii found from (34) to be 

R =5 p + q + (/«« +/«v) (ffifi* —/«/*/a£* “/«'£'/a' 0 '*- (35) 

We will require the result that the value of R given by (35) is invariant for 
certain orthogonal transformations of the wave functions ^ occurring in 
either determinant. 

Suppose the coefficients a^ define an orthogonal transformation of ^ ... 

<f>£ 4v (36) 

We are taking the <j/s as orthogonal, and the condition that the should be 
orthogonal is therefore 

«{. "i«* = ^ 

whence also 

(37) 

Corresponding to (29) we define matrix elements F' involving the wave 

functions </> by 

K'*,= j>h*U)VU) <l>i, (j) d-t’jt 

and from (36), we find 

-h fa a fa h tt jg, 

so by (37) 

— (t$ a * <t0 h afi h n p b a fi h aa 

FV - V F«a a fY V 

so that each term in (35) is invariant for an orthogonal transformation of the 
<j/s occurring in either determinant separately. 

It may be emphasised that in (35) the sums indicated by the repeated 
suffixes are to be taken over the tmve functions occurring in one or other deter¬ 
minant, not over the separate electrons. Indeed, the contributions to R 
expressed by the sura in (34) are essentially from pairs of electrons, not from 
single electrons, and the contribution from all pairs of electrons occurring as 
arguments of the wave functions in a single determinant are the same, and so 
are the contributions from all pairs of electrons which occur as arguments of 
the wave functions in different determinants. This arises from the form (25) 
used for the wave function of the whole system, in which we cannot associate 
any particular electron with any particular wave function, and conforms to 
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the principles of the quant tun-mechanical treatment of the many-body 
problem, in which the interchange of the electrons plays an essential part. 

Nevertheless it is convenient as a conventional manner of speaking to 
describe the behaviour of an atom in a way which does appear to assign each 
electron to a single wave function, as when we speak of an atom having 2 
1\ -electrons, 0 L-cleetrons, etc. We can do this by relating elect rons to wave 
functions by a single term in the expansion of the determinant, say by the 
product of the elements of the principal diagonal. 

Then indicating these electrons by ordinary letter suffixes, and retaining the 
summation sign for them. (35) becomes*)* 

f </ v ’ (j p p + q 

K.-P + 7 -! IS/* S ! fjj S' -j S' i/C 2 . <») 

i = l Jb— I pk-.p i i_ 

This formulae gives the theoretical value of Rithe ratio of the total intensity 
of scattering by a many electron atom to the classical intensity of scat tering 
by a free electron, to the approximation explained in §2. If ]{ h is the 
value of R for scattering bv the same number p -f- q of free electrons, then 
to the same approximation, R F — p + q. R — R F may be called the “ excess 
scattering '* due to the space distribution of the electrons, and (R R K ) — I the 
*’ excess scattering per electron.” It seems probable that R/R*. or 
(R ; R,,) - “ 1 is the most suitable quantity in terms of which to make comparison 
wit h experiment, as the approximations made seem likely to have the same 
kind of effect on K and on l\ v . 

§ 5. The Relation between the Sea (fenny by a Many-electron Atom and that by 

a One-electron Atom . 

if we consider the jth electron alone, f j:i is the amplitude and \f ji \ % the 
intensity of the coherent scattering (cf. (8)) and since R = 1 for one electron 
(cf. (13)), 1 \f Si \- is the intensity of the incoherent scattering.^ If we 
tried to treat the scattering by a manv-electron atom by adding the scattering 
b}‘ a number of independent single electrons, we would add the amplitudes of 

f W e have j an -j= - = fop -f " - /jy. The term 2 | fjf | arises from the terms 

« p and a — fj i nfapfo.fi* and ftcpja'ti ** the terms 2'|/j*| 2 arise from the terms a (J 
and a' ^ p' in those product *sums. 

t These amplitudes and intensities are in terms of the amplitude and intensity of 
alaaftioft] scattering by n free electron. 
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the coherent waves scattered by the separate electrons, and the intensities of 
the incoherent waves, and obtain 


R 


V Iff 
V 

j“*l I 

coherent 



v+q 

+ p + q - S IM 1 

-_ JZl _✓ 

incoherent. 


(39) 


This result is also obtained if the wave function of the many electron is taken 
ns a single product of the separate wave function of the single electrons. The 
more exact formula (38) differs from this by including some negative terms 
involving all pairs of electrons with the same spin (or rather all pairs of wave 
functions in each determinant in (25)). 

These terms arise because the incoherent radiation consists of components 
corresponding to different possible transitions of the atom from its initial state. 
When we express the many-electron problem as the sum of a number of one- 
electron problems, we allow each electron independently to have all the possible 
transitions of the one-electron problem, whereas actually in a many-elcctron 
atom some of these transitions of one electron cannot actually occur, as the 
final stale would violate Pauli’s exclusion principle. Thus some components 
of the incoherent scattered radiation which would be possible for a number of 
independent single electrons are missing from the radiation scattered from a 
many-elcctron atom, and it appears also that the intensities of other com¬ 
ponents may be altered. 

This aspect of the negative terms in (38) which involve two wave functions 
has already been pointed out in § 2 in considering the simple case of He. 


§ b. Approximate Wave Functions for the Single Electrons > Evaluation of 
Total Scattering in a Particular Case and Comparison with Experiment. 

We can make an approximation to the separate wave functions by con¬ 
sidering each as the wave function of an electron in a central non-Coulomb 
field of force (not necessarily the same for each electron). Taking spherical 
polar co-ordinates, origin at the nucleus, we have for the wave function of 
quantum numbers n, /, m 

^^/ruriOi J r(cosU)c iH ^ (40) 

where P z m is an associated Legendre polynomial. 

No two wave functions in one determinant are the same, i.e., have all three 
quantum numbers w, ?, m the same. If each of the 2 (21 -f 1) wave functions 
of the same n, l but different m occurs in each determinant, we call the n, l 
group (conventionally, of electrons) “ complete.” It is convenient to have a 
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name for the (2/ + 1) wave functions in one determinant without those in the 
other (i.e., for the (2 1 + 1) electrons of the same n y l and same spin without 
t hose of the opposite spin), this will be called a “ complete half group.” 

For a complete half-group, a change of the axis of the spherical harmonics 
corresponds to an orthogonal transformation of the ij/s of this half-groupf 
(such a transformation is in general impossible unless the half-group is com¬ 
plete), and since R is invariant for an orthogonal transformation of the hi 
either determinant, it follows that for an atom consisting of a number of 
complete half-groups the intensity of scattering in a given direction is independ¬ 
ent of the orientation of the axis of the atom. This result would be expected 
as by a property of the spherical harmonics the charge distribution 1!1 ^ | a is 
spherically symmetrical for a complete half-group, and so for an atom consisting 
of complete half-groups ; but it does not hold in general if the wave function 
for the many-electron atom is taken as a single product of the wave functions 
for the different electrons. Its deduction here depends on the use of the 
wave function (25). 

Since this result holds for atoms consisting of complete half groups, not 
only of complete groups, it applies to monatomic Na, K, ... vapours as well as 
to the inert gases and Hg vapour. 

If we take the direction of s' ■ s as the direction 0 - 0 and choose the axis 
of the spherical harmonics in the wave functions in this direction also, as we 
may do if the atom consists of complete half-groups, and write for the angle 
of scattering so that | s' — s | =.« 2 sin and also write — cos D, a ~~ 4 tt sin $/X r 
then 

*r = 

ap that 

j r 2 dr dy. d<f>. (41). 

For any particular wave; functions the integrations in <f> y p. can be 

carried out exactly, leaving only that in r to be evaluated numerically4 It 
is clear from (41) that for different wave-lengths X and angles of scattering 
2$,/# and so R should be a function of sin •B'/X only. 

t The product of two spherical harmonics of different order vanishes on integration over 
a sphere, so any surface spherical harmonic can be expanded in surface spherical harmonics 
of the same order with another axis: The wave functions forming a half-complete group 
involve the same x( f ) and (2 1 -1- 1) independent surface spherical harmonics of degree l ; 
thus the wave functions for a given », / and one axis can be found from those of a half- 
complete group with any other axis by an orthogonal transformation. 

J For a complete half-group 3 | ^ | 2 is spherically symmetrical, so X / w - can be calculated 

aw if |^ | 2 is spherically symmetrical for each electron, but 3 | fa j* cannot be so calculated. 
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Since the wave functions involve the azimuth <f> only through e im * the 
integration with respect to </> makes all /# zero except those for which V* 
have the same m. Also the quantities/# (j 7 * k) are likely to be most important 
when the electrons j and k have the same principal quantum number n, as 
t hen the principal maxima of lie at approximately the same radius. 

So the chief terms involving two different wave functions are those for which 
n, m are the same and l different. Trial with the wave functions for a Coulomb 
field shows that the terms arising from wave functions with different principal 
quantum numbers arc* unlikely to contribute as much as 2 per cent, to R. 

Values of r% nJ for any particular atom can be obtained by a method developed 
by one of us, of which the general idea is the solution of the wave equation of 
each electron in the field of the nucleus and of the charge distribution of the 
other electrons. The wave functions for which l and m are not both the same 
are orthogonal on account of the spherical harmonic factors, but two wave 
functions of the same /, m but different n are not exactly orthogonal as the 
functions Xn.i for them are solutions of the wave equation in different central 
fields. This would bring in some additional terms both in the normalisation 
equation (33) and in the integrals occurring in the formula (34) for R. Estima¬ 
tion of these additional terms indicates that their effect on the calculated value 
of I is likely to be always small, probably less than 2 per cent. 

In the calculated values of R which will be compared with experiment, these, 
terms and the terms |/#| 2 where j and k refer to electrons with different principal 
quantum number n t will be omitted. It is possible that the total contribution 
to R from the terms so neglected would amount to 5 per cent., but it is probably 
much smaller. 

Some numerical data for argon, calculated in this way, are given in the 
table, in such a form as to show the contributions to the total scattering from 
the various terms in (38) and from the various electron groups. It will be 
seen that in the range of values of sin 0/X covered by the calculations (and by 
the observations with which they will shortly be compared) the contribution 
from the M electrons to the excess scattering is very small; but they con¬ 
tribute to the term p + q in (38), and so decrease the importance of the terms 
which depend on the atomic structure relative to the terms which would remain 
if all the electrons were free. The contribution from the term |/#| a (j ?£ A), 
which arises from the use of the wave function (26) instead of the simple 
product of the wave functions of the single electrons, is of some interest. 
Its maximum value is about 1*4, and is probably about the same for any 
group of eight electrons consisting of two complete tl l groups with the same 
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n aud I, = 0 and 1. Its importance- relative to the total scattering clearly 
decreases with the t otal number of electrons, and would be greater for neoa 
than for argon. 


Table.-Contributions to Total Scattering by Argon. 
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2"ti, — sum over all pairs of electrons with same spin and j V k. 


bor a homopolar molecule the complete wave function is more complicated 
than a single product of two determinants, as has already been mentioned 
(see end of §13). Also the charge distribution of the electrons concerned in a 
homopolar baud becomes concentrated to some extent between the atoms, f 
so may contribute appreciably to the excess scattering at angles of scattering 
at which for an atom the contribution from these electrons is negligible. There 
is also the possibility of an appreciable effect from the coupling of electronic 
and nuclear motions. 

On account of the uncertainty of the effect of the binding electrons on the 
scattering by diatomic molecules, it is most satisfactory to compare theory and 
experiment for a monatomic gas or vapour, and moreover for one not too heavy, 
since for the heavier atoms the proportion of incoherent radiation is small* 
and it is known that, with the approximation to the wave functions here 

f $*o London, * Z. Phyaik/ vol. 46, p, 455, fig. 3 (1928). 
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used, the theory leads to results in close agreement with experiment for the 
coherent scattering.| 

The most suitable ease for comparison of theory and experiment seems to 
be that of argon, for which BarrettJ has recently obtained experimental results, 
and such a comparison is made in the figure. A strict comparison is not 



Curves showing Theoretical and Observed Variation of K/Rp with sin 6j\ for total 

scattering of X-rays by Argon. 

Observed values : 0, X = 0• 39. X == 0*48. X, X *» 0*49 A.U. 

possible, as for the short wave-lengths used by Barrett {< relativity effects ” are 
appreciable, whereas they are neglected in the derivation of the theoretical 
formula. We can try to allow for this by comparing theoretical and observed 
values of the ratio R/R F , and such a comparison is made in the figure. 

The values of Rfor the experimental points were taken from the figures in 
Barrett’s paper, R*. was calculated from Dirac's formula (formula (1) and 
curves Q of Barrett’s paper) and for different wave-lengths R/R F is plotted 

t James, Waller and Hartree, loc . cit . 

X Barrett, loc , cit. Barrett mentions that He, the other monatomic gas for which 
he has made experiments, may have contained impurities; the probable impurities contain 
ao many more electrons per molecule than He that a small amount of impurity would 
give quite a large exoees scattering. The argon is mentioned as 95 per cent, pure, but the 
probable impurities have only a small effeot on the excess scattering (5 per cent. Ne might 
make the observed value 3 per cent. low). 
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against sin 3j X. The theoretical values of R have been calculated from 
formula (38), and for R F the classical value 18 has been taken (cf. Table) 
corresponding to the fact that the approximations made in deriving (38) lead 
to classical scattering when applied to a free electron, Aa has been mentioned, 
it is probable that the eflects of these approximations on R and on R y should 
be of the same kind so that the effect on R/R* should not be so large 
as the effect on either separately. 

The experimental results agree closely with the theoretical result that 
R/R f should be a function of sin 3/X only. Whether this should still be 
true when relativity effects are included is not certain ; in the experimental 
results there is a suggestion of a small consistent difference between different 
wave-lengths at the larger angles of scattering which might be such a relativity 
effect. 

Barrett’s results give relative values of R/R f for different angles of scatter¬ 
ing and for different gases, but not absolute values, so it may be necessary to 
multiply them by a constant factor throughout. The broken curve in fig. 1 
is the theoretical curve with all its ordinates multiplied by 0*80, and it will 
be seen that it agrees very well with the points plotted from Barrett’s observed 
values ; this suggests that these values should be multiplied by a factor about 
1/0-80 = 1*25 to convert them to absolute values. This, however, cannot 
be considered as certain, as the suggested correction is no greater than the 
relativity effect on R F at large angles, and it is only an assumption, though it 
seems a reasonable one, that R/R F is less affected by relativity effects than 
R* itself. 

The rapid increase of R/R p with decreasing sin 3/X beginning about 
sin £/X = 1*8 is due to contributions from the L electrons, and it is satis¬ 
factory that theory and experiment agree about the place at which this increase 
starts. 

This comparison of experiment with theory suggests firstly the desirability 
of making experiments for monatomic gases with longer wave-lengths, for 
which the uncertain relativity effects for the many electron atom would be 
smaller, and for which also the excess scattering would be larger at a given 
angle of scattering ; and secondly the value of absolute measurements if the 
experimental difficulties could be overcome. 

In conclusion one of us (D.R.H.) wishes to express his thanks to the Inter¬ 
national Education Board for a Fellowship during the tenure of which this 
work was done, and to Prof. Bohr for the privilege of working at the Institut 
for teoretisk Fysik at Copenhagen. 
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TJie First and Second Order Equations of the Quantum Theory . 

By H. T. Flint, D.Sc., King's College, London. 

(Communicated by O. W. Richardson, F.R.S.—Received February 19, 1929.) 

Introduction. 

The form of the wave equation for a non-rotating electron suggests that it 
enters into the theory very much in the same way as the wave equation 
associated with electromagnetic theory. It would be expected to be derivable 
from equations of the first order corresponding to Maxwell's equations. It 
has been suggested* that the function tp might enter by moans of a relation 
such as 

s grad (1) 

where s replaces the current four vector of the electromagnetic theory. The 
difficulty in connection with this procedure is to account for the phenomena 
associated with electronic rotation. Dirac has shownf how to overcome this 
difficulty and has derived first order equations which can be derived from 
generalisations of Maxwell’s equations. There are certain difficulties with 
regard to the form of Dirac’s results which have been much discussed and some 
of them have been removed.^ 

There are two unsatisfactory points in the treatment of this question. One 

is the introduction of an operator — e<j>fj into the t equations when 

it is desired to pass from a non-eleetromagnetic problem to one in which 
an electromagnetic field is present. The second difficulty lies in the occur¬ 
rence of a term in me. Darwin has pointed out this difficulty and considers 
that it is due to our inability to calculate electromagnetic mass in the 
quantum theory. 

We shall discuss here a possible way out of both these difficulties and 
indicate the nature of the invariance to be associated with the first order 
equations. 

The mode of procedure can be very concisely seated. We assume that the 
phenomena aro five dimensional and that the invariance is of the type with 
which we are familiar in the theory of relativity but considered from the 

* ‘ Roy, Soc. Proc.,’ A, vol. 115, p. 213 (1927). 

* t 1 Roy. Soo. Proo.,’ A, vol. 117, p. 810 (1928). 

J‘Roy. Soo. Proo.,’ A, vol. 118, p. 604 (1928); vol. 121, pp. 524, 543 (1928); 
4 Z. Physik,’ vol. 52, p. 356 (1928). 
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point of view of five dimensions. We assume that the phenomena are described 
by the introduction of two tensors which contain not only an antisymmetric 
but also a symmetric component and with the latter we associate the quantity 
me , which enters through the occurrence of the symmetric component. 

This procedure is unsatisfactory from the point of view of the theory of 
physical unity, We have by the introduction of a five dimensional continuum 
united into a geometrical theory both the laws of gravitation and electro¬ 
magnetism, but we now place non-geometrical quantities into the continuum 
which play the part of mere actors upon the stage and do not occur as parts 
of the stage itself. 

We come again to the state of affairs which existed with regard to electro¬ 
dynamics just after the discovery of the relativity theory of gravitation. 

At present it does not appear to be unduly optimistic to anticipate a complete 
theory based on the conception of unity in physics. Two ways seem to lie 
before us which lead to fields of research; the five dimensional and the new 
Einstein method. The link in each case is the wave equation which can, at 
least for the non-rotating electron, be introduced very simply into either. 
In the meanwhile we must content ourselves with a less satisfactory procedure. 


MaxwdVs Equations and their Generalisation . 

In the theory of relativity electromagnetic phenomena are described by 
means of a tensor, F, and a four vector, a, and the first order equations, or 
Maxwell's equations, are written in the form : 




9a? 


— 0 , 


i a 

s/— g ( 5 ? 


(V-.?**) = «• 


( 2 ) 

( 3 ) 


In (2) the summation implied is taken over three of the numbers 1 to 4 in 
cyclic order, and eight equations are implied by (2) and (3). 

In this theory F is an antisymmetric tensor. 

We also note that (3) is written in the contravariant form. The importance 
of studying the wave equation by analogy with these equations has been 
rocognised by J. M. Whittaker and J. Frenckel. These writers have shown 
that Dirac s equations in the form given by Darwin can be based on fundamental 
equations of this character. We shall refer to their work because our results 
can be most readily reduced to the form they give. Both show in detail 
that their results lead to the equations of Dirac so that we can save considerable 
repetition by referring to their papers instead of giving the reduction again 



First and Second Order Equations of Quantum Theory . 145 

here. The references are to the last two papers mentioned in the introduction, 
Darwin's equations are obtained very readily by following Frenckel’s procedure, 
while Whittaker's work leads to more equations on account of his relations (3') 
which we do not employ. We shall suppose that the five dimensional 
continuum is characterised by 

dcr 2 » dx» dx v , (4) 

where in accordance with the work of Kaluza, Klein and de Broglie we have : 

Yntn = 9nm ~ YmS = Ys» = ~ £*&»- Y65 = ~ l, (6) 

and for the contravariant components : 

y mn = g mn . y M! ' = y 6 ” = “ *<T> Y“ = * 2 4>m<f> n — j . (6) 

The Latin affixes denote that the possible values which may be assumed are ; 

1, 2, 3, or 4 and the Greek that the values range from 1 to 5. We assume that 
the value of 2; is unity and that a = ejmc . (e in e.m. units.) 

This differs from the interpretation of some writers but it introduces a 
remarkable simplicity into the five dimensional theory. Schrodinger’s equation 
for a non-rotating electron becomes : 

div (grad ty) = 0, (7) 

and taken with the equation 

rfcr 2 « 0, (8) 

which results from our values of the constants, we find an exact analogy in 
the five dimensional theory of a particle with the wave theory of optics where 
a null-geodesic (8) is associated with a wave equation (7). This forms the 
subject of a paper to be published shortly by J. W. Fisher. The fifth co¬ 
ordinate does not occur in any of the functions of (5) or (6) where the g ’s are 
the usual gravitational components and the </>’s the components of electro¬ 
magnetic potential. Whenever the fifth co-ordinate occurs it does so in the 
factor exp ( 2 tc inuxfi/h) so that the operation 3 jdx $ is equal to multiplication 
by 2mmc/h. This is equivalent to associating a fifth component of momentum 
with our particle of magnitude me. Other writers have considered it to be 
e/a and we have simply written e/a = me in determining the constant a. 
Recent work indicates that this is the correct value for the momentum.* 

This simplicity with regard to the occurrence of a 5 is an example of the 
simple way in which the fifth dimension enters into our equations and we shall 
see that a similar simplicity occurs in the components of the tensors we intro¬ 
duce. Our assumption is that the phenomena are characterised by two 
covariant tensors, F and G, and by the introduction of two scalar quantities 
* Eddington, * Roy. Soo. Proo./ A, voi, 121, p. 633 (1328). 
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and 6. We shall suppose in accordance with (1) that two current vectors 
can be derived from these and we have : 


■ 3+ r _ 36 

M a^ j M 


(9) 


Neither F nor G is antisymmetrical but they can, like any tensor, be expressed 
in two parts, one antisymmetrical and the other symmetrical. 

Taking F as an example, we write ; 

+ ( 10 ) 
where Aand are antisymmetrical and symmetrical components respec¬ 
tively. Associated with this co variant tensor we have a contra variant, F, 
with components F M " and we write : 

F m,/ =s= A MI ' (11) 

The covariant tensor appears to be endowed with a simplicity of structure 
characterised by the absence of any antisymmetric components with the 
suffix 5. 


Thus all these components are of the form A^. 

The simplicity with regard to the symmetrical components appears in the 
contravariant form, for S mn is zero and only components of the type S m5 exist. 

The theory we give is, strictly, not limited in this way but the limitations 
imposed give a simplicity to our formulas and are in accordance with the 
requirements of experiment, which means simply that our results lead to 
Dirac’s equations for the rotating electron. 

F and G are not entirely independent of one another. The relation between 
them calls to mind the relation between a six-vector and its reciprocal. The 
only parts of G which do not occur in F are those associated with its symmetrical 
components. 

Comparison with (3) indicates that the fundamental equations are:— 



(12)' 


(13)' 


* Note added March 22, 1929.—The equations (12) and (13) are not written in their 
invariant form. In the case of (12), for example, we require on the left the addition of 

(T} nia, ke it invariant. But the simplicity in the form of 8 makes this easily 
calculable, and if we consider the case when X = 1 we find that the contribution to the 
left hand side of (18) is — — H* 1 S* 4 where H* 1 is a field component. The factor ~ 

makes this much smaller than the other terms of the equation, and we are perhaps 
justified in neglecting this term in practical cases. A similar observation applies to the 
second order equation. 
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The equation (2) is satisfied if the covariant F is of the form curl w where u 
is a four-vector. We could, of course, introduce the corresponding form here 
for the antisymmetric component. 

We proceed to show that (12) and (13) lead to the equations of Frenckel. 
We have begun with simplifications in the covariant tensor and we must 
examine how this affects the contra variant components. 

We have : 


Thus 


= Y A V 6 A a6 +y*V'S„,. 


= /VAai' 


We have two cases to consider, represented as follows : 

A ,m = Y V*A,* = (14) 

A® = yY*A* = - — g ta <f> b A». (15) 


When the gravitational field is removed, the case we muBt consider in order 
to refer to the equations already obtained, all the (f s vanish except those of 
the form g mm which are unity. In this case 

A lm = A to , (16) 

which simply means that the distinction between contravariance and co- 
variance is lost for these components, and 


A 15 =- - 

me 

where a distinction remains. 

We have also to obtain J* for the contravariant components. 


(17) 


Note that 
Thus 


J*=/‘J. = /‘J a + Y wj 6 . 

T d<L 2 rtime . 

J *= 4 '- 

J. _ - 2™ = 


L 2 
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The equation in which X = 1 may be taken for comparison, and taking 
— y a- 1 for convenience we find : 


d'jf- 


(F 1 *) = J 1 


or 


t.e. 




8A» , 8A 13 , 8A 14 , 8A 16 T1 8S>* 

s^ + a^ + a?" + '^ =;J ~W 

\ 


After inBertion of the values in the absence of a gravitational field 


dA], , 9A 13 

t)x 2 8x a 


8A 


11. 


8a; 4 


2—u: 

~T 

cbj, 

: 8 *' 


(^8A 12 4- ^3^18 + <£4^14) 


2tc(c 


M 


8S^ 


8a? 


(18) 


This equation is identical with the first of the equations (B) of Frenckel’s 
paper, if we identify the quantities he introduces with ours. 

We have, for example, 

A, 2 ™ M s , A 13 = M a , Aj 4 = iNj, 4 1 “ M* 

dS 1 * 27 time ^ 

^ N x . 


The last relation suggests that the differentiation is with respect to x* t from 
which we are led to conclude that the eontravariant components of S which 
occur are those of the form S 16 . We then have : 


S 15 » - N r 

A similar remark applies to the equations (13) which agree with Frenckers 
equations (A). 

The result may be summarised in the following way. The equations of 
Whittaker and Frenckel must be recognised as eontravariant equations which 
possess their simplicity of form on account of the nature of the covariant tensor 
of the field. In investigating this question along these lines the attempt was 
at first made to introduce F and G as antisymmetric tensors. The treatment 
is then particularly simple and very satisfactory in form but in the end certain 
terms are missing. These are associated with the constant me , and Darwin 
has pointed out, in the paper referred to, that this makes the analogy with the 
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electromagnetic equations rattier a loose one. The only way in which it appears 
possible to introduce the missing terms, short of including them in an operator, 
as Darwin or Frenckel do, is to suppose that V is not antisymmetric. This 
appears to be a satisfactory way of filling in the gap and it is concluded that the 
occurrence of electromagnetic mass in the quantum theory is accounted for 
by the symmetric components. 


The Second Order Equation . 


A second order equation in <|; can be obtained from the relation 

grad p ---- J, 

or in terms of the components : 

r 

dx* 


We form the divergence of J which we write: 



(\/ — y or div (grad fp). 


Hence from (12): 


div (grad *) - {£„ (V~r~g F-) j 


(19) 


since the antisymmetric part of F disappears on account of the summation 
over (i and v. 

The left side of (19) is a five dimensional expression and is sometimes written 
O'l' while the corresponding four dimensional quantity is O^. 

We have: 

0+ = a+- 4 f- C r^- 4 | (e*<M m - nM) (20) 


and when this is equated to zero we have the equation for the non-rotating 
eleotron. This is the equation which would be obtained if F were anti- 
symmetrioal. Tho presence of symmetrical components gives a term on the 
right and (19) appears in the form of a more general equation than (20). In 
order to examine the equation in a simple case such as occurs in experiment we 
take the example of a preponderating electromagnetic field, and therefore 
neglect the gravitational field. 
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Omitting the details of the calculation we obtain finally : 


□ 4 * 


Itd'c 


& 


+ *• ^ * 




where 




an equation similar to that obtained by operational 


methods. The fifth equation of (12), which has not been used before, enters 
into this calculation. The equations (13) treated in the same way give a 
similar equation in 0. 


Internal Friction in Certain Tidal Currents . 

By S. F. Grace, University of Liverpool. 

(Communicated by J. Proudman, F.fi.8. —Received February 20, 1929.) 

§ 1. In the application of hydrodynamical theory to the motion of the 
water in the sea or ocean it has long been desirable to obtain some measure of 
the internal friction. Most writers on the subject have considered this to be 
equivalent to the determination of a “ virtual kinematic coefficient of vis¬ 
cosity ” (k), taken to represent the combined effect of molecular viscosity 
and eddy viscosity, and which was supposed to play a part in turbulent motion 
analogous to that of ordinary viscosity in non-tuxbulent motion, except that 
k might vary from place to place. Tin* validity of this supposition has, 
however, recently been questioned.* 

The importance of a knowledge of the internal friction was realised in 1902, 
when Nansen published the results of the Norwegian North Polar Expedition 
of 1893~96.f Subsequently methods for the determination of k were proposed,;{; 
the majority of which, however, involve the assumption that at a particular 

* H. Jeffreys, ‘ Proo. Oamb. Phil. Soc.,’ vol. 25, No. 1 (1929). 

t * Oceanography of the North Polar Basin,’ Kristiania. 

t See, for example, Ekman, “ On the Influence of the Earth’s Rotation on Ocean- 
Currents,” ‘Ark. Matcm.,’ Stockholm, vol. 2, No. 11 (1905); Jacobsen, “ Beitrag star 
Hydrographic der Panisohen Gewasaer,” < Komm. Havunders0 (Kjobenhavn), Ser. Hyd., 1 
vol. 2, No. 2 (1913); Schmidt, “ Wirkungen der ungeordneten Bewegung im Wasser der 
Iteere und Been,” ‘ Ann. Hyd.,’ vol. 46, pp. 367, 431 (1917); Jeffreys, “ On Turbukmoo in 
the Ocean,” ‘Phil. Mag.,’ vot. 39, No. 233 (1920); Durst, ** The Relationship between 
Current and Wind,” • Q.J.E. Met. Soc.,’ vol. 50, p. 113 (1924). 
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place k may be considered to be independent of the depth. The only tidal 
work on the subject is due to J. Proudman* and J. H. Powell.f At the present 
time, however, no laws are known for the accurate prescription of the internal 
frictional forces, they are certainly not the simple viscous forces of non-turbulent 
motion. 

It is proposed in the present paper to take up the tidal work. Powell's 
method is similar to much of the non-tidal work and determines an average 
value of k , independent of the depth. Proudman’s method, however, does 
not depend upon the existence of k, it utilises observations of tidal currents 
and has been applied (Joe. dt.) to observations extending over a fortnight, 
made in 1911 at four stations in the North Sea, viz., at Varne in the Straits of 
Dover, Smith s Knoll off the Norfolk coast, Horn’s Reef and a point Da, o£F 
Denmark. Subsequently, however, observations extending over the two 
separate years 1922 and 1923 were made at Varne and Smith's Knoll, and were 
analysed at the Tidal Institute, University of Liverpool. It seemed desirable 
therefore to make use of these observations^ and at the same time to modify 
Proudman’a method slightly in order to take advantage of results which have 
been established for the frictional resistance of the sea-bottom. To make the 
discussion as comprehensive as possible observations made by Powell (loc. 
cit.) in the Sound of Jura and the Solent are also included, and those at Horn’s 
Reef and Da x , already referred to, arc re-examined. 

The method of procedure, which is outlined in § 3, utilises data giving the 
velocities at different depths, and requires a knowledge of the friction at two 
definite depths. In this latter connection the friction at the bottom is taken 
to be 0*002pV a , p being the density and V the velocity there,§ and then two 
alternative assumptions are put forward, viz., (A) that a component of friction 
vanishes at the depth where the corresponding current component is stationary, 
(B) that the friction vanishes at the surface. The two assumptions (A) and 
(B) are distinct since a current component is found to be stationary with 
depth at some distance below the surface. 

With these assumptions the method is quite definite, but difficulty was 
experienced in performing the actual numerical work on account of the rough¬ 
ness of the data. The current observations at the four North Sea stations 

♦ See the “ Discussion of Geophysical Subjects,*’ * The Observatory,* vol. 46 (1928). 

t 4 IkLN.R. Ast. Soc., Geophys. Suppl.,* vol. 1, No. 6 (1925). 

X The author is much indebted to the 1 Oonseil International pour 1’exploration d© la 
mer,* the body responsible for the observations, for permission to use, and to the authorities 
of the Liverpool Observatory and Tidal Institute, for access to these observations. 

§ See Taylor, * Phil. Trans.,* A, vol. 220, p. 1 (1920). 
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have been made with Jacobsen's current-meter, no observations are avail¬ 
able at the surface or at the bottom, and the depths of the sea-bottom at Vame 
and Smith's Knoll were not noted at the time of observation. With regard to 
the last difficulty, however, it was decided that a value reliably representative 
of the depth at a station would be obtained by adding 5 metres to the lowest 
depth worked there, but that any further accuracy is unobtainable.* 

Again, from the point of view of the present paper, the observations in the 
Sound of Jura and the Solent are incomplete, they appear to relate mainly 
to the motion in the direction of maximum flow ; by making certain assump¬ 
tions, however, they can be used in conjunction with the method outlined 
later. 

Before proceeding with the discussion a summary of the general conclusions, 
which become apparent in the sequel, will now be given ; the results refer to 
the principal lunar semi-diurnal tidal motions existing at the various stations. 
This tidal motion, although the main motion, does not constitute the whole 
motion of the water at a station ; the results therefore, while directly applicable 
to the semi-diurnal lunar tide, can only be regarded as approximate when the 
whole motion is to be considered. 

(а) The results obtained for the years 1922 and 1923 at Vame and Smith's 
Knoll, under either of the assumptions (A) or (B), are separately consistent, 
thus showing that the conditions at a particular place persist with time and 
indicating that the results are representative of these conditions. 

(б) When the maximum current is flowing at a station the frictional force, 
with which the water above a horizontal section acts on the water below, 
increases with the depth, the maximum friction being found at the bottom. 
Under assumption (A) the friction is negative at the surface and increases 
through zero (where the current is stationary with depth) to its value at the 
bottom; under assumption (B) the friction increases from zero at the surface 
to its value at the bottom. 

When the current is weak, the frictional force is small, and in general also 
increases with the depth. 

(c) The actual values obtained for the friction vary from place to place, 
thus they are large for the Sound of Jura and very small in comparison for the 
station I)a r At a particular station the numerical value obtained for the fric¬ 
tion at any depth, other than at the bottom, depends upon which of the 
assumptions, (A) or (B), is made. 

* The author here wishes to thank Dr, J, IN. Oarruthers, of the Ministry of Agrioulturt 
and Fisheries, for his advice and for the trouble he took in this connection. 



Internal Friction in Certain Tidal Current#. 


153 


(d) Under assumption (A) the average value of the frictional force at the 
surface at the instant of maximum flow, for the two North Sea stations, Vamc 
and Smith's Knoll, is about 1*6 dynes/cm. 2 . If the friction at the surface is 
of the same form as at the bottom and due to air-resistance, an average wind 
of, say, 40 m./sec., blowing in the direction of maximum flow, would be necessary. 
This wind velocity is much too large. Although, as explained later, the surface 
values are Bomewhat uncertain, it seems that the assumption (A) requires the 
existence of a surface drag which cannot be explained simply as being due t-o 
air-resistance, and for which at present no explanation is available. 

(e) The variation of the current with depth at any station is such that the 
maximum current is found at some distance below the surface. Considering 
a horizontal section containing this maximum current, (A) assumes that the 
(turbulent) motion is such that the water passing down through the section 
carries with it as much forward momentum as is carried by the water passing 
up through the section. Under (B) however, the water passing down must 
carry more forward momentum than that passing up, but the mechanism 
by which this can be effected is unknown to the author. In rivers or 
channels it is assumed to be brought about by a transverse circulation, 
which has been attributed* to the effects of the sides; similar reasoning 
cannot, however, be applied to the motion of the water in the open sea. 

The present paper is to be regarded as a preliminary survey on tbe subject 
of internal friction in tidal currents. During its preparation points have 
arisen which seem to call for further investigation, for example, it seems 
advisable to enquire further into the points at issue in (d) and (e) above. The 
work of the present paper was undertaken on the suggestion of Prof. J. Proud- 
man, to whom the author is again greatly indebted for advice ; tbe calculations 
under assumption (B), however, were suggested by Prof. G. I. Taylor. 

General Equations . 

§ 2. The discussion deals with motion in a restricted region of the earth’s 
surface, and the mean surface of the sea may therefore be assumed to be a 
horizontal plane. A system of rectangular axes 0 xyz is taken, with 0 xy in 
the mean surface and Os vertically upwards, so that for a point in the sea z 
will usually be negative. 

The horizontal acceleration components for small motion take the form 

2ow, ^ + 2ceu, 

* Gibson, * Hydraulics,* 3rd ed., p. 331. 


0) 
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where u and v are the components of velocity parallel to Oas and 0 y, t is the 
time and to the component of the earth’s rotation about the vertical. 

Neglecting horizontal turbulence, the components of force per unit mass of 
the sea are 


1 dp , 0£ . 3F 

;s + »je + s' 


i Sp ac , 3 g 


where — in the potential of the external disturbing forces, pF and pG are 
the components of frictional force per unit horizontal area with which the 
water above acts on the water below, and p, p, g have their usual significance. 
Ignoring the vertical component of acceleration, it is seen that 

1 dp 

- = —<h 

p cz 

and, on integrating, 

P-=Po + 9?tt- z )> 

p 0 denoting the (uniform) atmospheric pressure-intensity and £ the elevation 
of the free surface of the sea above mean sea-level. 

The horizontal force components now take the form 

0 - 0F 0 - 3G 

-'SK-O + tf. + y 

so that, writing ^ ^ ~ the equations of motion become 


2 s=i'. 


- g -& + Tz' -5 + 2 ““ 


It may here be noted that the left-hand members of these equations are 
derivable from the observations whereas the quantities on the right are to be 
determined. 

Now let a be the speed of the principal lunar constituent of tidal elevation, 
i.e. a = 1 *41 x I0“ 4 sec.*” 1 , and let the terms of of period 27r/a be written as 

cos at + £ a ' sin at. 

Similarly, consider w, v, F, G analysed into their periodic terms, so that the 
constituents of period 2n/a are 

u x cos <rf + w a sin at, .. Q x cos at + G a sin erf, 

and, finally, let the corresponding acceleration components (1) be written in the 
form 

f x cos at 4 -ft sin at, g x cos at + g% sin at, 


au 2 — 2cot?j, 


a u x — 2<ev a ,’ 
av x + 2cow a , 
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and the equations of motion become 



On integrating from the bottom (z = — A) to a height z, it follows that 



( 3 ) 


W 


together with three similar equations, f x being the moan value of f x over the 
interval and F* the value of F x at the bottom. 

Now it seems to be fairly generally accepted that the friction at the bottom 
of the sea is proportional to the square of the velocity there, the coefficient 
of proportionality being 0*002p, i.e., if V is the velocity at the bottom with 
components u and v, then 

P* - 0 • 002V w. G h 0*00‘2Vt;. 

Hence by finding the constituents of F*, G* of period 27x/a, the values of F/*, 
V 2 \ G A \ G 2 a are determined. 

Two alternative assumptions, (A) and (B), are now put forward 

(A) Examining the variation of the current-component u x with depth, if 
at any point a well-defined maximum occurs, then it is assumed that at this 
point the corresponding component of internal friction F x vanishes. If this 
occurs at z = — h\ then F x = 0, and 

A - 9~^r h-h" ( ’ 


where F,*', J*' have been written for the values of F„ /, corresponding to 
z s — h'. Similarly with the other components. 

(B) The alternative assumption is made that, at the surface, 
i\ = F s « G, » G a » o, 

so that 

(6B) 

together with three similar equations, A° denoting the value of A for * = 0. 


Method of Procedure. 

§ 3. The observations at the North Sea stations give the currents at various 
depths, these have been analysed into their harmonic constituents and the 
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values at the surface and the bottom found by extrapolation. If the semi¬ 
diurnal lunar constituent is isolated, this constituent is such that the 
mean velocity for depth has a maximum and a minimum in directions at 
right angles and the hodograph is an ellipse. The horizontal axes Ox, 0 y are 
taken parallel to the principal axes of this ellipse, Ox being the direction of 
maximum, 0 y that of minimum flow. 

In accordance with the notation of the previous section, the values of u Xt 
u 2 > v i> v 2 depths 0, 2*5, 5, 10, 15, ... metres and at the bottom are therefore 
determined from the observational data, and the time origin is so chosen that 
the mean values for depth of u 2 and arc zero ; the values, other than those 
obtained by extrapolation, are given in Table L It may be noted that the 


Table I, 


Depth. 

Metres. 

cm^seo. 

om./sec. 

7 

ora./sec. 

om./seo. 

7 

om./soc. 

om./seo. 

7 

om./seo. 

7 

om./seo. 

2*5 

6 

10 

16 

20 

26 


Vame (1922). 


Varne (1923). 

72*6 
| 76*2 

I 74*6 
! 72*0 
; 70*6 

i 66*8 

L.. 

1*2 
—0*4 
— 1*7 
-0*4 
0*7 
0*6 

-1*5 
—1 *4 
0*0 
0*0 
1*7 
M 

- 10*6 

-11*9 

-12*9 

-11*9 

- 11-2 

-10*3 

-4 ~4 QO QO Q? . 

oi ea *-<* h- 

Ill, 

oooooo 

fc® 0 » 1— ** 

-3*2 

-2*5 

0*7 

1*7 

1*9 

0*7 

- 10*8 

— 12*2 

- 11-6 

- 12*6 

- 11*1 

-10*7 


Smith's Knoll (1922) 

i 


^ Smith's KnoU (1928). 

2*6 

91*6 

2*0 

3*1 

-15*0 

88*0 

1*0 

3*0 

- 11*2 

6 

09-4 

1*4 

1*9 

— 16*9 

08-9 

0*7 

0*2 

-14*6 

10 

96*2 

1*8 

2*7 

-16*9 

94*9 

1*5 

0*3 

- 11*6 

16 

91-9 

- 0*2 

0*9 

-15*4 

00*8 

0*5 

- 0*6 

— 12*1 

20 

86*6 

— 1 *6 

- 1*8 

- 10*8 

86*0 

0*8 

- 0*0 

- 8*1 

26 

80-4 

- 0*2 

-M 

- 9*6 

79*2 

-0*7 

- 2*0 

- 9*7 

30 

! 

71*8 

i 

- 1*6 

-2*7 

- 8*6 

70*9 

-2*3 

-0*3 

- 8*4 


Horn's Reef. 




2*6 

6 

10 

16 

20 

26 

20 

36 

40 

46 

60 


46*4 

- 1*6 

61*0 

-4*1 

53*0 

- 0*8 

42*9 

2*9 

28*2 

0*9 

22*9 

1*5 

18*7 

- 0*6 


—11-7 

10*4 

2*8 

1*2 

- 5*0 

-18*2 

12-6 

0*3 

0*1 

- «•# 

-19*0 

1S'2 

1*3 

0*3 

- 7*1 

- 9*5 

13-9 

1*2 

1*8 

- 7*6 

3*7 

13-7 

- 0*1 

1*5 

- 6*6 

12*9 

14*9 

0*6 

- 0*1 

- 6*1 

14*9 

13*1 

0*7 

0*0 

- 7*1 


13*8 

0*6 

0*2 

- 6*6 


12*6 

— 2*1 

—0*4 

- 6*1 


12*4 

- 1*6 

- 1*8 

- 6*6 


12*6 

- 1*6 

-1*9 

- 4*5 
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values at the surface and at the bottom are somewhat doubtful and estimates 
only can be given as to the probable values. 

The observations for the Sound of Jura and the Solent may be considered to 
give the values of u x at the surface and at intervals of a quarter-depth, the 
values at the bottom being deduced from those ; they are given in Table II.* 

Table IL 

Total depth. __ 

Metres. 

0 . 


Jura 
Solent 


The values of f v / 2 , g v g., are next, evaluated by substituting in equations 
(2), and f v ft* 9i> 9t> ft 8 defined in the previous section, are then obtained. 

The quantities F x \ F g \ G,\ G a * are rather troublesome to determine ; for 
their evaluation use was made of the Tide-predicting Machine at the Liverpool 
Observatory and Tidal Institute.! The values of the harmonic constituents 
of the easterly and northerly components (V B , V N ) of the velocity at the bottom 
are set separately on the machine, hourly values of V B and V N then read off 
over an interval of 15 days, and from these values those of V = (V B ® + V» 2 ), 
VV B and W N are obtained. The sets of values W B and VV N are then separately 
analysed for the semi-diurnal lunar constituent.^ A knowledge of this with 
reference to the axes 0 xy leads to the determination of F/, F 2 fc , Gj\ G 2 * as 
explained at the.end of the preceding section. 

(A) Considering now the variation of u x with depth at any station, this 
quantity is found to exhibit a well-defined maximum value at some point 
below the surface, the position {z = h f ) of which can be determined approxi¬ 
mately from a graphical representation of u v Equation (5A) then provides 
the value of g , d£ x 'fix, and from equation (4) the values of F* at various 

* The data in Table II are taken as being representative of the set of observations given 
in the original paper. 

f The author here wishes to express his thanks to the authorities of the Liverpool 
Observatory and Tidal Institute for facilities offered in this connection and in particular 
to Dr. A. T. Doodson for advice regarding the use of the machine. 

J See Doodson, * Instructions for analysing tidal observations/ H.M. Stationery Office, 
London. 


U 68 ISO 178 160 152 126 

A mm 45 175 172 159 136 104 

. .i__ ___i_J.,_.. 


u x in cm. /sec. 

A/4. A/2. 3A/4. A. 
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depths may be obtained. Similar work may also be performed using the 
equations involving respectively F 2 , Gj and G 2 . 

(B) When F x h is known, g . is found from equation (5B), and equation 

(4) then provides the values of F r The values of F a , G x and G 2 are similarly 
determined. 

In order to adapt the observations for the Sound of Jura and the Solent to 
the discussion, it is assumed that 

u 2 = v x = v 2 = 0. 

There is some justification for this in that, in a narrow channel through which 
a rapid current flows, v x and v 2 will be small compared with u v and u 2 will 
also be small. 

ResuUs. 

§4. The variations of and v % with depth at the different stations are 
shown in diagrams I and II. The curves in diagram I are obtained by plotting 
n x ju x against depth for the observations at the various stations ; in order not 
to confuse the diagram, however, the curves for Varne and Smith's Knoll, 
which relate to different years, are replaced by their means. Diagram II 
is similarly constructed to exhibit the variations of v 2 jv 2 ; there are no curves 
on this diagram relating to the Sound of Jura or the Solent, since according to 
assumption v 2 is zero. The method of distinguishing between the various 
curves is explained on diagram I, and is followed in diagram II. Curves show¬ 
ing the variations of u % and v x with depth have not been drawn ; these quantities 
are always small and oscillate about the value zero. 

A point which arises from the forms of the curves in diagram I is that whereas 
the curves for the Sound of Jura and the Solent have their maxima very near 
the surface, those for the North Sea stations are well below, say at depths 
somewhere near 0 ■ IGA. The latter result stands in good agreement with that 
obtained for the steady flow of water along a horizontal channel.* 

No difficulty is experienced in applying the method of the previous section 
when assumption (B) is made. Under assumption (A) no outstanding difficulty 
occurs when use is made of the equations involving V v but the roughness of 
the observations imposes a restriction on the application of the method to 
the equations involving F a , G x and G 2 . The quantities F a , G v G 2 are all small 
compared with Fj and, according to assumption (A), should vanish where the 
corresponding velocity components are stationary with depth. Now a glance 
at the diagrams I and II shows that whereas the u x curves, excepting that for 
Dftj, each exhibit a single maximum, some of the v 2 curves appear to have two 
* Cj. Gibson, 1 Hydraulioa/ 3rd ed., p, 330. 
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or more stationary values. The wavy appearance thus communicated to the 
v a curves is also a feature of thovse representing the variations of u 2 and v v 
and of u x for the station Daj. 

This wavy appearance may be due to eirors of observation and could be 
eliminated by smoothing processes. It was felt, however, that such processes 
are undesirable in that it is never certain whether they do or do not eliminate 
actual phenomena. It was decided therefore to work with actual rather than 
with smoothed values, so that in the results exhibited no attempt is made at 
smoothing. 

In the case of the station Da t the values of u x are small. The graph of 
exhibits a definite maximum at a depth of 10 metres, but maxima also appear 
at depths of 25 and 35 metres. The occurrence of theBe secondary maxima 
complicates the discussion under assumption (A); the work has, however, 
been included but the results cannot be regarded as entirely satisfactory. 

It is interesting to note here that w 2 and v x being small, F 2 and G x should 
also be small, so that from the equations of motion it follows that / 2 and g x 
should be nearly constant. Since, however, 

/* == — ^ y x = av 2 + 2om 1 , 

this means that any largo variation in % should be balanced by a large variation 
in u 2 , since a and 2o> are of the same order of magnitude. The diagrams I 
and II indicate that this is the case. 

It will no doubt be conceded that there is general agreement between all 
the u x curves and also between all the v 2 curves, with the exception of those for 
Horn’s Reef. At Horn’s Reef the variation in u x is so large that v 2 has to change 
sign between the surface and the bottom.* Further v 2 exhibits a stationary 
value near the bottom, in addition to the one near the surface, which cannot 
be the result of an error of observation but seems to be necessary from con¬ 
siderations of the drag-effect of the bottom. 

The occurrence of the two stationary values exhibited by the v % ourve for 
Horn’s Reef permits the direct calculation of G z h under assumption (A). 
The value thus obtained is not in good agreement with that obtained by the 
method outlined in § 3. To obtain agreement the motion at the bottom, which 
is obtained by extrapolation from the observations, must be slightly altered. 
The effect of this is to produce a motion, which although a possible deduction 
is not the obvious one from the observations, i.e., the effect of the bottom at 

♦ The ourve in diagram II for Horn’s Reef has been drawn by plotting — vj\ v,l against 
depth, since, on account of the positive and negative values of v 2 , v t is small. 
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Horn’s Reef on the motion of the water in the immediate neighbourhood may 
be one which would not be deduced from the observations. The consequence 
is that for this station the results may be somewhat unreliable. Otherwise 
since, as indicated by the forms of the u x and v % curves, the motion at Horn’s 
Reef is in a way exceptional, it. is possible that horizontal turbulent effects 
occur here, in which cast' the equations of § 2, obtained by neglecting horizontal 
turbulence, no longer hold. Observations for the years 1922 and 1923 for 
Horn’s Reef have been made but have not yet been analysed ; if the analysis 
becomes available it will be interesting to see if the observations utilised in 
this paper are at all exceptional. 

Table Ill gives the variation of F, with depth at the various stations, obtained 
under assumption (A), while Table IV gives the variations of F v F 2 , G J? G 2 
under assumption (B). The values of F a , G t and G 2 under (A) are in general 
smaller than those under (B); the former tend to vanish at points where the 
corresponding velocity components are stationary with depth, while Table IV 
shows little tendency for the latter to vanish other than at the surface. The 
values of F 2 , G } and G 2 under (A) art' not given since they are small, and also 
because there is not always good agreement between the depths at which they 
vanish and those at which the corresponding velocity components are station¬ 
ary ; this may however, as already pointed out, be due to the roughness of 
the data. On the other hand, under (B), there is no criterion to restrict the 
variation of the friction component's, they are given as deduced from the 
observations. 

The average value of F t at the surface for Varne and Smith's Knoll, under 
assumption (A), is 1 ■ 6 cm. 2 /sec. a In order to obtain some idea as to whether 
or not this surface-drag effect can be produced by air-resistance alone, it may¬ 
be assumed that a constant wind of speed V blows in the direction of maximum 
flow. If the expression for the friction at the surface is of the same form as 
at the bottom, then the component of frictional force at the surface in the 
direction Ox is given by 

pF ^ 0-002 Prt (V — w, cos otf, 
when the wind is in this direction, and by 

pF — 0*002 p a (V -f u x cos a/) 2 , 

when the wind is in the opposite direction, p a being the density of air. In 
either case 

pF t *=- - 0*002 p a . 2 \u x , 

giving V bs 40 m./sec,, a value, however, which is much too large. 

VOL. exxiv.— a. m 
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Table HI. Values of i'\ (cm. 2 /sec. 2 ) at Various Depths (A). 


Depth. 
Metros. 


Smith's Kuoll. i 1 


(1922). ! (1923). (1922). j (1923). 


]| ^” 1 ’ 8 I l)a L . j Jura. Solent. Depth. 


0 — 1 • 78 

—1*91 -1-35 ! 

— I 37 -0*6 

0-0 [ —2* J 

-1*1 

0 

5 —0*30 

-0*21 0*00 1 

0-00 : -0*3 

0*0 | 0*4 

4*0 

A/4 

10 1*39 

1*59 1*33 

1*22 i; 0*1 

0-0 14*8 

10*2 

A/S? 

15 3*10 

3*54 2*70 [ 

2*43 1| 0*3 

0 0 23*3 

15*9 

3 A/4 

20 4*78 

1 5*53 4*00 ^ 

3*03 0*4 

0*1 31*8 

21 *0 

h 

25 (5*47 

i 7*52 ! 5*35 ! 

4*82 0*5 

0*1 



30 8*09 

9*33 0*01 | 

0*14 0*0 

oi ! 



32 

1 > 

’ 0*7 




35 1 

7-88 1 

7*03 j: 

01 1 



40 | 

! - j 

! 

! 0-2 l : 



45 f 

; ' i 

!| 

| 0-3 j 1 



50 

! I 

! 


; 0-3 ; 



55 

_ 

1 

i 

il i 

[ 0-3 j 

1 ! 

i 

i 


Table IV. 

Values of F J? F 2 , ( 

[j v G 2 (cm. 2 /sc*( 

;. 2 ) at Various Depths (H). 


Horn’s Reef. 



F,.l F,. 

o». 

! i 

G 4 . j Fy ; 

! i ; 

F 8 . j Gj. ; g*. j 

F.- 

| 

F*. j 

G t . 

<V 

F,. 

5 1 

118 —0-04 

-0*12 

—0-30-1 -38 

0-20 -0-38 -0-34 

0*2 

0-li 

0*1 

0-2 

-01 

10 

2*58 0*05 

-0*30 

-0*402*87 

0-63 -0-73 -0-65: 

0*5 

0-2| 

0*3 

0*4 

-0*1 

15 

'3 99 0-00 

-0-38 

-0*40;4*50 ! 

0-f4 - -O'88 —0-58 

0*0 

0*3 

0*4 

0-5 

-0*1 

SO 

5-38 -013 

-0*41 

- 0*54 0* 17 

0*41 -0*77 -0*50 

0*0 

0 * 2| 

0*6 

0*5 

0*0 

20 

0*76 —0*43 

—0*33 

-0-60|7-84 

0*03( —0*00 -0*55; 

0*7 

0-1] 

0*4 

0*5 

0*1 

30 

8*09 —*0*97 

— 0-07j 

—0*78|9*33 

-0*60 -0*22 -0*73j 

0*6 

0*0 

0*1 

0*5 j 

0*0 

32 


1 

j 

! 1 

0*7 

-0*l| 

o*i ! 

0*5 | 


35 

i 



i 



j 

i 

0*0 

40 

i 



i ' 

j 


1 


j 

0* It 

45 

! 


I 

i 1 1 





0*2 

50 

i ! 



! j 


j 



0*3! 

55 

1 ; 



1 ! 

! ; 


i ! 



0-3| 


Smith’s Knoll. 


- Jura-. 




(1922). 

! 

(1923). ! 

..1 . 





' Fy 

F,,. j G 1 . 

(j,. i j 

F t . | 0,. j U s . || 

Fy 

1 K >- 


5 

!l* 15 

0*13-0*18 

0 02|M8 ; 

0-08 -0-12 0-07|j 

7*9 

! 5*4 

A/4 

10 

;2*30 

0*70 -0*67j 

0-032-20, 

0-69 -0-681-0 04; 

15*9 

10*8 

A/2 

15 

:3*47 

l*0l|—0*98j 

0-063-2L! 

1-09 -1-08! —0 • 17| I 

23*8 

i 16*2 

i SAM 

20 

4*64 

! l*lli —1-17: 

0-014-22 

l-28;-l-31I-0-31 1 

31*8 

21*6 

: A 

25 

5*73 

! 0-99I-1-24I 

-0-10 8-21; 

1 ■ 13—1 -34;—0-48 




30 

6*80 

0*441—0*98! 

-0-260-34 

0-42 -0-90,-0-66 



| 

35 

7*88 

—0*09|—0*27; 

-0-41:7-63 - 

j i 

-0-84' 0-02',—0-43 

! ! li 


j 
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It should be noted that since the values of u v u 2> v. z for the North Sea 
stations at the surface and the bottom, and for the Sound of Jura and the 
Solent at the bottom, are obtained by extrapolation, a certain amount of 
latitude arises when fixing these values. The methods of the present paper 
require an accurate knowledge of the conditions in the neighbourhood of the 
bottom, thus the actual numerical values given to the components of friction 
may be slightly in error. 


Tire Relativistic Theory of an Atom with Many Electrons . 

By J. A. Gaunt, Trinity College, Cambridge*. 

(Counnuriicatiid by Li, II. Fowler, F.Li.S.—Received March B, 1929.) 

§ 1, Introdmtion. 

This paper derives the ordinary classification of multiplets, and the selection 
and summation rules, from Dirac's relativistic equation. The non-rolati viatic 
theory of the inner quantum number j and the magnetic quantum number u t 
and their selection rules, wasc worked out for an atom with any number of 
point-electrons by Born, Heisenberg and Jordan, using matrices, and by Dirac, 
using ^-numbers.! The two methods are equivalent, and depend principally 
upon the properties of the total angular momentum. § 2 points out that the 
total angular momentum has the same properties in the now theory, so that the 
previous work can be taken over with scarcely any amendment. 

§ 3 deals with a selection rule that has received little theoretical attention. 
The azimuthal quantum number for a single electron is denoted by k , and SA* 
is the sum for all the orbits involved in a given state. It is known empirically 
that SA always changes by an odd number.} This is the basis of the dis¬ 
tinction between S, P, D, ... and S', P', I)', ... terms. The rule is proved 
rigorously in the absence of external fields. A practical consequence is that 
the 0 + f lines of nebular spectra, if rightly identified, can occur only in electric 
or non-uniform magnetic fields, for they have ASA — 0. 

A g-number theory of multiplets has not yet been developed, and we treat 

t Bom, Heisenberg and Jordon, 1 Z. Physik,* vol. 35, p. 557 (1926); Dirac, ‘ Roy. Hoc. 
Proc.,* A, vol. Ill, p. 281 (1926). 

t Hund, 4 Linienspektren,* p. 132 (Berlin, 1927). 

M 2 
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them by means of wave-mechanics in §§ 4 and 5. The azimuthal quantum 
number l is defined, although it cannot easily be expressed in terms of simple 
dynamical variables. The values of j appropriate to a multiplet of given l 
are deduced. They are generally derived by an argument about the com¬ 
position of quantised vectors. This idea provides a very handy rule-of- 
thumb, but it is desirable to support it by a theoretical argument. 

Finally, the summation rules for the intensities in a multiplet is proved to 
a first approximation. By “ intensity ” is meant a conventional intensity 
proportional to the square of the matrix-component of the electric moment; 
it is obtained from the Einstein A coefficient by dividing by the cube qf the 
frequency. This part of the theory neglects quantities as small as the ratio 
of the spin separations to the total energy. 

§ 2. The Quantum Numbers j and u, and their Selection Rules. 

The atom consists of n electrons in a central electrostatic field of potential V. 
The electrons are formally distinguished by suffixes 3, 2, ... n ; and for this 
reason Dirac’s matrices are denoted by a x , g v , ct* (forming a vector or), and 
p\ p", p"\ The spatial co-ordinates x , y, z form a vector r of magnitude r; 
and the momenta p x , p v , <p t form a vector p. The distance between two 
electrons a and b is 

The wave-equation for a single electron is 

LH-EH-0, (3) 

where 

H EE me 2 — cV — cp'(o* . p) —- 

Dirac defines the orbital and total angular momenta of an electron by 

m “ r X p, M =■ m + \h a . (2) 

(x denoted a vector product). He shows that 

M commutes with r and H, (3) 

and proves formula) such as 

M*x — tM x rr. 0; — xU v = — ihz ; — xlA t = thy, (4) 

and also 

M X M — ih M. (5) 

We define the total angular momentum of an atom with n electrons to be 

G^2M 0 . 


( 6 ) 
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Since variables belonging to different electrons always commute, (3) shows 
that 

G commutes with r a and H a . (7) 

Also from (4) 

laS^x “ b , 1 1 xt/a HcS^x ih>Z a , ^' a (i t ™ //i// a , (8) 

and from (5) 

GxG = SM fl xM fl = E ihM a « i*G. 

a a 

Thus G has all the properties of the total angular momentum of a single electron, 
or of many point-electrons in the older theory, if it is a constant of the motion. 
The wave-equation for the atom with n electrons is 

IF - E] T - 0, (9) 

with the Hamiltonian 

FESH^ + SP*. (10) 

a ab 

The energy of interaction of two electrons isf 

p* = [ 1 - Pa?b ( . cr 6 )l e*/r ah . 

We require to prove that G commutes with It evidently commutes with 
p a ', p*\ Its relations with and ( cr a . cr 6 ) must be investigated. 

We find from (8) 

+ ya*b)> 

— *A&w = " (»A + VA)* 

Addition shows that G* commutes wdth (r a .r ft ). By (7) it commutes with 
r a 2 and r b 2 . Therefore it commutes with r^ 2 . Now 

G/oft* G-*. = (Gj./'aj ?ab^*3i) *ab *4* r ab r^G^). 

Since G* is linear in the momenta, the bracket on the right is a function of the 
co-ordinates only, and commutes with r^ Hence it must vanish, to make 
the left-hand side vanish. That is, 

G k commutes with r^. 

Similarly for G„ and G g . 

By Dirac/s formula (8)J 

®am ( &) ™ ®b* 4 “ ^cuPby ^av^bx* 

( °"a * °*&) — iVa&bv 4~ l ^av°bf 

t Gaunt, * Roy, Soc. Proc.,* A, vol. 122, p, 526 (1929). 

X &>c, ctf.» p* 015. 
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That is 

»•( *a* **) X CT^, 

( Cj a . cr fc ) a,, = cr fc + i X cr*,, 

so that 

( cr a f a„) ( a (I . cr,,) 9 h f- cr rt - ( cr a . a b ) ( cr a 4- cr 6 ). 

Hence G commutes with ( o a , a b ). 

This completes the. proof that G commutes with P^. Since it commutes 
with H rt also, it commutes with F and is a constant of the motion. The 
total angular momentum now plays exactly the same part as in the older 
theory and in the. theory~of the hydrogen atom, and for proofs of the various 
formulae the, reader is referred to the papers cited above.f The argument is 
only outlined here. 

G 2 commutes with G, so we may write 

= 1)A*; uh, 


where // is a quantum number similar to Dirac's j. and u is the magnetic quantum 
number. The characteristic values of m z are integral multiples of A, and those, 
of cs % are ± ]. So by (2) and (6) the values of u must bo multiples of J of 
the same parity as n. 

Since by (8) 


— Z 9 ii M = 0 } 

F'x ( J 'a + %«) {?a + Hfa) * (*« + *?/«), 

<** (** - — fan — "/«) = - * (‘ r « . V/a)' 


we find for the matrix-components of the co-ordinates 
( M il 2 «l M 2) =* 0 unless u x w 2 
(wj |#« + |w 2 ) = 0 unless = v 2 f 1 > , 

(«! |x a — ijy 0 |w 2 ) = 0 unless u x = w 2 — 1 


( 11 ) 


These give the usual polarisation rules, with Aw — 0 or : F 1. 

The rules (11) hold when 0*, G v , G 2 are substituted for x a , y a , z a . Hence 
the equation 

(Q. + *G V ) (G* - /G„) - G 2 - 0/ + M\ 
has the diagonal component 


(w \G X 4- tG *! u — 1) (** — 1 (0^ — /‘G v | w) = (g 2 -- J — n 2 4- w) A 2 . 


tOr to Birtwistle, ‘The New Quantum Mechanics * (Camb. Univ. Press. 1U2S), 
pp. 107-8, lift. 
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When u has its minimum value the left-hand side must be replaced by 0 ; 
therefore 

w mtn. “ — 1/7 I 4* £• 

By a similar argument 

w irmx. Iff I i * 


Thus the range of u is indicated by 

~~j< u <j, 

i = Iff I - h 


where 


( 12 ) 

(l.:5) 


(12) shows that j is the inner quantum number of spectroscopy. 
By repeated application of (8) it is found that 


G 2 G 2 r 0 - 2(«r a G* + ;#! J - 2A*{Gftr. f x a W - 2(G . r w ) x a } 9 (14) 

and also that (G . r a ) commutes with G, and so with G 2 . 

Define a vector s a by the equation 

G*s 0 ----- (G . rj G. 

Then G 2 commutes with s a , so that 

(<h\ S a\fh) ' = 0 |, 9 ,|— |.9 a |. (15) 

By (14) we have 

G*G* (r 0 - s„) - 2 G 2 (r n - sj G 2 + (r„ - *,) G*G* 

- 2A*G* (r. - 8 .) + 2 ** (r a - s a ) G*. 

Hence (g x |r a — s 0 |# 2 ) vanishes unless 

(ffi 8 - i) 2 - 2 (g* - 1) (g t * - *) + (ff 2 2 - D* - 2 (y x > - J) -f 2 (<, 2 * - j), 

that is 

ffi - ± ff 2 ± 1 > 

with (15) this gives 

(, 9 i I r o 1 9») — 0 unless . 9 , ± < 7 2 or ± <f z ± 1 . 

By (13) these conditions may be written 

h = h or i*± 1, 


which is the ordinary selection rule for ,/. It is rigorous for the dipole radiation. 
It shows that the values of j differ by integers ; they are, like the values of u, 
multiples of £ of the same parity as n. 

The relative intensities of the Zeeman components in a weak magnetic field 
may also be calculated exactly as in previous theories. 
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§ 3, The Selection Rule for 

In proving the selection rule that A Si is odd, we shall admit a magnetic 
held with a vector potential A which is an odd function of the spatial co-ordinates. 
This treatment is both more general and more convenient, since degeneracy 
is removed. A special case is that of a uniform magnetic field. The 
Hamiltonian for a single electron is now 

II EE — we 8 — eV — p' ( o*. ep + e A) — p mr~. (16) 

Consider the effect of reversing the axes of co-ordinates, without, however, 
altering the spin co-ordinate. That is, x , y, z are to be replaced by — x t 
— y, — z f and p by — p. By hypothesis, A becomes — A, but V is unchanged. 
The new Hamiltonian is 

H (—) EE — me 2 — eV + p' ( a*. cp <?A) — p'" me 2 , (17) 

Now multiply (16) by p" ; in front and behind. This variable anticommutes 
with p' and commutes with the other variables in (16), and its square is unity. 
So (16) is changed into (17). That is 

H(-) = p'"Hp"'. (18) 

We define the product 

P-(~)*Pi'W'...P»'''. (19) 

(The convenience of (— ) n will appear later.) Then (18) may be written 

H 0 (—) — pH a p. (20) 

for p b ” commutes with H a (b 9^ a), and its square is unity. Also p commutes 
with p a 'p*', since pf" and p 6 "' anticommute with p 0 ' and pf respectively 
and the other factors commute. Thus p commutes with which also i.s 
unaltered by the change of sign. Therefore by (10) and (20) 

F (—) =as pFp. 

We obtain, then, on changing the sign of the spatial co-ordinates in the 
wave-equation (9) 

[pFp-E] Y (—) = <>, 

or, after operating with p, 

[F - E] p Y (-) = O. 

Thus pY (—) satisfies the wave-equation (9) with the same characteristic 
energy E ; and it is bounded and vanishes at infinity. Therefore 

pY (-) = XY 

where X is a constant, which we will prove to be ± 1. 


(21) 
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At this point a lemma must be introduced. If a and {J are two Hermitian 
spin-matrices, whose terms are denoted by x M ,, and (3 M ,,; and if components 
of the wave-function are similarly denoted by T M ; then 

s(«n*(pn,~ s («„ K r r r p w Y T 

M Hit'll 

- 2 x v* <v 4‘ r 

Mt V, T 

« £ X Y* («pT)„. (22) 

\ 

We can nowjind X. The sign | is used to denote an integration over the 

whole range of the spatial co-ordinates, and a sum over the values of the spin 
oo-ordinates such as occurs in (22). By an obvious transformation 

X 2 j T (-)* 4' (-•-) = X 2 | 4"* 4" 

= 1 (pV(-))*pV(-) 

= f 4 , ‘ (—-)* 4^ (—) 

by (22), since p 2 = 1. Thus X ^ db and after an operation by p on (21) 

T <-> - ± pV. (23) 

The states of the system fall into two sets, according to the sign that must 
be taken in (23). The state (or wave-function) is called “ even ” or “ odd,” 
according as the sign is 4* ox —. The selection rule we are proving is that an 
ordinary emission or absorption involves one odd and one even state. 

Suppose that the states m and n are both odd or both even ; and let X be 
a component of the electric moment of the atom (or any odd function of the 
co-ordinates that commutes with p). Then 

f 4V XT,, = - j ¥.(-)• X4" n (—) 

- - f (pVJ* X P T„ 

=.j VXT, 

by (22). Therefore the (mn) matrix-component of X must vanish, and the 
corresponding transition is forbidden. 

Before we can express this role in terms of we must be able to assign 
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to each state of the atom the appropriate electronic orbits. The idea of 
separate orbits is strictly applicable only to an atom in which there is no inter¬ 
action between the electrons. Wo must therefore pick out the state of this 
simpler atom which is the first approximation to the given state of the more 
life-like atom, and which changes continuously into it as the interaction is 
increased from zero to its normal value. If this is done correctly, the general 
theory must hold for the first approximation, and can therefore be expressed 
in terms of the orbital quantum numbers. 

The first approximation to the wave-function is 

^(i)4,,(2)... <m«) m 

where are solutions of Dirac’s equation (1); («) summarises the 

co-ordinates of the ath electron ; and the signs are chosen so as to make X Y 
antisymrnetrical. We have to determine the sign to be used in (28) when l F 
is given by (24). 

For a single electron, (28) becomes 

+ (-)— Xp'"+ (25) 

where a — ± 1. p'" is a diagonal matrix whose final component is — 1 ; 

so the fourth component of equation (25) is 

+ 4 (-)= X+ 4 - (26) 

If the azimuthal quantum number is k , Dirac’s j is either k or — k — 1, but in 
either case ^4 is a function of the radius alone multiplied by a tessera! harmonic 
P fc \ Now 

Therefore in (26) 

* - (-)* 

Applying equations like (25) to the wave-function (24), we obtain 

¥(-)«* 

where is the sum of the azimuthal quantum numbers of the electronic 
orbits. Thus the sign in (28) is + or — according as £& is even or odd ; and 
the state has the same parity as Ytk. (The (—) n is inserted in (19) in order to 
achieve this convenience.) 

The selection rule may now be restated : 


AZk is odd. 
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§ 4. MuUiplets and the Summation Rule — Preliminaries. 

In the. next two sections we discuss the classification of multiplets from the 
3 >oint. of view of wave-mechanics, and derive the summation rule for the inten¬ 
sities. We take over from g-number theory the fact that the angular momentum 
about the 2 *axis is a constant of the motion and defines the magnetic quantum 
* number. In the absence of external fields the equations are spherically 
symmetrical, and there must be degeneracy in this quantum number. There 
are also degeneracies due to “ resonance ” ; but in general the system is not 
otherwise degenerate. The problem of classification reduces to an enumeration 
of states with a given magnetic quantum number.'f 

Spin effects are treated as small perturbations. Each multi plot can be 
correlated with an energy-level of the atom with point-electrons of the older 
theory. Although the spin is inextricably woven into Diracs equation, only 
the details of the pert 11 rbationtheorv are different, and not the general method 4 
The first st^p, therefore, is to solve the non-relativistic equation, and it is 
with wave-functions satisfying this equation that we are concerned in this 
section. 

The atom with point-electrons has a magnetic quantum number, which we 
denote by w. Any energy-level has a range of values of m such as is indicated 
by 

— / -< m <1 L 

Thus the range of m serves to define a number l which is a label belonging to 
the energy-level of the simplified atom, and so ultimately to the multiple!. 
Like m, it must be an integer ; and we shall show later that it is the ordinary 
quantum number which distinguishes S, P, D, ..., terms. It is not easy to 
express it precisely in terms of the simple dynamical variables. 

The wave-functions belonging to any energy-level all have the same symmetry- 
character; and upon it alone several properties depend. Apart from the 
degeneracy in m t there is a definite degree of degeneracy D, due to the formation 
of new wave-functions by permuting the electrons. By linear combinations 
of the wave-functions with a given energy and magnetic quantum number, it 
is possible to form a function <f> M , and I) — 1 independent functions <f> m (P), 
(Q) } obtained from <f> m by permutations P, Q,which have the follow¬ 
ing property,® If T is any permutation operator 

t*-,p>-4-(Q>, <»> 

t Of . Pauli, ‘ 55. Physik.’ vol. 31, p. 765 (1925). 

X Gaunt, loc. cit ,, § 3. 

§ Heisenberg, * 55. Physik,’ vol. 41, p. 239 (1927). 
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where Q may or may not be the same as i\ and | o)| — 1. Also no function of 
the type <j> m (P) will combine with a function of different type <£ m (Q), the 
different types of function being distinguished by different values of in 
(27). 

If two sets of wave-functions with the same symmetry-character are denoted 
by lower suffixes a and p, and if F is a symmetrical function of the co-ordinates 
of the electrons, 

[ (P)* Y+f (P) * = j K' (Q)* Y+? (Q)rfT. (28) 

This follows at once from (27) when we operate with a suitable permutation T. 
Each integral in (28) will be denoted by 

(ot m | F | fW). 

We must now prove, a lemma, which will be used later. Let R be the electric 
moment of the atom, and let 


Then 


R (///, ///) = £ (a m | R | . (pm" \ R | aw'). 

ni J> 

R (m, fit') = 0 if m ^ m "j 

R (m t m) — R' (independent of m) J 


(29) 


The selection rules obviously deal with the first statement, except when 
m' “ m ± 2 ; and they show that 

R (w, m -f 2) =s (a m | R* | p m + 1) (p m + 1 | R* [ a m -f- 2) 

+ (a m I R v | p m + 1) (p m + 11 R v I a w -f 2), (30) 

But the equation 

(a m | R* -f iR v | p m -f 1) = 0 

shows that each matrix-component of R v in (30) is ~~ i times the corresponding 
matrix-component of R x ; so that the two terms on the right cancel. Similarly 
for R (m, m — 2). 

To prove the second part of (29), rotate the axes of co-ordinates. The new 
wave-functions are linear combinations of the old wave-functions with the same 
energy but various m. 

w l, (31) 

h* - S b (Mm) <f><T 

w „ 

(Jj (P), 4* (Q)» •••> a ro similarly connected with <f> (P), <f> (Q), .... which do not 
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occur in (31) since they do not combine with <f>. 
orthogonality and normalisation are 

2 a (Mm)* a (M'm) = 0 if M * M' 'I 

= 1 if M = M'J 


The conditions for 

(32) 


Denoting matrix-components formed from the y’s by a dash, 

(ocM | R | pM')' = S a (Mm)* b (MW) (am | R | pm'). 

wt, tn' 

Hence, by use of' (32), 

21 (aM | R I pM")'. (PM" ( R| aM')' - £ a (Mm)* a (M'm') R (m, *'). 

M" m. vi' 


Since a scalar product is invariant for a rotation of axes, the left hand side is 
R(M, M'). Multiply by a (Mm) and sum for M, using (JV2) 

2 a (Mm) R (MM') =- 2 a (MW) R (mm'), 

M »r 


or, by the first part of the lemma 

a (M'm) R (M'M') - a (M'm) R (mm). 


That is, R (mm) is independent of m. 

This expresses the rule that the (couventioual) intensities in a weak Zeeman 
multiplet have the same sum for each initial (or final) state,f It may be 
verified by using the formulae for the relative intensities of the Zeeman com¬ 
ponents. At present, however, our atom has only point-electrons, and the 
result is chiefly useful for proving the summation rule in a multiplet. 


§ 5. Multiplet* and the Summation Rule—Result *. 

The next step is to recognise the existence of the spin co-ordinates. The 
wave-functions satisfying Dirac’s equation have their first two components 
negligible in comparison with the last two. It is therefore unnecessary to 
introduce more than two functions of the spin co-ordinate of an electron^ 

/a - 0, 0, 1, 0, 

Xft - o, 0, 0, 1. 

Out of these are built up functions of all the spin oo-ordinates having various 
symmetry-characters. 

In order to form a function that is antisymmetrical in the positions and 

t Cf . Neumann and Wigner, 1 Z. Physik,* vol. 51, p. 844 (1928), 

X Gaunt, he. cit. t p, 527. 
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spins, <£’e of symmetry-character A(Xj 4 X 2 ) uiust bo combined will of 
symmetry-character S(X 1 +a 2 ). Corresponding to ^(P), , we find 

functions x> xO*)’ ••• > with properties similar to (27) ; and so we construct the 
antisymmetrical f 1 met ion 

v F wi = ^" 4 (P)Xi(P). (33) 

v 

The notation requires some explanation. The terms under the sum might 
have coefficients of modulus 1, but these can be absorbed in the <f>' s. D" 4 is 
a normalising factor, i denotes the contribution of y to the magnetic quantum 
number, so that u is the total magnet ic quantum number of T. y t (P) is a 
sum of terms each containing yj s and y h J s; Now 

/.a ~~ X<t ? ^sX** X&J 

so that each y a contribute 4~ \ and each y b contributes — \ to the magnetic 
quantum number. Thus y { involves + i yj s and — i This 

shows that 2 i has the same parity as n. Also if y { is to have the symmetry- 
character S (Xj ) X 2 ) there must be at least X 2 of each of the functions y a and 
y b . Hence 

I* I ■*<’ {n “ X 2 --- { (X A — X 2 ) = 8 (say). 

There is now degeneracy of two kinds, in u and in .v. The former must 
persist to the end, but the latter disappears when spin effects are no longer 
neglected. The single energy-level breaks up into a multiplet with various 
f s. Since the range of a for any term of the multiplet is given by 

— 

the values of j may be found by counting the number of wave-functions for 
each value of u. This number is not altered by the perturbation, so the 
counting may he done with the wave-functions (33). 

The restrictions upon i are | i | % .s, \ u --- i | l. Therefore the number of 
wave-functions for each value of u numerically less than | / — s | is "ll 4-1 or 
2 8 4- 1 (whichever is l^ss), and for greater values decreases by one for each 
increase of a up to its maximum l -f s. When j has one of its possible values, 
the number of functions with u is one more than the number with + 1. 
Therefore there is no value of j less than | l —- s \, but j ranges from | l — s | 
to 1 4* - v * This shows that the multiplicity is 2s + 1 when s ; and that 
/ and h are the usual quantum numbers of spectroscopy. 
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The first effect of the spin perturbation is to form linear combinations of 
the functions (33) that have the same u. For each value of jf, we may write 

i 

Ty\ 

i 

The conditions for orthogonality and normalisation lead to 
E a(aji)* a (uji') = 0 if i & i' j 

J .f- 4’ (:M) 

= l jf % = %) 

and similar equations for the b s. 

Since (P), <£ (Q) are non-combining, 

j = D -1 2 fUT R w ‘ (p) rf-r. 

(««-* | R|f3 I//-I-), 

and since XfXe vanishes unless /’ = i\ 

{*i«|R|pjV}= f«iV*RV 

£ J « (uji)* R6 (u'j'i) Y„ ui 

— £ a (wji)* 6 (w'/i) (a a i) \ R| (3 «' — i). 

i 

The intensity of the line xju ~ (3j V is proportional to 

Mu | R | foV] . {aju | R | pjV}* - {a> | R | ftfV} . V | R | a . 

Summing these intensities over all states of the multiplet {J, and using (34), 
we liave 

X {ajw |R | P/«'}. {pjV |R |a ju) 

J'u' 

= S a {uji)* (a « — i |R | {J u' — ») . a (uji) (p u' — I | R |a u — i) 

u*i 

= 2a (uji)* a (uji) R' by (29) 

= R'. 

This is independent of j and u. Thus the sum of the intensities of lines from 
the term otj to all terms of the multiplet (3 is proportional to the weight 2 j -f 1 
of that term. A similar summation rule applies to the terms of the multiplet 
(3. In finding these summation rules, intensities of the order of the spin energy 
have been neglected. Therefore the question whether inter-combination 
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lines should be included in the sums does not arise, as their intensities are here 
assumed to be negligible. 

Conclusions . 

1. The selection rules are rigorous if there are no external fields. 

2. The rule “ A2& is odd M is equally rigorous, even in a uniform magnetic 
field. 

IT The summation rule holds if magnitudes of the order of the spin energy 
are neglected. 

I should like to thank Dr. 1\ A. ML Dirac for his criticisms of this paper. 


Perturbation Theory in Quantum Mechanics —II. 

By A. H. Wilson, Emmanuel College, Cambridge. 

(Communicated by R. H. Fowler, F.R.S.—Received March 8, 1929.) 

I. introduction . 

In a previous paper* the theory of perturbations was discussed for systems 
which possess only discrete spectra. The theory is now extended to systems 
with both discrete and continuous spectra, and in addition a slightly more 
general method of perturbation is considered. The Hamiltonian H of the 
perturbed system is split up into three parts II 0 , Hj, H 2 (£), two of which can 
be chosen arbitrarily. The solutions of the perturbed problem can then be 
worked out in terms of the characteristic functions corresponding to the 
Hamiltonian H 0 f- H 2 (T), where T is any arbitrary fixed time. In general, 
however, the series of perturbations does not converge, and different modes of 
splitting up the Hamiltonian will lead to different formal results. The per¬ 
turbation theory does usually give the correct physical results, and it is there¬ 
fore necessary to give some explanation of how this happens. In (I) the 
asymptotic nature of certain solutions was emphasised, but this does not extend 
to the more general systems treated here. It is suggested that the usual 
boundary conditions do not give an adequate description of any but the 
simplest atomic problems, and that more detailed restrictions, determined by 

* 1 Roy. Soe. Proc., 1 A, vol. 122, p. 589 (1929), Referred to hereafter Aa (I). 
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the experimental conditions, ought to be substituted. As this is impossible 
in practice, an alternative method is to regard the motion as a perturbation 
on that Hamiltonian H 0 + H 2 (T) which most nearly corresponds to the 
experimental conditions, (For example, we may regard an electron as free 
or bound according as the experiment determines the number of free or bound 
electrons respectively, whereas in the usual theory the initial Hamiltonian is 
taken as fundamental.) This criterion, together with the initial conditions, 
suffices to fix the division of H into the three parts H 0 , H lf H 2 (f) which at first 
were chosen arbitrarily. The formal solution can be worked out on this basis, 
and it is then assumed that this solution is asymptotic to the one which would 
be obtained if the full boundary conditions were used. This suggestion is in 
accordance with the fact that a hydrogen atom in an electric field gives rise 
not only to the usual Stark effect, but also to an ionisation effect. 

In § 2 the perturbation equations are derived in a slightly more general form 
than has previously been given. The theories of Born,* Diracf and Oppen- 
heimerj are particular cases of that given here, and are obtained by particular 
choices of H 0 , Hj, H a (£). To obtain Born’s theory we take Hj = 0, and for 
Oppenheimer’s we take H 2 (t) = H 2 (T) and T ~ 0. In Dirac’s theory we have 
Hj = 0, H fl (0) = 0 and T = 0. Each of these theories is appropriate for the 
solution of special problems, but the more general method of this paper is 
required for the full discussion of the perturbation theory. 

In § 3 the necessary existence theorems are proved, and in § 4 the validity 
of the perturbation theory is discussed. 

2. The Perturbation Equations.§ 

2.1, We consider an atomic system which is subjected to an arbitrary per¬ 
turbation from outside. The unperturbed system is characterised by a 
Schrodinger equation 

(H.+ii,—iA»)r=o, ,i) 

where H 0 and K x are independent of the time. The differential equation (1) 
will involve several independent variables, but, as we are not interested in the 
difference between degenerate and non-degenerate systems, the theory will 
be the same as for only one independent variable, We suppose that equation 

* • Z. Physik/ vol. 40, p. 167 (1926). 

t ‘ Roy. Soo. Proc., 4 A, vol. 112, p. 661 (1926). 

J ‘ Phys. Rev./ vol. 31, p, 66 (1928). 

§ 1 am indebted to Mr. L. C. Young for verifying the details of this section. 


von. OXXIV.—A. 
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(1) is separable, and that, with gi ven boundary conditions, one of the resulting 
ordinary differential equations possesses a continuous set of characteristics as 
well as a discrete set, while the other equations only have discrete characteristics. 
The equations will be written in terms of the space variable which gives rise 
to the continuous characteristics, the other variables not appearing explicitly. 
We put 

(x, W)c “-*■*"** 

where (x, W) is independent of the time, and W is a real, parameter to be 
determined by the boundary conditions. Equation (1) takes the form 

L - W <f>™ = (H 0 + Hj - W) <f>™ = 0. (U) 

Since the boundary points are always singularities of this differential equation 
the condition that | <f> il) | 2 should be integrable over the whole of the con¬ 
figuration space is a sufficient boundary condition. In practice, this is nearly 
equivalent to the more usual condition that must be finite and continuous. 

If 11 ^ a) j *dx taken over the whole of the configuration space is finite, the 

correvsponding value of W is a discrete characteristic, and the totality of such 
values of W constitutes the discrete spectrum. 

The theory of continuous spectra has been studiod by Weyl,* and has been 
applied to quantum mechanics by various writers. As there seems to be some 
obscurity in the applications, the theory is given briefly here for reference. 

X(x, W) is a continuous function of the two variables x and W, and 
X (a?, 0) s= 0. Also, 

j" (X (a, W)}*dx = w (W) 

exists and is a continuous function of W. Then X (x, W) is called a per¬ 
missible solution of (1a) if it satisfies the equation 

I, {X (x, W)} - WX (x, W)+fx (x, X) d\ = 0. 

Jo 

belongs to the continuous spectrum if and only if X (x, W x ) is a permissible 
solution of (1a) and the function to (W) is not constant in the neighbourhood 
of W r 


* ‘ Math. Ann.,’ vol. 68, p. 220 (1910). 
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The fundamental theorem is that any permissible solution can be expressed 
in the form 

x(», w)« fV<*, x)^(x)dx, 

Jo 

where 5 (X) is the indefinite integral of a function of integrable square.f 
In future the characteristic functions belonging to the discrete spectrum will 
be denoted by <£ n a) (as), while those belonging to the continuous spectrum will 
be written as <f> a) (x f W). The functions must be normalised as follows. 

For the discrete set, 

j fa™ ( X ) 4>m" (X)* dx = 

where the integral is taken over the whole of the configuration space, <£ m (1) (x)* 
is the conjugate of <f> m {1) ( 2 c), and § nm is the usual Kronecker 8. 

For the continuous set we define 

f w + A*W 

A*F s= <f>V{x t W)dW/A, 

J w 

where the range of integration A n W is a finite interval of the continuous 
spectrum of W. The normalisation required in the quantum theory is then 
given byj 

j A„F . AJP* dx=A nm Wlh, 

where A^W is the common part of the intervals A n W and A^W. We also 
have the orthogonal relation 

[ (x) A m F* dx = 0. 

If Yq is a function of integrable square satisfying the same boundary con¬ 
ditions as the characteristic functions and for which L (T 0 ) is continuous and 
quadratically integrable, then ¥ u can be expanded in the absolutely and 
uniformly convergent representation 

Y 0 (*)=Scw*®(*) + (" <f> a) (x, W) c (W) dW (2) 

» J —» 

where 

(*)*“> (Z)*dx 
and 

c (W) = 1 w I/* T ° {x) j> (a5> x) * dx - 

t Weyl, loc. cit. See also Hobson, ‘ Functions of a real Variable,* vol. I, 2nd ed„ 
p. 613. 

t Oppenheimer, loc. cit. 

§ Weyl, loc . cit. t theorem 7. 

ST 2 
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In quantum problems the spectrum falls into one of three olasses. In the 
first class the spectrum is entirely discrete and the integral does not appear 
in (2). In the second class the discrete characteristics range from W = —- oo 
to W ss 0, and the continuous ones from W = 0 to W = oo . The integral 
is then taken between 0 and oo . In the third class there is no discrete spectrum, 
and the sum disappears from (2). The general formula includes all these 
particular cases, which are obtained by making $ n a) or <f>® (W) identically 
zero when the corresponding part of the spectrum does not exist. Since the 
representation (2) is uniformly convergent we may multiply by 'Pq*, integrate 
with respect to x and invert the order of integration or integrate term by 
term. This gives 

f|T # |»db-Ekl- + r 

J « J — 00 

showing that E|c»| 2 and [ |c (W) | 2 dW are finite. Whether the Rieszr 

Fischer theorem holds in general for Sturm-Liouville functions involving con¬ 
tinuous spectra, does not seem to be known, but it seems to be true for all cases 
of physical importance?. For c n and c(W) to be the coefficients of a function 

of integrable square, it is necessary that E | c* | 2 and f | c (W) | 2 dW should be 

n J —cd 

finite, and we shall assume it is sufficient in all cases which occur in the quantum 
theory. 

2.2. If Y 0 is the wave function of the system at time t — 0, and if the 
system is isolated and subject to no external perturbations, then the wave 
function at any subsequent time is 

V = 2 + T ^ (W) c (W) d W. (3) 

n J — oo 

■ Now suppose that at a given time, say t = 0, a perturbation H, (t) is added, 
giving a Schrodinger equation 

(H 0 + H I + H a (0-»A|) + ==O . (4) 

Also suppose that we can solve the equation 

(H.+H,m—||)r-o, <5, 

where T is any fixed time. The characteristic functions of (5) will, in general, 
consist of a discrete set and a continuous set, which will satisfy the same 



Perturbation Theory in Quantum Mechanics. 


181 


orthogonal conditions as 4' tu . We denote the continuous characteristics by 
p, and take the range of values to be (— «, oo). 

We assume a solution of equation (4) in the form 

<]> = +[" <]> U) (W) c (W) dW 

n J -® 

+ L a m (t) + f 4> <a> (fx) y (jx, t) dp. (6) 

m J -ao 

The first line is merely the wave function Y of the undisturbed system, the 
coefficients c n and c(W) being determined by the initial conditions as in equation 
(2). a m (f) is a function of the time only, and y (p, 0 is & function of p and t. 
These coefficients have to be determined so that (6) gives a solution of equation 

(4) satisfying the condition that j | ty\ % dx is finite. After substituting (6) in 

the differential equation (4), we expand all the non-vanishing terms of the 

resulting expression in the form £ a* ^ n a) + [ t|/ 2> ((a) (3([a) dp. Assuming 

that the unknown coefficients can subsequently be determined so as to allow 
the necessary inversion of the order of integration, we obtain, by equating 
to zero the coefficients of ^ B (a) and of (p), the following set of differential 
equations for the quantities a n (t) and y (p, 0 

ih/2n . d n (t) = g n (£) + 2 + P IUp)* y (p, t) dp. (7) 

wt J -CO 

ihfin. f(!x, 0 — j(p, t) + SH B (|i)fl.(()+ [ H (p, X) y (X, 0 dX. (8) 
The coefficients in (7) and (8) are given by the formal expansions 
H a (i) = 2 g m (t) W* + f" (p) g (pi t) dp 

{H, + H a (t) - H a (T)} = + [" +•(!*) H. (p) dp 

II J -08 

and 

H(p, X) ~ ^}{H, + H a «) - E t (T)}dx j>(X)dxj>(ti)*^- 

In the next section we shall examine under what conditions it is possible 
to obtain a solution of the perturbation equations (7) and (8) satisfying 

2 | a„(<)|* finite and j |y (p, <)| 2 dp finite, which is a necessary condition 
for || 4* |* da; to be finite. Whether this is a sufficient condition does not, as it 
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happens, arise, since the restrictions imposed are already too heavy for most 
quantum problems, and we conclude that in general the perturbation theory 
does not give a solution satisfying the boundary conditions. 


3. The Existence Theorems . 

3.1. Simplifying the notation, we have the following equations, 


dw i 

dz 


= a i( z ) + 


+ 

i 


w ( (fx) z) d\i (i = 1,2,...) 


(9) 


.. ?) =— b (p, z) ~f £ u (p^ity + f u (p, X) v (X, z) dX. (10) 

dZ j J --oo 

In (I) the solution of the corresponding equations was obtained as a matrix. 
This is not possible here, since in addition to the matrix of the coefficients % 
there is also the nucleus u (p, X) and the two sets of functions (p), u (\i) s , 
which we may call “ mixed nuclei.” We have therefore to introduce the idea 
of limited nuclei, corresponding to limited matrices. 

3.2. A nucleus G (X, p) is said to be limited with bound M provided 


( f G(X, y.) x(\) yi^dldy. 

J-X J -X 


<M 


for all X, x(X), t/(p), where a? (X), y(p) are complex functions of the real 
variables X, p, satisfying 

P \x(X)l*d,\<L P 

J —CO J —ao 


Similarly a mixed nucleus G (X) is limited with bound M provided 


I E f G,(X)a^(X)dX 
I <-iJ-x 

for all N, X, x it y(X), subject to 


<M 


S |a%|*<l, P |y(X)| 2 rfX<l. 

<*■* 1 J — 00 

Most of the properties of limited matrices extend at once to limited nuclei. 
Those that are used in the sequel are given below without proof, the proofs 
being trivial extensions of those given by Hellinger and Toeplitz* for matrices. 
We define the product of two nuclei G, (X, (x), G,(X, (x) to be the nucleus 

| ^ (A ^ V ' There are also obvious definitions of the product 

of a nucleus with a mixed nucleus, of two mixed nuclei, and of a mixed nucleus 
with a matrix. 

* ‘ Math. Ann.,’ vol. 69, p. 389 (1910). 
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1. The product of two limited nuclei with bounds M, M' is limited with 
bound MM'. 

2. If Q ( a, (jl) is limited with bound M, then 


dX< M 


and 


when; 


f If G(X. n)y(\L)d[i 

J — oo | J — ao 

rjf>, n)*(x)dx 

f" |*(X)|*iX<l, f" |y((x)|*dfx<l ; 

J — to J — oo 




and conversely. 

3. With the same hypothesis, 


r |G(X,,i)|«rfX<M, f" I G(X, 

J — 00 — 00 


3.3. We now proceed to solve the differential equations. We assume that 
the point z 0 is not a singularity of any of the equations, and that it is possible 
to surround z 0 by a finite domain 1) free from singularities. We have then to 
find solutions of (9) and (10) reducing to given values w 0 and v(p, z 0 ) at z 0 , 

and satisfying 2 | | a finite and j | v (g., z)\ 2 d[i finite. We also assume that 
X|a 4 (z)| 2 and f | b (fx, z | 2 d\L are bounded, and that ?%, u (|i, X) 

i J — oo 

are all limited throughout the whole of D. The coefficients are functions of z , 
but it is convenient not to show the dependence on z explicitly. The method 
adopted is to solve the equations (9) formally, leaving v(jx, z) arbitrary. The 
value of w i is then substituted in (10) giving rise to an integro-differential 
equation for v (p, z) only, which can be solved for v (p., z). 

We therefore first solve the non-homogeneous system 

dv>i v* i 

The corresponding homogeneous system was treated in (I), and it was shown 
that the neoessary and sufficient condition for the existence of a solution of 
the required type is that a oertain matrix £2 (u) is limited. It is sufficient 
that the matrix («y) is limited, and the solution is given by w —Li («) w 0 . 
We now make the further assumption that the inverse matrix exists, 
such that Q (m) O'" 1 («) — 1. To solve the non-homogeneous system we 
make the substitution 

w — Q (u) W, 
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where W denotes the set (Wj, W 2 , ...). We then have 


dw 

dz 


uw + £2 (w) 


aw 

dz 


= UW + Cy 

where c is the set (c v o 2 , ...). Denoting as usual the operator j" dz by Q, we 

J to 

obtain on integration 


Also 


w =r. 12 (w) w 0 £2 («■) Q12 1 («) ( '‘* 

2 | w 4 1* - 2 |2 i Vi° + S QfrQ 

i i j rj 

< A {2 | 2 £2 W < I 2 + 2 | 2 12 <r Q IV 1 ^ |*} f 

< i i O 


( 11 ) 


where A is a constant. Since both 12 and 12Q 12“ 1 are limited, this last expres¬ 
sion is finite provided 2 |c,j| 2 is bounded in D. it was proved in (I) that 12 (u) 


is majorised by exp (sM), where M is the bound of the matrix (w^), and s is 
the length of the curve from z 0 to z. The series (11) for w 4 is therefore majorised 
by an exponential series, and the differentiation is justified. 

Applying this to equation (9), we can obtain a solution in the form (11) pro¬ 
vided 2 a 4 + j*« 4 (p)t?(p, z) rfp j is bounded in 1). This will certainly be 

satisfied if both 2 |a 4 | 2 and 2 « 4 (p) v (p, z) dp 

i i I J 

true since rq (p) is limited throughout D. 

Thus, provided we can subsequently determine v(p, z) such that 

f | v (p, z) | 2 dp is finite, the above solution for satisfies all the conditions. 


bounded in D, which is 


3.4. We have now to obtain a solution of equation (10). On substituting 
the expression for w i in (10) we obtain an integro-differential equation of the 
following form 


=/(|A. *) + f K\|*. X; z) v(-K, z) d\. (12) 

fCO 

Provided | |/(|i, «)|®^ p is bounded and the nucleus K (jx, X; 2 ) is limited 

J — O0 


with bound N throughout D, we cau solve this equation by successive approxi¬ 
mations. 
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Defining 

X; z) = K(p, X; z) 

K«(n, X;z) = [ K ((a, v; z)dv QK^fv, X; z) (»>2), 

it is easily seen that K* ( ja, X ; z) is limited with bound ^/(n — 1)! 
The nucleus 

F ((x, X ; z) — K x ({x, X ; z) + K 2 (fx, X ; z) + ... 
therefore exists and is limited with bound 

N (l + «N + i s 2 N 2 + ...) = N exp (sN) 
and is uniformly limited in D. 

Now put v (fx, z 0 ) + Q/(fx, z) = v 0 ((x, z) and consider the expression 

v({x } z) = v 0 (\l % z) + Q f F(tA, X; z) v 0 (X, 2 >)dX. (13) 

It satisfies equation (12) formally. Also 

Mp, *) — « 0 (|i, z)| <q| I |F(p, X; z)|*dX . ( K(X)l*dX 

1. J — QO J — oo 

<exp(«N)jj |u 0 (X)| 2 <fx| l , 


where v 0 (X) is the upper bound of t> 0 (X, z) in D. Since \v 0 (X, z) |*dX is 

J —oo 

bounded in D, and therefore j | v 0 (X) | 2 rfX is finite, the series (13) has an 

exponential series as its majorant, and the differentiation iB justified. 

Further 


[ |v(p, z)|*dp = f 1 v 0 (p, z) + q[ fcF (p, X; z) v 0 (X, z)dX dp 

J —00 J — W . —“00 

*^A 11 |w 0 (p, zj^dp+j" | Q j* ^ X; ®) MX, *) dX dp 


where A is a constant, and since F(p, X; z) is limited I |t>(p, z)|* dp is 
finite. 

We have therefore to show that/(p, z) and K (p, X; z) satisfy the conditions 
specified above. 
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Now 

/ ((i, z) = h ((X, z) + Zw ([Jt), { £!„< + 2 Qi, Q a / 1 a,} 

a r 

f co Too 

|/((x, s) | 2 rZ|x will be finite provided both 1 | b (p, z) |* dp and 

— 00 •/— oo 

P I z« (|i) ( {£yv> + 5*4 Q £*~\W 

J — OO tj f 

are finite. The first condition is true by hypothesis, and since ? 2 i (p) is limited 
the second is sa tisfied if 

S12 Oar, 0 + 2 £VQ I 2 

4 i rj 

is finite. This is true as Q and Q12" 1 are limited and 2 \a s ) 2 is bounded in D. 

i 

We next have 

K (|x, X ; z) = m (n, X) + Z n ((a), £ 2 < r Q £l _1 rj (X) 

w 

and is limited by § 3.2 theorem 1. 

This completes the proof of the existence of solutions of equation (10). 

4. Perturbations in Atomic Problems, 

We now revert to the notation of § 2, and consider the perturbation theory 
in the light of the existence theorems just proved. In the first place, consider 
the ordinary theory when only discrete characteristics occur. Equation (7) 
then becomes 

ihfin . a m (t) = Z «„ (t) 

which was fully treated in (I). The 'necessary and sufficient condition for the 
existence of a solution was shown to be that the matrix 11(H) is limited. In 
general this means that the matrix (H mn ) must be limited, as only a very singular 
type of unlimited matrix (H„J could give rise to a limited £1 (H). The per¬ 
turbation theory was originally given for the case when a small par^mat^r 
occurs in the perturbing term, and it is usually stated that the series of per¬ 
turbations iB convergent for sufficiently small values of the parameter. This is 
now seen to be irrelevant, as the convergence is that of an exponential series 
if “ limited, and otherwise the series probably does not converge at all. 
The smallness of the parameter is of importance in that, as was shown in (I), 
it sometimes allows an asymptotic solution to exist when no exact solution is 
possible. 

When we oome to deal with the more general case of systems with continuous 
as well as discrete spectra the interpretation is not quite so simple. In the 
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first place the perturbations do not usually lead to limited matrices, and 
secondly there seem to be no solutions corresponding to the asymptotic ones 
of the simpler case. The question as to when the conditions laid down in § 3 
will be satisfied is a difficult one, and no general rule can be given. It would 
seem probable, however, that they will be satisfied if and only if the perturbing 
term in the differential equation for is not the leading term at any of the 
singularities of the equation. For in this case the introduction of the new 
term will not affect the nature of the solution in the neighbourhood of the 
boundary points. When this is not so, we shall obtain entirely different results 
corresponding to the different divisions of the Hamiltonian H into the parts 
H 0 , H x , H 2 , two of which can be chosen arbitrarily. Of course these formal 
solutions will not be convergent, but some of them will have a physical mean¬ 
ing. As there is no a priori reason for preferring one divergent series to another, 
the question arises as to which solutions we are to accept and which we are to 
reject. 

Oppenheimer bases his theory on what he calls ee nearly orthogonal func¬ 
tions/’ The property that he demands of these functions has nothing to do 
with the convergence of the series of perturbations, and can only affect the 
rate of convergence. It is therefore on the same footing as the parameter 
which occurs in the other perturbation theories. An alternative suggestion 
is that the boundary conditions are inadequate to deal with problems in which 
there is any ambiguity in the interpretation of the results. In the simple case 
of an isolated hydrogen atom the attraction of the nucleus is the only force 
acting on the electron, and there can be no ambiguity. When we come to con¬ 
sider the effect of a constant electric force on a hydrogen atom the conditions 
are entirely altered. At a large distance from the nucleus the constant field is 
greater than that due to the nucleus, and it is impossible to tell which part 
of the field the electron is in. If initially the electron is near the nucleus in a 
state of given energy, there is a probability that it will escape into a state of 
equal energy in that part of the field where the external force predominates, 
and the atom will be ionised. To observe this ionisation of atoms by an electric 
field we would not be concerned with the number of atoms possessing electrons 
in a given stationary state but with the number of free electrons moving under 
the action of the field, and we should have to arrange our experimental con¬ 
ditions accordingly. This would introduce boundary conditions of which 
we cannot take account in the mathematical solution of the problem, On 
the other hand, if we were interested in the effect of the electric field on the 
spectrum of the atom we should have to deal with the number of electrons 
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in given stationary states of the atoms, or alternatively in the stationary states 
as modified by the external field. This would require an entirely different 
set of experimental conditions which would introduce entirely new boundary 
conditions into the complete mathematical solution. When we neglect these 
boundary conditions and substitute idealised ones we can scarcely expect our 
mathematical treatment to be complete. One way of turning the difficulty 
without introducing the explicit boundary conditions is to work out a formal 
solution in that system of orthogonal functions which most nearly satisfies 
the experimental conditions, and to assume that this is asymptotic to the real 
solution. Thus for the hydrogen atom in an electric field we may work out 
the solution in terms of the functions corresponding to a free electron in an 
electric field. This will give the dissociation phenomena, and iB juBt Oppen- 
heimer’s result. If, however, we use the functions corresponding to the 
stationary states of the unperturbed atom we obtain the ordinary Stark effect. 
The suggestion put forward above does therefore offer a not unreasonable 
explanation of the apparent inconsistencies of the perturbation theory. 


The Emission of Soft X-Rays by Different Elements at Higher 

Voltages. 

By 0. W. Richardson, F.R.S., Yarrow Research Professor of the Royal 
Society, and F. S. Robertson, M.I.E.E., Senior Lecturer in Electrical 
Engineering, King’s College, London. 

(Received March 18, 1929.) 

In a former paper* we investigated, by the photoelectric method, the 
efficiency of 14 elements as emitters of soft X-rays under various «Tcifing 
voltages up to 600. We found that the efficiency had only an extreme variation 
by a factor of about 2 among all the elements tried which had a range of atomic 
number from 6 (carbon) to 79 (gold). It was also found to be a periodic function 
of the atomic number having for the elements tested a mn.Tlmn m about the 
middle of the periods falling away to a minimum value at the end. This is 
in oontrast to the behaviour of ordinary X-rays for which the efficiency is 
proportional to the atomic number. It is to be remembered that the 
* ‘ Hoy. Boo. Proo.,’ A, vol. 115, p. 280 (1927). 
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in the two cases are measured under different conditions and by different 
methods ; but even when due allowance is made for this it is obvious that there 
is a radical difference between them. However, there must be an intermediate 
region in which there is a transition between the properties which characterise 
soft X-rays and those which characterise ordinary X-rays, and this fact makes 
experiments at higher voltages interesting. 

The former experiments terminated at 500 volts because we had no con¬ 
venient means available for obtaining much higher voltages, but after some delay 
we succeeded in getting a 6000 volt direct current generator made by Messrs. 
Evershed and Vignoles. This really consisted of three 2000-volt machines in 
series, and was provided with terminals at the junctions so that the full voltage 
could be subdivided into three approximately equal sections. With this appara¬ 
tus it is very convenient to take observations at about 2000, 4000 and 6000 
volts respectively. At first we had some trouble with gas effects and electron 
field currents at the higher voltages, but these were overcome eventually and 
steady and reliable readings were obtained. 

The 14 targets which had previously been prepared were again employed, 
in an apparatxis identical with that already described. The X-radiation was 
recorded by means of the photoelectric current produced when it fell upon a 
nickel plate connected to the insulated quadrants of a Dolezalek electrometer, 
the beam of X-radiation as before being made to pass between two condenser 
plates before impinging on the nickel plate. Arrangements were made at 
these higher potential differences to have one of the condenser plates at earth 
potential and the other at any potential down to 1075 volts negative to earth, 
so that no measurable current due to electrons or positively or negatively charged 
ions could pass through the condenser to the photoelectric plate. As the 
apparatus was otherwise unaltered it will be sufficient to refer to the former 
paper for a description of the details of it. 

The elements examined and their atomic numbers are: carbon (6), silicon 
(14), chromium (24), manganese (25), iron (26), cobalt (27), nickel (28), copper 
(29), molybdenum (42), palladium (46), silver (47), tungsten (74), platinum 
(78), and gold (79). Six of these elements could be mounted in the tube at 
any one time and as before they wore grouped so that two elements in each 
group were always present in some other group. In this way it is possible to 
check all the elements against each other, and also to eliminate the results of 
any changes in the absolute value of the effect caused, for example, by an 
alteration of the surfaces of the targets or the photoelectric plate. Such 
changes may be appreciable as a result of opening up the tube to interchange 
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the targets but are negligible in the course of a set of observations under 
satisfactory working conditions. When such changes have occurred they 
appear to affect the results from all the targets in the tube in nearly the same 
proportion. 

In the previous paper it was pointed out that up to potential differences of 

500 volts the ratio ^ — --r--- r ^ C — rent {i p [i t ) is highest in any given period 
Thermionic current 

of the periodic table near the centre of the period and falls fairly steadily as 
the beginning of the next period is approached. Fig. 1 shows a plot of the 
average values of i v /i t which we finally found at 2008, 4000 and 5920 volts 
respectively, as ordinates against atomic number as abscissae. In the lower 
part indicated by A are also shown the similar data for 300 and 500 volts, 
which were plotted in figs. 4 and 6 of the former paper. Considering the 14 
elements as a whole the changes arc perhaps not so great as might have been 
expected. Over the whole range from 300 to 6000 volts molybdenum main¬ 
tains its position as the most efficient element. There is, however, a very 
remarkable change in the group of elements from chromium to copper both 
within the group and for the group as a whole in relation to the other elements. 
At 300 volts the most efficient of these elements was chromium (24) and the 
least efficient copper (29). The line joining the points for the intervening 
elements zigzagged about but had a distinct declining tendency with increasing 
atomic number. This was shown to hold down to 100 volts in fig. 7 of the 
former paper. At 2068 volts the zigzagging is as marked as ever but the trend 
is now upward with increasing atomic number, mangangese (25) being the least 
and nickel (28) being the most efficient member. At 4000 volts the same 
tendency is still more pronounced, the two first members chromium (24) and 
manganese (25) sharing equally the position of least efficiency and copper 
(29) that of greatest. At 5920 volts the zigzagging has disappeared, the 
efficiency drops a little at first from Cr (24) to Mn (25) and Fc (26), and then 
rises slowly at first and then more rapidly in passing through Co (27) and Ni 
(28) to a much higher value at Ou (29). The same kind of thing is happening 
also in the middle of the fifth and sixth long periods. At the low voltages 
gold is much less efficient than Pt. The disparity, which should be measured 
not by the difference of the ordinates but by the proportion this bears to one 
of them, is much reduced at 2068, still further reduced at 4000 and at 5920 
volts gold actually exceeds platinum. Silver does not succeed in reaching a 
higher value than palladium, but the disparity between them falls from about 
6 per cent, at 300 volts to 1 - 5 per cent, at 5920 volts. These facts are brought 
out more clearly by the detailed values shown in Table I. 
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Table I. 


Volta 

Change in the value of i v (ii expressed as a percentage of its rail: 
for the firat-namea element in each ease. 


Pd to Ag. 

Pt to Au. 

300 

5*94 per cent, decrease 

17*16 per oent. decrease 

400 

3*42 per cent. tt 

20 * 64 per cent. ,, 

500 

4*64 per cent. ,, 

28 • 79 per oent. „ 

2068 

7-6 percent. „ 

14*62 per cent. ,, 

4000 

1*78 percent. ,, 

12*96 per oent. „ 

5920 

1 *57 per cent. ,, 

0 * 389 per oent. increase 


The behaviour of the group Cr to Cu as a whole compared with the remaining 
8 elements is also very noteworthy. At the low voltages chromium has the 
highest efficiency of all the 14 elements with the exception of molybdenum, 
and the group as a whole has about the average efficiency of all the elements. 
At 5920 volts Cr, Mn, Fe and Co are much below all the other elements, and the 
group as a whole has an efficiency well below the average. How this comes 
about will now be made clearer by considering the behaviour of the elements 
more individually. 

In figs. 2, 3, 4 and 5 the values of tor. each of the elements tested are 
plotted against the exciting voltage, figures from 500 volts downwards have 
been taken from the previous paper and multiplied by a factor 0-666 to allow 
for the correction necessary on account of the difference botween the dimensions 
and the relative positions of the condenser plates, targets and photoelectric 
plates in the two tubes. In the case of C, Si, Mo and Pd the three points at 
2068, 4000 and 5920 lie in each case on a straight line to the accuracy of our 
measurements. These lines are, however, not pointing to the origin but to 
points on the ordinate axis at a considerable positive distance from it. More¬ 
over the slopes are all less than the average slopes of the approximately straight 
portions previously found near the origin. It is evident that there must be 
an intervening portion with some curvature, probably convex upward. Silver 
and gold have curves at the high potentials which are very slightly convex 
upwards. They probably rim into the former low voltage values in roughly 
the manner indicated by the broken line. This is, of course, a long extra¬ 
polation and may not be right. 

In the case of W and Pt and the group Cr, Mn, Fe, Co, Ni, Cu the curves at 
f the high voltages are distinctly convex upwards. In fact with Mn, Fe, Co 
and Ni i p ji t has practically reached a saturation value independent of the 
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voltage at these voltages. These curves may extrapolate on to the low voltage 
values in a similar manner to that shown for Au in fig. 5. 
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Volts 
Fin. 5. 


All the high voltage data shown in figs. 1 to 5 are the means of the results 
of a considerable number of consistent experiments except in the case of F<\ 
Oo and Ni at 4000 volts. These points are each the result of a single observa¬ 
tion. They are, however, believed to be reliable as the readings for the other 
elements present in the tube in this experiment agreed with the results of other 
experiments. In the other eases the number of observations varied up to a 
maximum of 10 for copper at 5920 volts. 

After the high voltage experiments had been completed the targets remain¬ 
ing in the tube were the six for the Cr to Cu group. These were theu tested 
at four lower voltages, 1527, 923, 500 and 300 volts, partly to investigate the 
intervening gap and partly to see how the values which were being got would 
check with those found in the former experiments. Only one observation, 
was taken at 923 volts. This and the means of two each taken at 1527, 500 
and 300 volts are plotted on the right-hand side of fig. 6. On the left-hand 
side are shown the data from the former paper for these eloments corrected 
by the factor 2/3 for the change in the dimensions of the apparatus already 
referred to. The values at 500 volts are about 15 per cent, lower and those at 
300 volts about 8 per cent, higher than those recorded in the previous paper. 
Why the 500-volt results should be higher than those at 300 volts lower we 
do not know, but fluctuations in the absolute magnitude of this kind which we 
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are not able to control do occur between different experiments. At any rate 
it ia clear that no change had taken place in the sensitivity of the apparatus 
and that the present data are quite comparable with the former to the accuracy 
with which we can repeat absolute values. The relative values for the different 
elements at 500 and 300 volts respectively are the same as before to the accuracy 
of the observations. 

When we turn to the higher voltages 923 and 1527 we find that the results 
show a transition from the behaviour at 500 volts towards that shown for 
2068 volts in fig. L Thus the relative strength of chromium is diminishing and 
that of iron increasing so that at 1527 volts iron has the highest value of i p /i 
for all the elements in the group. The absolute values at 923 and 1527 would 
fall below the curves such as those shown for Mn, Co and Cu in fig. 2 if these 
were joined by a curve similar to the broken line for Au in fig. 5. On account 
of the small number of observations and of the possibility of something having 
affected the absolute values this may not be of much significance. 

The agreement at the lower voltages must be considered very satisfactory 
when it is remembered that the ratio i P ji t is susceptible to any change in the 
condition of the surface both of the target and of the photoelectric plate, and 
that some of these effects are not yet properly understood or completely under 
control. Fortunately such changes do not seem to affect appreciably the 

o 2 
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relative values given by the different elements in the same tube at any one 
time. 

We realise fully that this investigation is in man} 7 respects very incomplete, 
but we had to interrupt it temporarily at this stage and it was arranged that it 
should be continued by Mr. U. Nakaya of the Imperial Research Institute of 
Tokyo, who was at the time at King’s College, London. His observations will 
be presented in a later communication. 


The Suspension of Sand in Water. 

By H. E. Hurst, M.A., D.Sc., F.Inst.P. 

(Communicated by G. C. Simpson, F.R.S.—Received March 14, 1929.) 

(1) Description of Apparatus arid Experiments. 

The following experiments were undertaken to find the laws governing the 
suspension in water of fairly large particles such as river sand. 

It is obvious that stream-line motion in horizontal layers cannot support 
particles heavier than water, and that their suspension must be due to turbulent 
motion. An apparatus was designed to give, as far as possible, turbulent 
motion uniforaily distributed without any steady flow. This was similar to 
the paddle wheel apparatus used by Joule in determining the mechanical 
equivalent of heat. 

It consists of a vertical cylinder of length 70 cm. and diameter 25 cm. to 
contain the mixture of water and sand. In this is a vertical shaft provided 
with nine vanes with intervals of 6 • 5 cm. between centres. The vanes extend 
5 cm. from the shaft, and are 2-5 cm. wide. Attached to the circumference 
of the cylinder are four sets of baffles, through gaps in which the vanes of the 
propeller rotate with a clearance of 0-6 cm. The propeller is rotated by a 
motor connected to it by pulleys, which allow of a variety of speeds. The 
motion in the vessel is turbulent, but the turbulence is not strictly haphazard 
inasmuch as some parts of the motion must be repeated at regular intervals. 

It is probable also that the turbulence is not uniformly distributed, but is 
to some extent symmetrical about the axis of rotation. At vertical intervals 
of 3J cm. arc 12 taps. 
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An experiment consists of putting suitable quantities of sand and water 
into the apparatus, rotating the propeller at a steady speed and taking samples 
from the various taps. 

The relative proportions of sand and water are obtained by collecting the 
sample in a graduated vessel and allowing the sand to settle. This method is 
accurate enough, as samples are variable and several must be taken to give a 
representative result. 

Experiments have been carried out on three different sizes of Band sifted 
out through sieves of 20 and 30, 30 and 60, 60 and 90 meshes to the inch. These 
are here called coarse, medium and fine sand, and the average diameter of the 
particles sifted by them was 0• 9 mm., 0• 4 mm. and 0 • 2 mm. For the greater 
part of the experiments the sand used was from the desert and rounded by 
being wind-blown. Any fine particles are eliminated by rotating the propeller, 
stopping it, allowing the sand to settle, and as quickly as possible running off 
the water. After this has been done a few times a moderately uniform sample 
is left. 


(2) Theory of Suspension. 

Consider the mass of water in turbulent motion. Solid particles are sus¬ 
pended and are in similar motion to that of the water. For the sake of simplicity 
the particles are assumed to be uniform in mass aud shape. The motion of the 
water and particles is assumed to be haphazard ^without any general movement 
of translation or rotation. The velocities of the particles are assumed to be 
randomly distributed if taken over sufficiently large volumes and time- 
intervals. 

Suppose that in the liquid a cylinder with its axis vertical and ends horizontal 
is isolated by a membrane, permeable to the liquid but not to the solid particles. 
Let the cylinder have unit area of cross-section and height dh and be situated 
at a vertical height h from some horizontal plane of reference. 

Let there be n particles per cubic centimetre at height h , and let 

p be the density of the material of the particles. 
m the mass of a particle. 
p x the density of the liquid. 
u the velocity of a particle. 

tt* the mean-square velocity of agitation of a particle. 

If the distribution of particles is in a steady state the condition of the 
cylinder will not be affected by the insertion of the membrane. 
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The external pressures on the membrane due to the impact of particles will 
be balanced by the effective weight of the particles inside the cylinder. 
Assuming, as we are entitled to do, that the collisions with the imaginary 
membrane are perfectly elastic we have for equilibrium, equating the forces 
acting on the ends, 

\mnu* — Im (n f d/,*) u l . ttm tilt - -— () — 0, 


the solution of which is 

— :w a—p. ) 

ail* 

where n {) is the concentration of particles at the level h = 0. 

This distribution of density is similar to that found by Perrin for colloidal 
particles in Brownian Movement, and also to the density of the free 
atmosphere. 


(?>) Experimmfal Results. 

Experiments have been carried out with three kinds of sand and many 
different speeds of the propeller. The results have always been to show that 
for a given sample of sand and propeller speed the concentration of sand n 
at height h is given by 4 

n r~. 

where a is a function of the speed of the propeller and varies with the kind 
of sand. 

Fig. 1 shows the distribution of sand with height for a particular sample, 
the speed of the propeller being constant. Three results are given relating to 
different values of n 0 . In this diagram log n is plotted against h. 

It will be seen that the curves are parallel straight lines. A point to be 
noted is that the samples from oven-numbered taps always show relatively 
greater concentrations than those from odd numbered taps, though the taps are 
approximately symmetrically placed with regard to the propeller and baffles. 

Seven sets of experiments have been actually plotted and all give straight 
lines. In all, excluding preliminary experiments, about 80 experiments have 
been made, so the law of distribution is well established. 

Assuming that 


a - 3jf(p - p,)/pw* ( 



Common Logarithm of Coneerftfit*L ion 
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Kig. L—Relation of Concentration of Sand*to"Height. 

u 2 has been calculated for each experiment and plotted against the square of 
the revolutions of the propeller. The results for the different samples of sand 
are given in fig. 2. Only very general conclusions can be drawn from these 
curves. These are :— 

(1) For the same velocity of the water tine sand acquires a greater velocity 

of agitation than coarse. 

(2) The velocity of agitation of the sand increases less rapidly than the 
velocity of the propeller. 

(3) The shape of the sand particles must exert considerable influence as 
two samples of the fine sand from different sources although sieved in 
the same way gave different results. 

Owing to the irregular shape of the sand particles it is not worth while to 
make any detailed mathematical investigations, until more experimental work 
has been done. 
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Conclusion. 

Th© investigation shows that the particles in suspension due to turbulent 
motion in a liquid, when the turbulence is uniformly distributed behave like 
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the molecules in a gas. It is hoped that this analogy will be fruitful when 
applied to the practical problems arising out of the suspension of solid particles 
in the water of streams. These problems are often of considerable economic 
importance. It is suggested that the analogy may also be made use of to 
illustrate some of the laws dealt with in the kinetic theory of gases, since a 
suspension may be looked upon as a model of a gas. 


The Transfer of Heat by Radiation and Turbulence in the 
Lower A tmosphere. 

By ]). Bitu nt, M.A., B.Sc. 

(Communicated by (I, (\ Simpson, F.R.S..Received March 18, 1929.) 

I.* Introduction. 

The air within any element of volume may gain or lose heat by (1) absorption 
or emission of radiation, (2) transport of heat in the vertical by turbulence, 

(3) ascent of saturated air producing condensation and liberating latent heat, 

(4) arrival of warmer or colder air in a horizontal direction. There are not 
available any data in a suitable form to permit our discussing the last of these 
factors, but it is fairly easy to detect occasions when rapid changes are taking 
place by an examination of records of wind velocity and direction. The third 
is not operative at levels below the lowest cloud layer, and for that reason it 
is proposed in the present paper to restrict the discussion to the lowest layers 
of the atmosphere, where radiation and turbulence are the controlling factors. 
An endeavour will be made in a subsequent paper to extend the discussion to 
higher levels, taking account of the third factor mentioned above. 

II.— Absorption and Emission in the Atmosphere . 

It is generally accepted that the simple gases in the atmosphere do not 
absorb appreciably either the shortwaved radiation from the sun or the long- 
waved radiation from the earth's surface and the water vapour in the atmo¬ 
sphere. There is some absorption by carbon dioxide, but most of the absorp¬ 
tion in the atmosphere is produced by water vapour. There is available a 
series of measurements of the absorbing power of water-vapour, carried out 
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by Hettner,* and summarised by Simpsonf in a recent memoir. The main 
results of Hettner’s observations may be summarised as follows : A column 
of air containing 0*3 mm. of precipitable water in the form of vapour will 
absorb completely all radiation of wave-lengths between 5*5 p and 7 \ x, and 
greater than about 14 p, and will absorb some, but not all, of the radiation 
between 4 p and 5*5 p, between 7 p and 8 fx, and between 11 p and 14 [X. 
There is a band from 8 [x to 11 [x within which the vapour is transparent to 
radiation. This band is of considerable meteorological importance on account 
of the fact that the wave-length at which maximum intensity occurs in the 
spectrum of terrestrial radiation, or 10 p, falls within it. The main absorption 
band of 00 2 is centred about 15 [x. Simpson states (loc. cit .. p. 12), that the 
essential facts can be represented by assuming that within the restricted regions 
of wave-lengths concerned the emission of radiation from water-vapour is equal 
to black body radiation at the same temperature, and that the radiation of 
these wave-lengths is completely absorbed by a layer of air containing 0 * 3 nmi. 
of precipitable water. By the. adoption of this very simple basis, Simpson was 
able to explain satisfactorily a number of phenomena, and it is therefore 
proposed to adopt the same basis in the present paper. 

Thus it will be assumed that a layer of air containing 0*3 mm. of pre- 
cipitable water absorbs completely all radiation between 5*5 p and 7 p, 
and above 14 p, and that absorption and radiation by water-vapour outside 
these limits may be neglected. 

The physical limitations of this assumption can be readily stated. The 
absorbing power of water-vapour increases with wave-length, and for wave¬ 
lengths greater than about 30 p, effectively complete absorption takes place 
with much less than 0*3 mm. of precipitable water, but only a relatively small 
part of the energy is contained within the range of wave-lengths beyond 30 p. 
This is partially compensated for by the assumption that 0*3 mm. of pre¬ 
cipitable water can absorb all radiation of wave-lengths between 14 p and about 
1.7 p, and by the effect of the absorption band of C0 2 , which is centred at 15 p. 
In the earth’s atmosphere the amount of C0 2 is 0*045 per cent, by weight and 
1 c.c. will contain about 6 X 10“ 7 grammes of C0 2 . Simpson states (loc. cit., 
p. 4) that at the centre of the C0 2 absorption band at 15 p a column containing 
0*06 grammes per square centimetre of cross-section will absorb about 88 per 
cent, of the incident radiation. In the lower atmosphere, therefore, a column 
of 10* cm. or 1 km. will contain sufficient C0 2 to absorb 88 per cent, of the 

* 4 Ann. Physik,’ vol, 55, p. 476 (1918). 

t 4 Mem. R. Met. Soc.,’ No. 21 (1928). 
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incident radiation at 15 fx. Thus the amount of absorption by C0 2 is small 
within a layer of thickness of about 40 metres, such as we shall consider below, 
but it will help in sharpening the limit of 14 (x which we have assumed. The 
tables of intensity of radiation from a black body at a temperature of 280° on 
the absolute scale, show that rather more than 80 per cent, of the energy which 
can be absorbed by water-vapour is contained within the limits 5*5 fx to 7 p, 
and above 14 fx, and wc may therefore expect that the assumption made above 
will yield results which are substantially in agreement with the observed 
phenomena. This assumption is largely justified by the success with which 
it has been used by Simpson in explaining a variety of phenomena in the 
atmosphere. 

The maximum intensity of black body radiation from the earth’s surface 
at normal temperature is at about 10 g, and that of radiation from a black body 
at a temperature of 220° absolute, which is approximately the temperature of 
the stratosphere, is at about 12| \i. 

Tims of the radiation emitted by the earth's surface, the part within the 
band from 8 jx to 11 g, which passes through the atmosphere unabsorbed, is 
of considerable magnitude. As soon as the radiation within this band leaves 
the earth’s surface, it ceases to be available for terrestrial purposes, unless 
there is a cloud layer above, capable of reflecting it back to the earth’s surface. 
If we therefore restrict our attention for the time being to clear skies, which 
permit the radiation between 8 a and 11 g to escape into space, we can restrict 
our attention entirely to those wave-lengths within which water-vapour 
radiates and absorbs. The present paper is almost entirely concerned with 
radiation within these limits of wave-length, and in order to save continual 
re-statement the name W-radiation is used to denote radiation restricted to the 
wave-lengths within which water-vapour amounting to 0*3 mm. of precipitable 
water radiates like a black body. 

The W-radiation coming up from the earth’s surface is completely absorbed 
in a relatively thin layer of air, which in turn re-emits radiation appropriate 
to its own temperature. Thus while the radiation between 8 fx and 11 p. 
passes out through the atmosphere unchanged, the W-radiation is absorbed 
and re-emitted many times over, if Hettner’s figures for absorption can be 
accepted.] It is customary to speak of water-vapour as endowing the air with 
a power of absorption or emission, but it would be more logical to regard the 
presence of “ dry air ” as endowing the water-vapour with an enhanced specific 
heat. For the dry air, though it takes no part in absorption or emission (except 
for CO a ), shares with the water-vapour any gain or loss of heat, and so its 
presence weights the water-vapour with an added specific heat. 
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The length of the column of air which contains 0*3 mm. of precipitable 
water is readily deduced as follows. Call this length Z. Then a cylinder of 
volume 1 c.c. will contain 0*03 cm. or 0*03 gramme of water. Let p w mb be 
the vapour pressure, p w the density of water-vapour, T the absolute tempera¬ 
ture and R the gas constant for water-vapour. The 

p„ = Rp w T and R - 4*02 X 1ft® 

and 

Zp w = 0*03 

l = 0-03/p* = 0*03 X 4*62 X 10 3 X T/p* = 139T/p* centimetres. 


If wc take T = 276a, the length l is equal to about 380 metres ; and with 
such values of the vapour pressure as occur in the lower atmosphere, where 
p* is normally of the order of 10 mb and is often much greater than this, l is 
‘ a length of the order of 40 metres. With such small values of l it is legitimate 
to treat the layer of thickness l as having uniform temperature equal to the 
mean temperature of the layer, so far as computing the radiation from the 
layer is concerned. This method is adopted below r in order to compute the 
amount of radiation moving upward or downward through the atmosphere. 


A- 

C- 
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III,—An Equation for Radiative Transfer. 

Beginning at the ground we divide the whole atmosphere into layers of 
varying thickness such that each contains 0 * 3 mm. of precipitable water. The 

thickness of each layer is bT jp w where 6 is a 
numerical constant equal to 139 in e.g.s. units, 
while T and p w represent the mean absolute 
temperature and the mean vapour pressure in 
millibars, within each layer. The thickness of 
each layer is thus proportional to the appro¬ 
priate value of T/p w . Let AB in fig. 1 be the upper boundary of the rth 
layer. The amount of W-radiation moving upward across AB is equal to E r , 
the radiation from the rth layer, since no radiation reaching AB can by 
hypothesis have originated below CD, the lower boundary of the rth layer. 
Similarly the amount of W-radiation moving downward across AB is equal 
to the radiation from the (r 4* l)tb layer. The net upward flux of 
radiation across AB, which we call F r is given by 


Fig. 1. 


F f -E,~E f+1 


(1) 
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If T f be the mean temperature of the rth layer, then with the usual notation 


F f ~ K,-F, 


J r+1 


AE r 


AE 

AT 


(T f+1 -T r ) 


AE 

AT 


/ 




/f+i 


+ 


. A z !t. 


31^ 3T ? 3E 3T 6T _ , 3T 

3T ’ dz 3T dz p w ' dz 


( 2 ) 

(3) 


The use of the differential coefficient 3E/3T in place of the corresponding 
finite-difference ratio is justified by the slow rate of change of this quantity 
with T, as shown in the next paragraph. The use of the differential coefficient 
3T/3 z in place of the corresponding finite-difference ratio is justified if we 
neglect small quantities of the first order, and also by the fact that in practice 
3T/3 z is determined by the measurement of the difference of temperature at 
points separated by a finite difference of level. In this way we obtain the 
3T 

expression — k for the net upward flux of heat, k being a quantity which 

normally changes only very slowly with height, as is seen from a consideration 
of the factors involved in it. 

The value of b depends upon the assumption that 0*3 mm. of precipitable 
water absorbs completely the W-radiation passing through it. Should the 
estimate of 0*3 mm. be too small, the value of b is proportionately too small. 
Thus any uncertainty as to the true value of b is due only to uncertainty as to 
the truth of the estimate of 0*3 mm. for the quantity of precipitable water 
which will completely absorb W-radiation. The value of 3.E/3T can be readily 
deduced from a table given by Simpson ( loc. cit. f p. 8). The following small 
table is sufficient to show the nature of its variation : - 


Temperature. 


3E 

3T 


X 10 8 


200a 

1*6 


220a 270a 295a 

2*0 3*0 3*5 


Within these limits of temperature 3E/3T appears to be almost accurately 
a linear function of temperature 


3E 

3T 


X 10 a = 3-0 4- 0-2 (T -^0). 


The vapour pressure varies from day to day at a given place, but shows 
no marked diurnal variation. It varies to some extent with height. According 
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to Harm* the relative values of p w at the ground, at 0*5 km. and at 1 km. 
are 3*0, 0-83 and 0*68. But observations frequently show a much slower 
decrease with height than this. Thus Steinerf found in his discussion of kite 
ascents made at Rostock, that vapour pressure showed extremely little varia¬ 
tion with height up to 600 metres. 

If we assume a temperature of 275a and a vapour pressure of 5 mb., corre¬ 
sponding to relative humidity of about 70 per cent,, the value of k in equation 
(3) is found to be. 

3 X 10"* X 130 x 275 ~ 5 23, the units being the gramme-calorie and 

minute. 

We can use this figure to compute the upward flux of radiation corresponding 
to any given value of 3T jdz. Let us assume the lapse rate of temperature to 
be adiabatic, so that dTfiz ~ — 30~L Then the vertical flow of radiation is 
2-3 X HP 8 gramme calories per minute. To compare this with the average 
amount of radiation coming in from the sun, we take the solar constant to be 
2 gramme caloribs per square centimetre per minute. Allowing for averaging 
over day and night, and over all latitudes, and assuming Aldrich’s value of 
the albedo 0*43, we And that the amount of incoming energy which has to be 
transported out again by radiation, turbulence, or otherwise, is about 0*275 
gramme calories per square centimetre per minute. Thus with the assumptions 
made above in evaluating k , and assuming an adiabatic lapse-rate, except for 
the radiation contained within the transparent band from 8| p to 11 p, which 
passes out through the atmosphere without absorption, less than one-hundredth 
of the incoming energy can be disposed of by passing outward as W-radiation 
through the lowest layers. While it is true that the lapse-rate may from time 
to time exceed many times the adiabatic, this only occurs during a part of the 
day, and moreover the value of k deduced above is based on a low figure for 
vapour pressure. With larger vapour pressures 1c is diminished. It can there¬ 
fore be accepted that under normal conditions only a very small fraction of 
the incoming solar radiation passes back through the lowest layers of the 
atmosphere as W-radiation. 

It will be noted that the flow of energy by radiation is always from high 
temperature to low temperature, so that radiation tends to produce isothermal 
conditions. There is a rlsemblance between the results here derived and the 
equations for conduction of heat in solids, 

* * Lehrbuoh der Meteorologies p. 243. 
t * Wise. Abhandl. Lultwarte Rostock, 1 Heft 1 (1926). 
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The net flux of heat across unit area of a horizontal surface at height 
z + dz IB 



A disc of air of unit horizontal area and thickness dz will therefore gain a 
quantity of heat 


3 3T 

— (A: —) dz per minute. If c„ be the specific heat of air 


at constant pressure, and the unit of time t be I second, this gain of heat must 

3T 

be- equal to 60pc p — dz. Thus the equation of radiative transfer of heat may 


be written :— 


? c v 


3T 


dt go a 


i a , 3 t 

(A « 


oo a z {<p w ax ar 




(4) 


We have seen that in the lowest layers of the atmosphere k will vary slowly 
with height, while 3T jdz is shown by observation to be subject to variation 
within wide limits, a lapse rate 10 times the dry adiabatic lapse rate being by no 
means uncommon near the ground. Thus in an investigation of the transfer 
of heat by radiation in the lowest layers we may treat k as constant in equation 
(4), giving T and p w the values corresponding to the level under discussion. 
Equation (4) then reduces to 

ST _ b T 3E 3 2 T _ K 3 2 T 
dt 60p c p p w 3T ~5z? Vr 8z 2 ' 

This equation is similar to that for conduction of heat in a solid with a constant 
K r replacing the thermometric conductivity k. The quantity K R is equal to 
k/BOpCp where k is defined in equation (3). Again, taking T — 275a, p w =s 5 mb. 
we find 

K -s ^ ^_ -.pj v 1()3 

R 60pc P <50 X 0*00125 X 0*24 


For the reasons given above, in discussing k, this estimate of K E is likely to be 
rather higher than the normal values, on account of the lo w value assumed for 
p w . For larger values ol p w , K R is reduced in inverse proportion. The con¬ 
stant K e might, on the analogy with the conduction of heat in solids, be called 
the radiative diffusivity . Even allowing for the fact that the value of 
1*3 X 10 8 is likely to be rather high, it is very much in excess of the 
corresponding coefficient for the molecular conduction of heat, whose value is 
.about 0*16 in the same units. 
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The derivation of equation (3) is based on the assumption that there is a 
complete layer of air whose water-vapour content is equivalent to 0*3 mm. 
of precipitable water, above and below the level across which the flux of 
radiation is to be stated. It cannot therefore be applied without further con¬ 
sideration to heights above the ground of less than l as defined above. 

If in fig. 1 the surface AB is only just above the ground, whose temperature 
is T f , the W-radiation moving upward across ABis E (T,), while the downward 
moving W-radiation is of intensity E (Ti), where T* is the mean temperature of 
the first complete layer of thickness 1. The upward flux across AB 

« E (T,) - E (Ti) — — AE ~ AT 


AE 

AT 


AT 
A z 


As 


be 

bt 


ST 

3* 


where As = 


l 


bT 


Hence the net upward flux across AB 


(«) 


2 2 

BE 0T bT __ ,. BT 
8T ' tiz ’ 2p,„ * * 5s"' 

where k is derived from the mean values of T and p w for the lowest layer of 
thickness l. 

For heights s < l, the upward radiation will be the same as though the 
missing fraction (l — z)/l of the complete black body layer, were concentrated 
into an infinitesimally thin layer at the surface. If the temperature of the 
surface is T„ and temperature at height z is T, the mean temperature of this 
black body layer is 

0T 


T + T.J , rp l — z 

“ 2 — / +T *T" 


T + 




(7) 


where 


BT T - T. 
3s z 


Hence we find from equation (2) that the net upward flux at height z is 


3E 0T (l 
3T3* \2 


+ 


„ _ _ 3E 3T P + 2lz - 2 * 

2 in 3T3s • 2 1 * 


( 8 ) 


0E 3T l 

This expression reduces to ~ wJien s==0 > agreeing with (6), and 

0E 3T 

reduces to — gj l when z = l agreeing with the standard form of the 

equation. Thus in the lowest layer l the value of k decreases steadily from its 
value at * ~ l to half that value at the ground. If conditions approach a 
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steady state so that the upward flux becomes the same at all heights, then the 
lapse-rate 0T jdz at height l must bo half its value at the ground. The required 
condition of steadiness is possibly reached in inversions on clear nights, but 
there are no observations available in sufficient detail to test this possibility. 


IV .—The Ilf ward Transmission of Heat by Turbulence. 

An expression for the rate at which heat is conveyed upward or downward 
by eddies has been given by G. f. Taylor,* who found that the upward flow 

00 

of heat due to eddies could be represented as — kpe p 7 r-, where p is the density, 

oz 

c p the specific, heat of air, 0 is the potential temperature at a height s, and K an 
essentially positive quantity, which measures the activity of the eddies at 
height z. Taylor’s derivation of this expression suffers from the disability that 
it only applies to an incompressible atmosphere. If T is the absolute tempera¬ 
ture, G the potential temperature, and p the pressure at height z 9 and if F be 
the standard pressure to which the potential temperature is referred, then 


0 - T (pi PH • (») 

where y is a constant whose value for air is 0*20. Hence 30/02 involves the 
arbitrary standard pressure P, and so cannot be. regarded as a suitable factor 
for expressing the vertical flux of heat. It was the presence of P in the expres¬ 
sion for the vertical flux which first suggested the desirability of re-considering 
the whole question. It turns out that a very slight re-arrangement of Taylor's 
original analysis makes it possible to allow for the compressibility of the air. 
Also it is found that the flux of heat by turbulence should be expressed in 
t erms of the absolute temperature. 

It is shown in any text-book of heat that the quantity of heat necessary 
to raise the temperature of 1 gramme of atmospheric air by an amount rfT 
at constant pressure is c p dT. Of this a part cyfT is used in increasing the 
internal energy of the ^ air, and the remaining part (c p — c v ) dT is used in 
expanding against the pressure of the surrounding air. Atmospheric air thus 
behaves as though its specific heat were c p in any change of state which does 
not involve changes of pressure, f 

We now require to evaluate the flux of heat across a large horizontal area A 
forming part of the isobaric surface of pressure p, which is at height z at time t . 

* 1 Phil. Trans. Roy. Soc./ A, vol. 215, p. 1 (1915). 

t Vide W. H. Dines,* Q, J. Roy. Met. Soc./ vol. 37, p. 188 (1913), or V. Bjerknes/ Met. 

Heft 4/6 (1917). 
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We shall regard p as the vertical co-ordinate. The potential temperature 
at any point will therefore be represented by 0 (p, t). Following Taylor's 
method we assume that an eddy, which is originally a normal specimen of the 
air at its level, breaks away from the level p 0 at time t Q , and reaches the level 
of p at time t carrying with it its original potential temperature, and that after 
crossing the isobaric surface p it mixes with its new surroundings. Let tn 
be the mass of this eddy. Provided p 0 — p is small, and that t 0 — t is small, 
we may write 

0 (,y 0 ) =■ 0 (ft) + ( Pn - P) ^ f (/,, - /) (10) 


o 0 3 0 f) y 

where g- may now be interpreted as 0 ~ • The absolute temperature of 

the moving eddy at the time when it reaches the level of p is therefore 
given by 

301 


(|) T { 6 ( V 0 + (Po 


v 30 , ,, 
P) ^ f (to 


■t) 


dt 


da 


For at each stage of its motion the mo ving eddy takes up the pressure of its 
surroundings. It follows from this that the mixing takes place “ at constant 
pressure,” and that in mixing with its surroundings the eddy shares out its 
excess or defect of thermal energy, which we have seen is to be measured by 


mass of eddy X specific heat c v x absolute temperature. (12) 


The motion of the eddy across the isobaric surface p is therefore equivalent to 
a flow of heat 


mc 9 ( pj (P • 0 + (Po ~~ P) + (to ~ l ) (13) 


But this is always positive, and we require an expression which shall take 
account of the fact that the upward moving eddies are equivalent to a flow 
of heat upwards, and the downward moving eddies to a flow of heat downwards, 
l his is most simply done by taking m positive for upward moving eddies, and 
negative for downward moving eddies. With this proviso we find that the • 
net upward eddy-flux of heat is 

St * w (p J {° (1*> + (Po ~ P) gjj + (<o “ 0 *= c„ f|j r 0 (p . t) Xm 

+ c * (?) ^ • Sw (po ” p) + c * (|J |r • s,n - *>. (1 4 ) 
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But there can be no resultant flow of mass across the isobaric surface, 
otherwise its pressure would change. It follows that 

2m =* 0 . (15) 

Also in 2m (i 0 — t ), t 0 — t is always negative, and any given value oit 0 — t is 
equally likely to be associated with positive and negative values of m. Hence 

2 m (l 0 — t) = 0. 

In the expression (14) above only the middle term remains. Further in 
Em (p 0 — p) f p 0 — p is positive for positive values of m, and negative for 
negative values of m, and so each term in the summation is positive. The 
resultant upward flow of heat is 


/©V 3b 02 V / V 

Mr.) £■ 5 s * <*-*>• 


(16) 


But if T is the absolute temperature at height z , it follows from equation (9) 
above that 

j_ae _ i3r _ xii? 

ft dz T dz pdz* 


Hence 


since 


P/ dz 0 dz 37 T R * 


dz 


9?- 


But yg /R is equal to the dry adiabatic lapse rate. Denoting this by a, we may 
write 

(f)’I<”> 


We deline K by the relation 


Ir _ Sm(p„ - y) 




(18) 


which is equivalent to Taylor’s expression for K. Then the resultant upward 
eddy flow of heat across the isobar p is seen to be 


- K pc,(|^ + a). 

The corresponding expression derived by Taylor is 

30 


(19) 



212 


D. Brunt. 


The difference between (19) and (19 1 ) arises from the difference in the expressions 
used for the flow of heat due to an eddy in Taylor’s paper and in equation (13) 
above. Taylor assumed the flow of heat, to be proportional to the potential 
temperature, and not to the. absolute temperature. 

3T 

The factor 5— + a is the difference between the lapse rate and the adiabatic . 
oz 

The net eddy flow of heat is upward, downward, or zero, according as the lapse 
rate is greater than, less than, or equal to tin; adiabatic lapse rate. The 
expression (19) gives the upward flow across unit area of the isobaric surface p. 
The upward flow across unit area of the isobaric surface p -f* dp is 

- Kp,„(|I + a) - *£(Kp (gt + .))ip. 

The net gain of heat between these two isobars 



since the mass between the two isobaric surfaces p and p + dp is dpjg. Thus 
we finally deduce the diffusion equation, 



This equation gives the Tate of change of temperature produced by eddies 
at the level of a particular isobaric surface at whose instantaneous level K, p, 
and 3T/3z have been evaluated. At a subsequent time the height of this isobar 
may have varied. This limitation of the equation may appear troublesome 
and is readily removed. The rate of change of temperature at a particular 
height z may be written 




R 3T3_ 

gp dz 3 t 


(pT) 


( 22 ) 


Now the changes of density are due to the expansion or contraction produced 
by changes in temperature. Therefore (pT) = p + T ^ is of the same 

order of magnitude as p ^. In the last expression in (22) above, S ^ ig of 
m g oz 

or 3 x 10“ 4 , and so neglecting a small quantity 


the order of 


3 X 10* X 10 


1(V> 
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of 

to 


this order by comparison with unity, we may reduce the expression 

0T\ 

p i j , and the equation (21) above may be applied without correction 


to give the change* of temperature at a particular height z. 

This equation can be further simplified in certain cases. In the atmosphere 
the density varies only relatively slowly with height, and if we neglect these 
variations the equation becomes 


ar 

dt 



( 2 ») 


If further we assume that K does not vary with height it can be further 
reduced to 


0T 

a t 


= K 


3 2 t 
3? ' 


(24) 


This equation is directly comparable with that for conduction of heat in a 
solid. A similar equation was given by Taylor with 0 in place of T. 

It may be noted in passing that equation (21) as applied to a particular height 

z could have been derived directly, with the term — ^ f-(pT) added on the 

y oz of 

left-hand side, by much the same analysis as we used above. The only 

difference in procedure is that the Em would not be zero, but - since the 

g at 

rate of transport of mass x <y across a surface measures the rate of increase 
of pressure at that surface. 

A somewhat different treatment of eddy diffusion has been given by L. F. 
Richardson,* He defines Z as any one of certain entities such as horizontal 
momentum in a given azimuth, weight of water in unit mass of atmosphere, 
or any other quantity which has its total unchanged by (a) re-arrangement of 
that portion, or (6) by delay. If x be defined as the amount of Z per unit mass 

3y 

of atmosphere, the upward flux of Z is expressed by — c ^, where it is stipu- 

oz 

lated that c must not become infinite when 3 yjdz = 0. Beyond this restriction 
no assumption is made as to the way in which c may depend upon z, y or 3x/3z. 
The one restriction mentioned is imposed in order to provide that the upward 
flux of Z shall vanish when 3x/3 h = 0, and this implies that x must be unchanged 
by the simple transportation of air to a, different level. In a later paperf 
* * Boy. Soc. Proc.,’ A, vol. 96, p. 9 (1919). 

t * Phil. Trans. Boy. Soo.,’ A, vol. 221, p. 1 (1920); 1 Weather Predicfcion^by Numerical 
PrvccsB ? (Camb. Umv. Press), 1922. 
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Richardson suggests that y may be potential temperature, or mass of water or 
smoke per unit mass at atmosphere. Exception may be taken to this sug¬ 
gestion in so far as it concerns potential temperature. Though Richardson 
does not explicitly state it, it is presumed that when y is potential temperature, 
Z is available heat content. But we have already seen that the available heat 
content is not completely specified by potential temperature alone, so that in 
this case a given value of y does not correspond to a definite value of Z. 
Richardson's deduction of his diffusion equation may be summarised by the 
equations, 

(PX.) = - j| (upward flux) --= £ («jj*). (25) 

it is difficult to assign a definite meaning to the left-hand side of thiB equation 
since there is no clearly defined physical entity which corresponds to potential 
temperature. The latter is a mathematical abstraction rather than a physical 
concept. Moreover this equation is not consistent with the assumption on 


which it appears to be based. For if the flux of potential temperature c ^ 


is independent of height, then qJ ^ 0* and y should not vary with time. 
But as Richardson has pointed out* the flux of heat across unit area of a hori¬ 
zontal surface is c , and hence a layer of air of thickness dz will gain 

per unit time an amount of heat (c . dz and the absolute tempera- 

\ 825 / 8 z P* 


ture cannot remain constant. Hence the potential temperature will also 
vary—a result which is inconsistent with the diffusion equation (25) above. 


V .—The Combined Effects of Radiation and Turbulence . 


The equations which determine the changes of temperature produced by 
turbulence (21), (23) and (24) above, should be compared with equations (4) 
and (5), which give the changes produced by radiation. The equation (4) 


may be written in the form 



(26) 


which corresponds in form with equation (21), except that dT/dz appears 

0T 

instead of ~ + a. 
dz 


* ‘ Weather Prediction,’ p. 70. 
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Reason** have been adduced to show that a reasonably good first approxi¬ 
mation to the variations produced by radiation and turbulence respectively 
can be obtained by the use of equations (5) and (24). Adding these two 
equations, we find that the combined effects of radiation and turbulence are 
represented in the equation 

ST K dPT 

- < K I M-gj- (27) 

Both K and K B are positive, and their sum is accordingly positive, it is 
however probable that K and K R will be found to vary very differently with 
height and time of day. The variations of K B are affected more by vapour 
pressure than by any other factor, and K R will not vary within very wide limits 
with time of day, as vapour pressure has no very marked diurnal variation. 
K, on the other hand, is likely to vary within wide limits as the lapse rate 
changes, being smaller under stable than \mder unstable conditions in the 
vertical. 

In a first analysis of the phenomena we shall treat both K and K B as remain¬ 
ing constant through small ranges of height z. It is then seen front equation 
(27) that the condition that the temperature should rise is that 3 2 T/3s 2 should 
he positive, and the condition that temperature should fall is that 0*T/3* 2 
should be negative, whether we consider the effects of radiation or of turbulence, 
or of both. 

If it is desired to evaluate the net outward flow of radiation across a hori- 
aontal plane, care, must be taken to allow for the functional difference between 
equations (3) and (19). The flow of heat by radiation is upward or downward 
according as the temperature decreases or increases with height, but the 
flow of heat by tur bulence is upward or downward according as the lapse rate 
is greater or less than the adiabatic. Some examples are shown in fig. 2, 
where the line AB indicates the adiabatic lapse rate, and the line ODE repre¬ 
sents actual distribution of temperature. The small diagrams on the right 
indicate by arrows the direction of flow of heat by radiation and turbulence. 
a doubly feathered arrow indicating a larger amount of flow than a single 
feathered arrow. Thus in fig. 2a, though the general transfer by radiation is 
upward, and the general transfer by turbulence is downward, the air at 1 > is 
gaining heat from both. In fig. 26 the transfer of heat is upward both by 
radiation and turbulence in CD, and the air at I) is being warmed. In fig. 2c 
radiation and turbulence work together in causing a downward flow of heat 
in CD, and produce a cooling of the air at D. The effect may be summarised 
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in a few words. Where there is a bend in the temperature height diagram 
the effect of both radiation and turbulence is to smooth out the bend. If 



the lapse rate is constant at all heights, then provided K and K k do not vary 
with height, both radiation and absorption will give rise to a steady stream 
of heat which will pass through the atmosphere without producing any changes 
of temperature. 

It will have been noted that the flow of heat by turbulence is only directed 
upward when the lapse rate exceeds the adiabatic. Observations of tempera¬ 
ture in the free air indicate that at heights of a few hundred metres and less, 
the temperature begins to rise in the mornings before the lapse rate has 
reached the adiabatic, and several writers have regarded this as an indication 
of the action of some powerful agent other than turbulence, in causing a flow 
of heat upwards * Equation (27) shows, however, that the temperature at, 
say, 200 metres, should begin to rise as soon as the lapse rate immediately 
below 200 metres has surpassed the value of the lapse rate above 200 metres. 
Or in the more general case, using equation (23), and neglecting the small 

* S. Chapman, ‘ Q. J. tt. Met. Soc./ vol. 51, p. 101 (1925); Sohmidt, 1 Sitz. Akad. Wi*#. 
Wien/ vol 127, No. Ila (1918). 
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variation of p with height, turbulence should cause an increase of temperature 

at 200 metres as soon as K ( — + a) has a lower value below 200 metres than 

\ az 

above it. It has frequently been remarked that the temperature at the top 
of the Eiffel Tower begins to rise in the morning before the lapse rate has 
attained the adiabatic. But it has never been conclusively shown that the 
early rise of temperature at the top of the tower is not due to the effects of 
sunshine on the instrument or its housing, or on the tower itself. It is extremely 
difficult to measure the temperature of t»lie air at a height of more than a few 
metres above the ground. Even with electrically recording instruments 
difficulties arise as to the exact position of the zero of the trace. There are 
therefore no observations available which can be used to determine with 
accuracy whether the phenomena observed can be accounted for by the use of 
equation (27) above. 

The analysis of Section TV above does not take account of large scale con¬ 
vection, since it tacitly assumes that both the area A across which the flux 
of heat is measured, and the time over which conditions are averaged are both 
sufficiently great to include the effect of a large number of eddies, ft does not 
appear legitimate to assume that the time over which conditions must be 
averaged to yield a reasonable estimate of the effects of large scale convection 
currents, is sufficiently short to permit us to neglect changes in external 
conditions during this interval. Further discussion of this point is postponed 
until detailed observations of temperature at different heights above the ground 
are available. 

Values of K have been estimated by numerous observers from observations 
of temperature or wind at different heights, and it has been found that K varies 
within very wide limits. Taylor obtained values of K of the order of S .10 a 
in inversions over the Great Banks of Newfoundland, and on sunny afternoons 
K has been found to attain values of over 10°. Thus while K k is comparable 
with K in inversions, it is much smaller than K under conditions when there is 
vigorous turbulence. When observations of temperature at different heights 
above the ground are available, K + K R can be readily deduced by the use 
of equation (27), and this value may be taken as giving the value of K alone 
when it is considerably in excess of TO 3 . 

The fact that K is considerably greater than K R except in inversions has art 
important bearing on the question of the persistence of superadiabatic lapse 
rates. The late Lord Rayleigh showed* for an incompressible fluid that it 
* * Phil. Mag./ vol, 32, p. 52# (1916). 
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is possible for the fluid to remain stable with a heavy layer of density p 2 above 
a lighter layer of density p v provided 

ft:; ~ Pi ^ 27tt 4 kv 
Pi ' 

where h is the depth oi the fluid, k its molecular thermal conductivity, and v 
its kinematic coefficient of viscosity. In the atmosphere, however, giving k 
and v their appropriate values for air, this inequality leads to the result that, 
except possibly for a layer whose thickness is a few inches only, any slight 
increase of the lapse rate beyond the adiabatic limit should be unstable. In 
discussing this result the present writer suggested* that v should be 
replaced by an eddy frictional coefficient and that molecular conductivity 
could be neglected by comparison with the effects of radiation. 11 now appears, 
however, that except in very still air, both k and v should be replaced by K, 
while in very still air k should be replaced by K k . Rayleigh’s results and 
their extension by Jeffreys,f are only applicable to incompressible fluid, and 
further discussion of the stability of superadiabatic lapse rates must be post¬ 
poned until the corresponding formula' for a compressible fluid have been 
derived. 

VI. -Summary. 

A simplifying assumption as to the nature and extent of the effects of 
radiation and absorption by water-vapour in the atmosphere, based on 
Hettnor’s measurements of absorption by water-vapour, makes it possible to 
reduce the problem of the transfer of heat by radiation and absorption to a 
tractable form. This transfer is found to be analogous to. the conducting of 
heat in a solid, the ordinary coefficient of molecular conductivity being replaced 
by a much larger coefficient, the radiative diffusivity K B . 

The transfer of heat by eddies in a turbulent atmosphere is evaluated for a 
compressible atmosphere, and it is shown that the eddy flux of heat is pro¬ 
portional to the difference between the lapse rate and the adiabatic, and to 
the eddy-diffusivity K, defined by Taylor. 

The relative magnitudes of K B and K arc considered. K is normally of 
the order of 10* in inversions but is usually greater than 10 6 when the atmosphere 
is fairly turbulent. Both radiation and turbulence tend to smooth out any 
bends in a temperature height curve. 

* ‘ Nature/ vol. 115, p. 299 (1925). 

t ‘ Phil. Mag./ vol. 2, p. 833 (1926); * Roy. Soc. Proc./ A, vol. 118, p, 195 (1928). 
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The Influence of Nitrogen Peroxide on the Combination 
of Hydrogen and Oxygen . 

By H. W. Thompson and C. N. Hinshelwood. 

(Communicated by Sir Harold Hartley, F.R.S.—Received February 18, 1929.) 

It has recently been shown that small traces of nitrogen peroxide exert a 
remarkable influence on the combination of hydrogen and oxygen, even at 
temperatures far below that at which the normal reaction has an appreciable 
velocity.* At any such temperature there exist two sharply defined critical 
concentrations of nitrogen peroxide, between which there is instantaneous 
inflammation of the hydrogen and oxygen, but above or below which there is 
only an extremely slow reaction.*) - The transition at each of these nitrogen 
peroxide pressures is very abrupt. 

An analogous phenomenon can be observed in the union of oxygen and 
hydrogen alone. Between certain limiting concentrations there is immediate 
explosion, but above and below these a reaction with a measurable velocity 
takes place. 

in a previous paperj an explanation of these results was suggested, based 

* 

upon the theory of “ reaction chains/ 5 If in such a chain one active molecule 
can give rise, after a sequence of changes, to more than one, the reaction 
velocity will increase indefinitely, and explosion ensue, except in so far as 
various deactivation processes keep the effect of the branching chains in check§ 
The balancing of these various influences determines the critical limits of con 
centration. According to the previous results, the chains are initiated by 
molecules of hydrogen peroxide in mixtures of hydrogen and oxygen when 
these react in the absence of nitrogen peroxide, but when nitrogen peroxide 
is present the chains are very readily initiated by a reaction between molecules 
of this gas and hydrogen. 

For hydrogen and oxygen mixtures without nitrogen peroxide, the effect of 
various factors, such as temperature, and nature and size of the vessel was 
examined, and the results enabled a definite theory of the mechanism of the 
reaction to be constructed. A similar detailed investigation has now been 
made of the phenomena observed in presence of nitrogen peroxide, which had 
previously only been studied at one pressure of hydrogen and oxygen. The 

♦ H. B. Dixon, private communication. 

t Gibson and Hinahelwood, 4 Trans. Faraday Soe,,’ voL 24, p. 569 (1928). 

% Thompson and Hinshelwood, 4 Roy. Soe. Proc./ A, vol. 1*22. p. 610 (1929). 

{ Semenoff, * Z. Pbysifc/ vol. 46, p. 109 (1927). 
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results allow the theory outlined in the previous paper to be elaborated! and 
completed. 

The experimental methods employed were in general essentially the same as 
those previously described. 

The Critical Concentrations of Nitrogen Peroxide fur various Pressures of 

Hydrogen and Oxygen. 

For equivalent proportions of hydrogen and oxygen the critical concentra¬ 
tions of nitrogen peroxide move nearer together as the total pressure is 
increased, the lower one being raised and the upper one lowered. 

Preliminary experiments were made as follows. The concentrations of 
nitrogen peroxide between which ignition occurred in a porcelain bulb at 390° C. 
were first determined with 200 mm. H 2 and 100 mm. 0 2 . Then various con¬ 
centrations of the peroxide greater than the upper limit were mixed with 
200 mm. H 2 and 100 mm. 0 2 , and the mixture was slowly drawn out of the 
apparatus by the pump. The pressure at which explosion occurred was 
observed, and from this the partial pressures of all three gases could be 
calculated. The results indicated that the smaller the pressure of hydrogen 
and oxygen the greater was the concentration of nitrogen peroxide required 
to stop the explosion. The results obtained by this method, which we may 
call the withdrawal method, were* not very regular. It was therefore necessary 
to employ the original method, in which the critical pressures of nitrogen per¬ 
oxide for each pressure of hydrogen and oxygen were determined by repeated 
trial. The experiments were made at various temperatures. The result# 
are tabulated below, and shown in flu* figure. 





Pressure of NO. 

in mm. mercury. 



Temperature, 

°C. 


Lower limit 



Upper limit. 


100 mm. 

H„. 

200 mm. 
H,. 

300 mm. 

H s . 

400 mm. 
H„ 

100 mm. 
H,. 

200 mm. 
Hj. 

300 mm. 

H,. 

400 mm. 

H,. 

41C 

i | 

0*053 ! 

0*070 

0 107 

0-1*4 

>!)•» 

7-9 

4*4 

3*1 

3PO 

! 0-068 

0 09 

0*122 

oioo 

: 

4« 

(3-2) ! 

2-7 

(2-5) 

1H 

(2-1) 

13 

(1*4) 

370 

! OOP 1 

i l 

O' 12 

i 

*— l 

o • ir> ! 

i ! 

1 -47 

! 0-98 

1 

; 0-59 

0*3« 


Not bis.- -(a) The figures in brackets were obtained in a much earlier series of experiment* 
and in a different bulb. 

(6) During the aeries of experiments it was necessary to replace the poroelain bulb by another 
similar one. The results obtained with t he two bulbs showed no noticeable discrepancy. 
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Influence of Nitrogen. 

In the presence of nitrogen the upper critical coneentrution of nitrogen 
peroxide for a particular pressure of hydrogen and oxygen is lowered ; the 
lower limit is probably but little affected. Whereas, for example, the upper 
limit lor 200 mm, II 2 and 100 mm. 0 2 at 396° C. is > 3-3 mm. N0 2 , for 200 mm. 
H a and 478 mm. air, i.e., 100 mm. 0 2 and 378 mm. N a , it becomes 1 -47 mm. 
N0 a . Other results are :— 

(а) 200 mm. H 2 , 100 mm, 0 2 , 378 mm. N 2 - 

Upper limit: 406°, 1*45 mm. N() 2 ; 390°, 0*66 mm. ; 375°, 0*45 mm. 

Lower limit: 395°, 0*075 mm. N0 2 . 

(б) 100 mm. H 2 , 50 mm. 0 2 , 189 mm. N a — 

Upper limit: 395°, 1*20 mm. N0 a ; 382°, 0*84 mm. 

These experiments were repeated in a silica bulb. Although the results 
obtained were somewhat variable and differed slightly from those obtained 
with the porcelain bulb, they were qualitatively in agreement with them. 
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Influence of the Ratio of Oxygen to Hydrogen on the Critical Nitrogen 
Peroxide Concentrations . 

Some experiments by the “ withdrawal ” method, previously described, 
were carried out to discover the effect on the upper critical nitrogen peroxide 
concentration of the ratio of oxygen to hydrogen in the gas. In order to obtain 
the results in the most convenient form it would be desirable so to arrange 
matters that the total pressure of hydrogen and oxygen at the actual point 
of ignition is the same in each experiment, thereby allowing the effect of their 
ratio alone on the nitrogen peroxide concentration to be seen by direct 
inspection. This could be attained by a tedious process of trial and error in 
the choice of the initial concentrations. The information required can, 
however, be obtained in a simpler maimer as follows. 


Silica Reaction Vessel. Total Initial Pressure 600 mm. Gases mixed and 
then Pressure lowered until Explosion occurred. 



Initial 
pressure 
of NO„. 

Ratio 

O s /H,. 

Total pressure at 
ignition point. 

Mean. 

Pressure of 
NO, at 
ignition 
point. 


mm. 

! 




iSeries I— 

r 

1 

0-50 

312, 259, 281, 270 

281 

1*53 

400 6 C. 

3*27 J 

0-70 

262, 282 

275 

1-49 


1*00 

200 

200 

1*09 


l 

2-00 

112 

112 

0-61 

Series T1. 

r 

0*60 

334, 326 

330 

1*48 

406° C. 

2-70 1 

100 

308, 306 

304 

1-37 


X 

2'00 

233,223 

228 

1*03 

Series IU— 

r 

0*50 

343 

343 

1*54 

406° 0. 

2'70 J 

0*70 

336 

336 

1*51 


l 

1*00 

329 

329 

1*48 

Series IV 






410 C. 

3-27 | 

0-50 

330, 307 

318 

1-43 

: 

200 

293, 270, 238 

209 

1 

1-21 


In spite of some variability in the results it- is seen that in all the experiments 
the critical pressure of nitrogen peroxide decreases as the proportion of oxygen 
increases ; but, from the way in which the experiments were carried out, the 
total pressure at the ignition point decreases simultaneously. It has, however, 
already been found that as the total pressure of hydrogen and oxygen is 
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increased, so the upper critical concentration of nitrogen peroxide is lowered- 
Thus if the total pressures given in the above table for the experiments with 
high oxygen ratios had been increased and made equal to those for the 
low oxygen ratios, the critical nitrogen peroxide pressures would have become 
still smaller. The upper critical concentration of nitrogen peroxide does, 
therefore, really decrease as the ratio 0 2 /H 2 increases ; and the decrease as 
we pass from the ratio 0*5 to 2-0 is even greater than that indicated by the 
figures recorded in the table. 

Further experiments were made using a porcelain vessel in the hope that 
data of greater accuracy would be obtained, but irregularities were still 
noticed. In this series the rate of withdrawal was varied, and also the time 
during which the mixture was allowed to remain in the reaction vessel before 
withdrawal. But the results were essentially the same as those previously 
obtained. It seems therefore that “ time-lag M phenomena are not involved. 


Porcelain Reaction Vessel. Total Initial Pressure fiOO mm. Temperature 

396° (\ 


Ratio O t /H,. 

Total presHuro 
at ignition point. 

1 

1 

Pressure of NO, 
at ignition point. 


imn. 

1 

! 

mm. 

0 60 | 

321 

| 

1*76 

100 

272 

i 

1*50 

2 00 | 

210 

i 

1*15 


Discussion. 

The facts may be summarised as follows ;— 

(a) In presence of nitrogen peroxide the explosion takes place at tempera¬ 
tures where hydrogen and oxygen alone are almost completely inert to 
one another. 

(b) There are two critical concentrations of nitrogen peroxide for each 

pressure of hydrogen and oxygen between which only is the explosion 
possible. 

(c) Of these critical concentrations the lower is raised and the upper lowered 

as the total pressure of hydrogen and oxygen is increased. 

(d) For a given total pressure the upper limit is lowered by an increase in 
the proportion of oxygen to hydrogen. 

(e) The upper limit is lowered by the presence of nitrogen, the lower limit 

not being much affected. 
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(/) The upper limit in much the same in silica vessels as in porcelain vessels; 
the lower limit tends to drift in a rather indefinite way, but the difference 
in the two kinds of vessel is not very great. 

(a) shows that the process initiating the chain must be a reaction involving 
nitrogen peroxide ; it will appear that it is not necessary to specify its nature 
more exactly. ( b ) shows that the chains are controlled by two kinds of de¬ 
activating mechanism, one of which becomes less effective and the other 
more effective as the concentration of the nitrogen peroxide increases. In 
accordance with the theory discussed in the previous paper wo assume the 
upper limit to be reached when the deactivating influence of nitrogen peroxide 
on the hydrogen peroxide formed in the course of the chains becomes great 
enough. The existence of the lower limit has not quite such an obvious 
explanation. With hydrogen and oxygen in the absence of nitrogen per¬ 
oxide there is a lower critical pressure, conditioned by the circumstance that 
at higher pressures diffusion to the surface becomes less easy and deactivation 
at the surface less important. But in the reaction now under consideration 
the amount of nitrogen peroxide is too small a fraction of the total gas appreci¬ 
ably to affect the diffusion of molecules to the wall of the vessels ; thus we 
assume it to net rather as a catalytic poison for a wall reaction which would 
normally break the chains. This reaction we may suppose to bo the inter¬ 
action of H 2 (>2 and H a , which in the gas phase propagates the chain, but at 
the surface terminates it, because the energy is given up to the wall. 

The whole process may be thought of in the following way, which, however, 
is only intended to give an approximate picture of the sort of mechanism which 
probably underlies the observed effects. 

(1) Reaction of N0 2 with fl 2 yielding activated H a O a either directly or by 
intermediate stages. (2) The active H 2 0 2 reacts with II 2 in the gas phase 
giving rise to a cycle of processes whereby ultimately a molecules of active 
H 2 0 2 arise from each of the original ones. We assume for simplicity that this 
cycle is not broken by deactivating mechanisms, which are supposed to act 
rather by destroying the H a O a itself. Thus a is probably two. (If we repre¬ 
sent an active molecule by an asterisk, we have II 2 0 2 * -4- H 2 > 2H 2 0* ~*2H 2 * 
or 20 2 * * 2H a O a *.) (3) Some of the active H 2 0 2 , however, reacts with 
hydrogen at the surface, uselessly as far as chain propagation is concerned. 
We must assume that there is a competition between N0 2 and H 2 for occupa¬ 
tion of the surface, and further that the amount of each adsorbed on the 
surface is inversely proportional to a function of the pressure of the other. 
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(4) Active H a O a may also be deactivated by collision with N0 2 in the gas phase. 
{This process might give activated oxygen, which could then re-form active 
H a 0 2 at a later stage ; but we may regard this merely as an increase in the 
rate of 2 relative to 4.) (5) A similar process may occur at the surface with the 
adsorbed N0 2 , but this does not appear to play any essential part. (6) Active 
H a O a is decomposed also by collision with the normal hydrogen peroxide 
molecules existing in the gas at a concentration K[H 2 ] [0 2 ]. (7) Active H 2 0 2 
is decomposed at the surface spontaneously. (8) Deactivation of H 2 0 2 by 
molecules of oxygen in the gas phase may occur. (9) Deactivation by nitrogen 
may also occur. # 

Writing the essential results of these processes in symbols we have ;— 

(1) *N0 2 + yH 2 “*H a O a *. 

(2) H a 0 2 * + H 2 -aH 2 (V(gas). 

(3) H 2 0 2 * + H 2 inactive molecules (surface). 

(4) H a 0 2 * + NO g inactive molecules (gas). 

(5) H 2 0 2 * + N0 2 inactive molecules (surface). 

(6) H a O a * -f* H 2 0 2 -►inactive molecules (gas). 

(7) H a 0 2 * inactive molecules (surface). 

(8) H 2 0 2 * 4- O a inactive molecules (gas). 

(9) H 2 O a * 4- N 2 -► inactive molecules (gas). 


Processes (1), (2), (3) and (4) are assumed to be the controlling ones, the 
balance of which gives rise to the critical limits ; the others have a greater or 
smaller influence on the exact position of the limits. 

Writing down the condition for a stationary state we have 


* *,/{[Ncy [h 2 ]> + - *,[H a o a *][H a ] 

- *3 [IW] g - *4 [NO,] 

- h [H a O a *] &Z _ k 6 [HA*] K [HJ [0 J 

IAJ 


Thus 


- k 7 [H a O a *] - k a [H g O a *] [0*3 - k a [H a O a *] [N J = 0. 


0W3- 


_ ^/{[N0 2 ], [H a ]} -1 

(1 - a) k, [H,] + + MNOJ + k s 

+ hK [H*][0 g ] + k 7 + ft 8 [0,] + *,[N*L 


Q 
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The rate of reaction is proportional to this and becomes explosive when the 

denominator ceases to be positive. The terms in heavier type are the most 

important. (1—a)Jfe 4 [H a ] is essentially negative. For small values of 

* !H 1® 

[N0 2 ] the only important positive term is > at firBt tilis is lar 8 e enough 

to make the whole expression positive ; as [NO a ] increases it diminishes. 
When the term becomes too small to keep the whole denominator positive the 
lower critical limit is reached. Then there is a region of unstable chains and 
explosive reaction until £ 4 [N0 2 ] becomes great enough, when the upper limit 
is reached, (a) and (6) of the ^cts summarised above have now been taken into 
account, (c) is accounted for by the fact that if [Ii 2 ] is increased [N0 2 ] must 

FH T 

also be increased to give the same value of k z • Thus the lower limit 

is raised. The terms k 6 K [H 2 ] [0 2 ] + k$ [0 2 ] give the displacement of the 
upper limit in the right sense with increasing pressure, (d) is accounted for 
by the fact that if for a given total pressure [0 2 ]/[H 2 ]is increased, & 8 [0 2 ] is 
increased and (1 — a) k t [R^\ decreased ; thus the upper limit can be reached 
for a smaller value of & 4 [N0 2 ]. (e) is expressed by the term 7c»[N 2 ]; it is to 
be remarked in this and in other connections that the k s term can become very 
large as [N0 2 ] decreases, and outweigh the effect of the other terms more 
easily than the term can. Thus & 0 [N 2 ] does not affect the lower limit 
much. 


Thus the lower limit 


There is an alternative theory of the lower limit which should perhaps be 
considered. If we dispense with the assumption that nitrogen peroxide acts 
as a catalytic poison for the deactivating process 3, the denominator of the 
expression above will not be positive at all until the value of [N0 2 ] reaches that 
corresponding to the upper limit. I n other words, the smallest trace of nitrogen 
peroxide should initiate the explosion. But it is also evident that if [N0 2 ] 
is actually zero there is no explosion. Now the first traces of nitrogen peroxide 
added may be rendered ineffectual by adsorption on the walls. Thus a finite 
concentration would be necessary to raise the effective value of ^/{[NO a ], [H 2 ]}, 
the numerator, above zero. This would correspond to the critical lower 
limit. 


' We do not suggest that the above explanations are exact in detail, for the 
whole process is evidently one of great complexity. But it seemed to be a 
definite advantage if the principal facts could be fitted into some simple 
hypothetical scheme, which should at least represent the kind of mechanism 
underlying this remarkable reaction, Moreover taking the results of the present 
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with those of the previous investigation, it may be said that the theory which 
has been suggested has a considerable degree of coherence. In presence of 
nitrogen peroxide unstable reaction chains are set up between certain sharply 
defined limits of concentration. In the absence of nitrogen peroxide, but at 
a higher temperature, unstable chains make their appearance between certain 
limits of hydrogen and oxygen concentration in a way so similar that it is 
satisfactory to be able to attribute their initiation to another peroxide, namely, 
hydrogen peroxide. The interruption of these chains is attributed to the action 
of the walls of the vessel, and to the mutual destruction of peroxide molecules ; 
the latter mechanism is analogous to that whic)^recent studies in combustion 
have indicated for the action of “ anti-knocks.” The hypothesis that hydrogen 
peroxide is involved in the chains is a simple and natural one, since this sub¬ 
stance would be formed by the simplest kind of bimolecular encounter between 
hydrogen and oxygen, and its formation in flames has indeed been demon¬ 
strated by several observers. 

Summary. 

Small amounts of nitrogen peroxide between certain sharply defined limits 
of concentration are able to cause explosion in mixtures of hydrogen and 
oxygen, which in the absence of the nitrogen peroxide would react with extreme 
slowness. At the critical concentrations of nitrogen peroxide the transition 
from very slow reaction to explosion is abrupt. The influence of temperature, 
pressure, proportion of oxygen to hydrogen, presence of nitrogen, and nature 
of the reaction vessel on the critical concentrations has been investigated, and 
the results have been interpreted in terms of a theory of reaction chains. In 
presence of nitrogen peroxide a reaction takes place whereby activated hydro¬ 
gen peroxide is produced; this undergoes a cycle of changes in which the 
energy of activation and heat of reaction are handed on to the molecules 
formed, and ultimately two activated hydrogen peroxide molecules appear for 
one originally formed by the action of the nitrogen peroxide. The reaction 
chain thus “ branches,” and the reaction velocity would increase indefinitely, 
i.e., the reaction become explosive, unless some deactivating mechanism 
destroyed the hydrogen peroxide. Several such mechanisms exist; de¬ 
composition or reaction with hydrogen at the wall of the vessel, deactivation 
by mutual destruction of two hydrogen peroxide molecules, or by destruction 
of hydrogen peroxide by nitrogen peroxide (“ anti-knock ” action). The 
balancing of these deactivating mechanisms and the tendency of the chains to 
branch determines the various critical limits between explosion and slow 
reaction. 

Q 2 
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The Action of Metastable Atoms of Helium on a Metal Surface. 

By M L. E. OIjTPHant, B.Sp., 1851 Exhibition Research Student, University 

of Adelaide. 

(Communicated by Sir Ernest Rutherford, P.R.S.—Received March 21, 1929.) 

[Platk I.] 

In the course of a series of experiments on the action of positive ions of helium 
on a metal surface with whj^h they collided, it was observed that neutral 
excited atoms of the gas were able to set free large numbers of electrons from 
the surface. Under appropriate conditions the recombination of helium ions 
and electrons is able to give very large numbers of these excited atoms, and a 
process has been developed by which it is possible to obtain an intense beam 
and study its behaviour under different conditions. 

The recognition of the existence of metastablc states of excited atoms has 
led to the explanation of many anomalous effects in gaseous discharges, and 
of some photo-synthesised reactions involving a mixture of gases. However, 
our knowledge of the state is very meagre,* * * § and it is still possible to fall into 
considerable error and uncertainty in measurements which, unknown to the 
experimenter, involve the formation of excited neutral atoms. Examples of 
this will be given in the discussion at the end of this paper. Although it has 
long been recognised*)* that a collision between an excited atom and a metal 
might well lead to the ejection of an electron from the conductor by a sort of 
collision of the second kind, yet the magnitude of the effect under appropriate 
conditions has not been fully appreciated. The part which this type of collision 
plays in the cathode phenomena of the arc and glow discharges, and the effect 
which it may have on the characteristics of “ probe ” collectors, has yet to be 
determined. 

Recently J. H, Coulliette,J following up the work of Webb and Messenger,§ 
has shown that metastable atoms are able to travel considerable distances 
across a discharge tube and set free electrons from a metal surface. Uyter- 

* V id? Franck and Jordan, “ Anregung von Quantensprungen duroh Stoaae n ; 
Springer, 1926, pp, 6, 119 and 232. 

t E.g. Webb, * Phys. Rev./ vol. 24, p. 113 (1924) ; Messenger, * Phvs. Rev./ vol. 28, 
p. 962(1926). 

X * Phys. Rev./ vol. 32, p. 636 (1928). 

§ hoc . tit. 
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hoeven* has found it necessary to assume such an action of metastable atoms 
on a Langmuir collector in the positive column of the discharge in rare gases. 
The conditions under which experiments are carried out have not allowed, 
however, of any quantitative estimate of the efficiency of the process, though the 
results of the latter investigation suggest that it is high. 

Apparatus .—Helium gas was admitted to the chamber (), fig. 1, through a 
fine leak, passing on the way over activated charcoal cooled in liquid air. An 



I 4 ia. 1. 

arc of 50 to 400 milliampcres at about 100 volts was maintained in 0 between 
the coiled tungsten filament and the surrounding grid. The gas in 0 was thus 
highly ionised and the plate 0, when charged negatively, attracted positive 
ions, some of which entered the hole in the centre. Of these the larger portion 
collided with the walls of the canal, 3 mm. in diameter and 5 cm. long, but a 
few travelled right through and were then stopped by a reverse field between D 
and E. Any electrons set free from the walls of the canal, or from the electrodes, 
were bent out of the way and removed between the condenser plates G. The 
pressure in the portion B of the apparatus, was kept at a very low value (about 
4 x 10~ 6 mm,), by a large four-stage Gaede diffusion pump, operating through 
a short length of 5 cm. tubing and a very large mercury trap of low resistance. 
In this way an atomic beam streamed in from 0 where the pressure was about 
0*01 mm. and the gas was then pumped back to the reservoir. 

After passing between G the neutral beam entered the shielding box F and 

* * Proc. Nat. Acad. Soi./ vol. 15, p. 32 (1029); 4 Phya. Rev.; vol. 31, p. 913 (1929) ; 
- Phys. Rev./ vol. 31, p. 827 (1928). 
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ft truck a target of molybdenum T. The target was surrounded by a cylinder 
N, insulated from it and from F. which served to collect any charge arriving 
from T. 

The target was fastened over the end of a nickel cylinder M which itself 
Could slide within an external cylinder 8. It normally rested so that the 
plane of the target coincided with the opening in the collector N, but could be 
drawn back against the pull of a tungsten spring P by using an electromagnet 
to move the piece of soft iron I. This was attached to M by a title tungsten 
wire passing through the coned hole in the glass supporting tube. A filament 
J, inside the cylinder M, but insulated from it, could be used to heat the target 
by radiation to a bright red heat, or by electron bombardment to a white heat. 

The accelerating potentials were supplied by a battery of small accumulators 
(up to 800 volts), or by an Evershed direct current generator giving up to 5500 
volts. The current to the target plus the collector N. Le. : any current entering 
the system as a whole, could be detected by a galvanometer G A . The current 
to 'the collector alone was measured by the galvanometer G 2 , of sensitivity 
2 X 10~ 10 amps./mm., which sensitivity could be varied by a universal shunt. 
A potentiometer L enabled potentials from + 40 to — 40 volts relative to the 
plate to be applied to the collector N. 

The helium used was fractionated 10 times from charcoal in liquid air, and 
traces of hydrogen were removed by electrolysing a trace of oxygen from the 
glass wall of a discharge tube into the glowing gas, after a method described 
by Taylor. 1 ® 1 The pump and the apparatus formed a closed system, so that the 
gas removed from B was returned to the reservoir and purified by passing over 
charcoal in liquid air before returning to the discharge tube A. The apparatus 
was of pyrex glass, the metal parts molybdenum or nickel, with the exception 
of the canal which was of platinum. The ground joint at L, and those on the 
steel pump, were greased with a grease of very low vapour pressure (10~~ 7 mm.).*)' 
The whole of the glass portion was baked out for several hours at 500° C, 
each time the apparatus was opened, and the metal parts were thoroughly 
glowed out in the best available vacuum. Before admitting gas to the system 
the pressure was reduced to 10“'° mm. as measured by an ionisation gauge. 
The system was separated from the exhausting pump and the gas inlet by 
mercury cut-offs barometrically operated, and no stop-cocks were used on this 
portion of the apparatus. That the apparatus was perfectly vacuum tight 

* * Nature/ vol. 121, p. 708 (1928); ‘ Roy. Soc. Proc./ A, vol. 123, p. 252 (1929). 

t Burch, * Roy. Soc. Proc./ A, vol. 123, p, 271 (1929). 
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was shown by the fact that the pressure did not rise above 10“ 4 mm. of mercury 
after standing for 7 weeks. 

Operation of the Tube. —The apparatus was originally designed to study the 
effect of positive ions on the target T, but after the tube had been operated 
for some time and the helium used had been intensively purified, it became 
evident that the electron emissions observed were abnormally large, often, 
indeed, larger than the positive ion current itself. Also the secondary emission 
did not increase proportionally with the positive ion current, but much more 
rapidly. Finally, on preventing ions from reaching the system by reversing 
the field between I) and E, and by applying a potential across G, the electron 
current from T to N still persisted almost unchanged. The emission was 
clearly electronic, for a moderate magnetic field parallel to the target com¬ 
pletely stopped it, and it came from T, for on drawing the target right back 
into the sleeve S the current fell almost to zero. The emission increased 
rapidly with the arc current in 0, but decreased as the potential applied to C 
was increased. The first caused a shrinking of the non-luminous sheath of 
positive ions surrounding C and an increase of the positive ion current flowing 
to it. The second caused a slight increase of the positive ion current to C and 
an increase in the thickness of the sheath. 

Since the galvanometer G x indicated no current whatever, the emission of 
electrons from T could not have been caused by the impact of charged particles. 
The emission ceased when the arc was switched off, or wken the accelerating 
potential applied to C was removed. The conclusion reached is therefore that 
radiation or excited atoms were being produced in the canal and diaphragm 
system , or in the sheath in front of C, and that the impact of this radiation or of 
the excited atoms on the target caused the emission of electrons. 

Radiation Hypothesis. —In the positive ion sheath and canal there is a 
mixture of positive ions with normal and excited atoms. The excited atoms 
can emit radiation spontaneously or, if they be in the metastable state, after 
an impact with an electron or fast moving neutral atom or ion. Radiation 
produced in this way can have little effect, for the electron current from the 
target disappears when the potential of 0 is reduced to that of the grid and the 
positive ion current thereby cut off. The positive ions could emit radiation 
when neutralised by an electron at the wall of the canal. The possibility of 
any considerable excitation in the neutral gas atoms by impact with the positive 
ions is ruled out for several reasons. Firstly, the efficiency of the process is 
low, especially at the velocities used* ; secondly, the probability of collision is 

* BVanok and Jordan, he. c p. 188 ; Hooper, * Phye. Rev., 1 vol. 27, p. 109 (1926^; 
Gumey, 1 Phys. Rev.,’ vol. 32, p. 795 (1928). 
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small, owing to the low pressure ; and thirdly, the very homogeneous velocity 
experimentally found for the beam of ions issuing from the canal, which agrees 
within 1 per cent, with the energy corresponding to the potential applied to 0, 
means that little energy could have been lost by impact.* 

Only a very small fraction of the radiation produced in the canal system could 
possibly reach the target; a rough estimate from the geometry of this apparatus 
and allowing generously for reflection from the walls of the canal, gives less 
than 10~ g . The total number of ions which could have entered the canal in 
one particular experiment corresponded to a current of 10~~‘ r ’ amperes. The 
electron current set free from the target was 2-3 x 10“ 7 amperes, 2*3 per cent, 
of the ion current. If each ion gave rise somewhere in the canal to a quantum 
of radiation which travelled to the target, the overall efficiency of the photo¬ 
electric process which gave the electrons would be 2*3 per cent., which is 
prohibitively large. When the factor of 10“ 3 is introduced for the fraction of 
the radiation reaching the target, the possibility that the effect is photo¬ 
electric is ruled out altogether. 

Neutral Particle Hypothesis. When a positive ion is neutralised the prob¬ 
ability is greatest that the electron will be recaptured into one of the outer 
high energy levels of the atom, a theoretical deduction which has been verified 
by Mohlerf for recombination in the glow discharge. Presumably the electron 
can gain the ground level by a single jump, or by a series of quantum jumps 
involving radiation, provided a metastable level is not encountered on the 
way. Thus in the case of helium, if the electron is absorbed into one of the 
outer triplet levels of the atom it must finally come to rest in the metastable 
2 3 S ground-level for the triplet system,$ for combination between the triplet 
and singlet systems is not permitted. The probability of recombination into 
a triplet level must be at least as high as into a singlet level. Indeed there is 
evidence that it is considerably greater, so that large numbers of metastable 
atoms must be produced during recombination. 

Capture of electrons by positive ions at the surface of a conductor differs 
from recombination between ions and free electrons in two respects. The ion 
has to do work in order to extract the electron from the metal, and the chance 
of a three-body collision, by which the excess of energy goes off as kinetic 
energy of a second electron, must be very much greater. This chance will be 

* Cf. Kennard, 4 Phya. Rev./ vol. 31, p, 423 (1928); Hartwell, 4 Phys. Rev./ vol. 31, 
p. 634 (1928) ; Dempster, 4 Phil. Mag./ vol. 3, p. 116 (1927). 
t 4 Phys. Rev./ vol. 31, p. 187 (1928). 
t Franck and Jordan, loc . tit., p. 119. 
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increased by the degree of penetration of the ion into the metal surface, v<?., 
by the velocity of the ion perpendicular to the surface. For glancing angles of 
incidence of a beam of ions the amount of “ specular ” reflection without 
neutralisation or much loss of energy, is known to be very large,* and for the 
same reasons the number of ions which are neutralised, but which then leave 
the surface as excited atoms, might also be large, f Experimental evidence 
will be given that this is indeed the case, but a discussion from the point of 
view of the mechanism of the neutralisation of positive ions at metal surfaces 
will be given in a later paper. 

The above considerations serve to show that in the glancing impacts of 
positive ions upon the walls of the canal there exists a mechanism for producing 
a stream of excited atoms, which are capable of setting free electrons when they 
collide with the target, by a process analogous to a collision of the second kind. 
Owing to the random velocity of the ions crossing the boundary of the sheat h 
surrounding the electrode, and the distortion of the field by the edges of the 
hole in the centre, especially when the sheath thickness is small, the probability 
is large that an ion which enters the canal will collide with the wall. The 
number of metastable atoms, indicated by the electron emission from the 
target, increases very rapidly as the sheath thickness is decreased, passing 
through a maximum when it becomes about twice the diameter of the orifice. 
For sheath thicknesses less than this some of the positive ions collide with the 
walls of the canal at angles too far from glancing for metastable atoms to be 
formed so readily. 

Velocity Distribution of the Electrons. — By applying varying retarding 
potentials between the collecting cylinder N and the target, the velocity dis¬ 
tribution of the electrons from T has been investigated. Such a retarding 
potential curve, for a Mo target, is given in fig. 2. A differentiated form of the 
same curve is shown dotted in the same figure. There is an abrupt maximum 
velocity at about 15 volts. For the maximum energy V of the electrons 
ejected from a surface whose work function is <f>~ volts, by a metastable atom 
whose energy is M volts, we have the relation 

V + <j> M. 

* Gurney, l Phys. Rev.,’ voi. 32, p. 467 (1928); Read, ‘ Phys. Rev.,’ vol. 31* p. 629 
(1923). 

f Gerthsen, 1 Ann. Pbysik,’ voi. 85, p. 881 (1928), has shown that a great part of what 
has been interpreted as a photoelectric effect due to radiation produced by impact of positive 
ions on a metal surface, is in reality an emission of electrons produced by excited atoms 
resulting from ions which have been neutralised and scattered from the surface. 
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For He the energy of the metaatable level is 19 • 7 volte,* and the work function 
of Mo is 4 * 3 volte.f so that V = 15-4 volte. The difference of 0 * 4 volt between 



Fra. 2.—Velocity Distribution of Electrons ejected from hot Molybdenum by Met aw table 

Ions of Helium. 


the calculated aud the observed values arises from the contact p.d. between 
the target and the collecting cylinder, for though both of the same metal, the 
target had been heated much more rigorously than the latter. This difference 
due to contact potential changes from day to day, varying for the same surfaces 
from 0-1 to 0-8 volt. A sharp limit is also found for the lower velocity of 
the electrons at about 1*9 volts, corrected for contact potential. 

ft will be seen that the retarding potential curve falls below the volt axis, 
the direction of the current reversing at about 5-5 volts, and this must mean 
that electrons are there being collected by the target from the collector. These 
electrons arise from the collision with the collector of excited atoms scattered 

* Franok and Jordan, loc. tit., p. 12J. 
f ‘ Handb. Phyaik,’ voL 14, p. 69. 
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from the target unchanged. Owing to the small size of the target relative to 
the collector this electron current does not show saturation as readily as the 
current from the target, which is saturated completely when the potential 
applied is greater than 15 volts, that is when electrons from the cylinder are 
prevented from reaching it. At the same time the large relative surface of 
the collecting cylinder ensures that there is very little chance of reflection of 
excited atoms back to the target, all metastable atoms coming from the target 
being multiplied reflected so many times at the collector surface that they 
must assume their normal state before escaping. Assuming that the same 
fraction of the metastable atoms which undergo transformation results in the 
ejection of electrons at the target and the collector, the ratio of the electron 
current from the collector to the sum of the electron currents from target plus 
collector is a measure of the fraction of the atoms scattered in an excited 
state. From the graph it is evident that the fraction so scattered, t.e., BC/AB, 
is about 40 per cent. 

The amount of reflection varies markedly with the gas condition of the 
surface. It is as large as 50 per cent, for a red hot surface, while it sinks to 
about 10 per cent, or less for a freshly introduced target, or for one which has 
been cold for some hours. The reflected fraction also decreases with the 
velocity of the original positive ions, i.e. : with the velocity of the metastable 
atoms. For instance, for a Mo surface at a red heat, the following reflection 
coefficients were found :— 


Velocity of ions. i 


voHh. 

2100 

800 

400 

120 


Percentage of metnstable 
atoms reflected. 


per cent. 

<5 
10 to 20 
40 to 50 
>50 


The probability that a collision will result in a return to the ground orbit 
evidently increases with the depth of penetration into the metal. The fraction 
reflected increases rapidly as the angle of incidence of the beam on the target 
decreases, the increase being most marked for velocities greater than those 
corresponding to an ion velocity of 400 volts. In the present apparatus the 
angle could be changed only by demolishing the target and the surrounding 
collecting system, so that the measurements were confined to two angles other 
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than the normal, 45° and 15° with the surface. For “ 600 volt ” metastable 
atoms the reflected fractions were :— 


Anglo of incidence. 

Fraction reflected. 

o 

per cent. 

1)0 

10 to 30 

45 

15 to 40 

15 

40 to 60 

For 200 volt atoms : 


0 

! per cent. 

90 

40 

45 

l 40 to 70 

15 

60 to 90 


A few measurements have been made for targets of Ni and Mg. The results 
for Ni were almost identical with those for Mo, as might be expected from the 
value of 4-4 volts for the work function.* The Mg was deposited in a thick 
layer over the target and the inside walls of the collecting cylinder by evapora¬ 
tion in the apparatus itself. For a freshly deposited surface the maximum 
velocity of the electrons set free was found to be 16*8 volts. The work function 
of Mg is 3*01 volts, f so that here, where the contact p.d. is eliminated by 
identity of the two surfaces, the agreement with the theoretical value is 
excellent. The fraction of metastable atoms reflected unchanged from fresh 
Mg was never larger than 30 per cent., but for older surfaces tended to become 
considerably larger. Retarding potential curves for a Mg surface are given 
in fig. 3. 

The total number of electrons set free at the target plus the collecting cylinder 
does not vary very much with the surface, i.e., with the fraction scattered. 
Thus of the metastable atoms which are transformed to the normal condition 
at a metal surface, a definite fraction appears to set free an electron from the 
surface. It is remarkable that surfaces as different in work function and other 
properties as Mo and Mg should agree as to the total number of electrons set 
free, and it is difficult to formulate any explanation other than that every 
metastable atom gives rise to an electron. 

Significance of the Sharp Lower Limit to the Velocity - The existence of a lower 
limit to the velocity of the electrons ejected from a clean metal surface by 
metastable atoms of helium gives strong support to the hypothesis that ejection 

* * Handb, Phyaik, 1 vol, 14, p. 69. 
t 4 Handb, Pbysik/ voh 14, p. 73. 
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always takes place outwards from the metal. If any of the electrons received 
an impulse in the direction of the surface they would undergo scattering and 



Fia. 3.—Retarding Potential Curves for fresh and aged surfaces of Magnesium. The 
total emission from target and cylinder does not vary with the state of the surface. 


absorption, and an appreciable number would emerge with considerably de¬ 
creased velocities, so that a sharp cut-off would no longer appear. We may 
assume then that, the velocities which the electrons possess outside the metal 
are determined only by the work which has to be done in order to bring them 
through the surface, and as has been pointed out to me by Mr. R. H. Fowler 
this leads to a natural explanation of the low velocity limit. 

At ordinary temperatures electrons in a metal form a “ degenerate ” gas, 
and are almost wholly condensed and in the same average state of energy as at 
the absolute zero of temperature.* The energy distribution curve is para- 

* For a concise statement of the essentials of SommerfelcTs electron theory of metals 
see R, H. Fowler, * Statistical Mechanics * (Oarab. Univ. Press, 1929), p. 543, ei *eq. 
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bo!io,t so that there are no electrons with zero energy in the conductor, but the 
number at first increases rapidly with energy and then more slowly, and is 
finally cut off sharply at ordinary temperatures at a characteristic maximum 
energy e*. This maximum energy can be calculated if the number n 0 of free 
electrons per unit volume is known for the particular conductor, from tlv* 
formula of Sommerfeld’s theory 

Jr / 3 », 


8/w, 


F°) 

' TT 


The total height of the potential barrier through which the electrons have to 
escape is e* |- <f>, where <f> is the ordinary thermionic work ftinction of the 
surface. For an electron of energy e, less than e*, to escape, energy equal to 
c* ^ _ £ m ust be given it from some external source. If this energy is 
provided by a metastable atom the condition of escape becomes 

M £* + <f> — £• 

For e — 0 the metastable energy M must be greater than the total potential 
jump at the surface. 

For clean Mo the following table has been prepared from the calculated 
values of e* (assuming various numbers N of free electrons for each metal atom 
in the solid), for the velocity Y 0 with which electrons of zero energy in the metal 
would be ejected. 


N. 

i 

e*. 

e* f 

V.. 


volts. 

volts. 

volts. 

1 

5 4 

9*7 

10 

2 

8-« 

12-9 

6*8 

3 

112 

15-5 

4*2 

4 

130 

17-9 

1*8 


for Mo 

4 * 3 volts. 



M for Ho ** 

19*7 volts. 



The actually observed minimum velocity is about 1-9 volts, so that if Mo 
possesses about four free electrons for each atom the agreement with experiment 
is excellent. 

In the case of Ni the experiments of Davison and Germerf show that an 
electron on entering a surface is accelerated by about 18 volts, while the calcu- 

t R. H. Fowler, 4 Roy. Soc. Froc.,* A* voL 118, p, 229 (1928). 
t ‘ Proc. Nat, Aoad. Sch/ vol. 14, p. 317 (1928). 
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lated value of the potential jump is 16 * 2 volts. 1 * 1 The minimum velocity should 
lie therefore between 1*7 and 2*5 volts. Actually it occurs at 2*1 volts. 
For magnesium the minimum is too variable to attempt any correlation with 
theory. 

Although this accounts satisfactorily for the position of the minimum 
velocity, it does not account for the appearance of a maximum number of 
electrons with velocities very near this value. It must be remembered, 
however, that there are two factors to be considered. The probability that 
an electron will undergo a transition from the interior of the metal to the 
outside, under the influence of a metastable atom, will probably decrease as 
the difference between the energy of the metastable state and the negative 
potential energy of the election in the metal increases, and this probability 
may well overbalance the preponderance of electrons in the metal in energy 
states far removed from zero. 

Experiments on the “ Reflection ” of Positive Ions as Metastable Atoms at a 
Metal Surface .—The process outlined above for the formation of the metastable 
atoms from positive ions at the walls of the canal tube, was tested by modifying 
the apparatus slightly, as schematically indicated in fig. 4. A beam of positive 



ions or of metastable atoms from the canal could be fired on to a metal surface, 
the upper plate of the condenser G, and anything 44 specularly " reflected 
collected in the same system as previously, with the addition of the diaphragm 
X to define the reflected beam. A filament Y was fastened above the reflecting 
plate to heat it by radiation and by electron bombardment. 

With E, fig. 1, at the same potential as C, a beam of ions with metastable 
and excited atoms hit the plate ; some of these were scattered into the collector 
system and struck the target. The galvanometer Q x measured then the total 
* See E. H. Fowler, * Statistical Mechanics,’ loc. cit. 
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positive ion current collected. The fraction of the ions reflected increased 
with the degassing of the plate, and with decrease of the velocity down to 120 
volts, the lowest practicable potential which would give a well defined beam. 
A few volts were applied across the plates of G to prevent electrons set free 
from the plates from entering the collector. The electron emission from the 
target was then found to be more than three times the positive ion current 
striking it (1*2 x 10“ tt amps.). From other experiments which will be 
described in a later paper, it is known that emissions of this order are not 
produced by the beam of positive ions alone, so that the metastable atoms were 
also scattered at the plate. A field was now applied between the condenser 
plates sufficiently large to prevent any ions from reaching the upper plate or 
entering the collector, so that the ions now followed instead the dotted curve 
in fig. 4. Ions scattered from this lower plate could not reach the collecting 
system. This bending away of the positive ions could not have altered the 
composition of the neutral beam hitting the reflecting plate. The electron 
emission was decreased by 40 per cent. This difference must be due to the 
electrons set free from the target by the positive ions and by neutral excited 
atoms formed from the ions on scattering from G. The known ion current 
given by the galvanometer G x could not possibly account for more than a 15 
per cent, decrease. The remainder must then have been due to the neutral 
metastable atoms formed by scattering of the positive ions at G. These results 
are in complete agreement with the assumptions made earlier as to the origin 
of the excited atoms in the beam issuing from the canal, and they also supply 
direct proof of the scattering of metastable atoms at a metal surface. 

The conclusions reached can be applied to other experiments which have 
been carried out which have also involved the formation of metastable atoms 
of high energy. For instance Penning* has investigated the electron emission 
produced by positive ions of Ne which pass down a fine metal canal, so that 
his results must be influenced by spurious emissions due to the neutral atoms, 
Taylorf has used an electrical discharge, electrically screened from a nickel 
plate in the same space, to investigate the photoelectric effect due to radiation 
from the glowing rare gas. Metastable atoms were almost certainly able to 
diffuse to the plate and there set free electrons. Relatively very few of the 
excited atoms can produce an effect larger than a photoelectric effect, owing to 
the very high efficiency of the process by which they set free electrons. 

* * Vera. K. Ak. Wet. Amsterdam,’ vol. 36 (1927); * Physic*/ vol. 8, p, 13 (1928). 

t 1 Roy. Soc. Proo./ A, vol. U7, p. 508 (1928). 
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Mohler* has also used an electrically screened discharge to investigate photo- 
ionisation produced by the radiation in the same gas, and his results must 
also be influenced by the diffusion of excited atoms. These examples will 
serve to indicate how electron emission from metal surfaces produced by 
metastable atoms can be a source of great uncertainty unless rigorously guarded 
against or allowed for. 

‘ Sputtering ” of the Target, —The spot on a target bombarded by the beam 
of metastable and of normal atoms shows a discoloration and disintegration 
similar to that produced by the impact of positive ions,f but of a much smaller 
intensity. A photograph of a Mo target bombarded with such a beam for 
6 hours is reproduced in fig. 5 (Plate 1), and for comparison a similar target 
bombarded by positive helium ions of the same energy for 2 hours. 

The kinetic energy of the metastable atoms is probably of the same order as 
that of the original beam of positive ions, in this case 800 volts, for it is known 
from experiments on positive ion reflection from clean metal surfaces at 
glancing angles, that the “ reflected ” ions retain 80 per cent, or more of their 
original energy.£ If this were so the heating effect at the target should be 
much greater than could be produced by a beam of atoms at the temperature 
of the discharge. A copper-constantin thermocouple, welded to the surface 
of the target, indicated a temperature of 94° 0. where struck by a beam of 
neutral atoms which set free 2 X 10~ 7 amps, of electrons. A super imposed 
positive ion current of 10“** 7 amps, caused an additional rise to 110° C, Without 
excited atoms or positive ions the temperature was only 7° C. above the room 
temperature. The heating effect of the metastable atoms is therefore of the 
same order as that produced by positive ions, and the assumption that they 
possess about the same energy is justified. 

If the sputtering produced by positive ions were due entirely to local heating 
and vaporisation at the point of impact of each ion, as suggested by Hippel§ 
in the most comprehensive theory of cathode sputtering yet produced, then 
the impact of neutral atoms with similar kinetic energy should produce 
identically the same effects. Actually it is found that while some disintegration 
is produced it is far less intense than that produced by positive ions. The 
charged condition of the ion must therefore play a part in the process of cathode 
disintegration. 

Phys* Bev./ vol. 28, p. 46 (1926). 

t Oliphant, 4 Proc. Camb. Phil. Soc./ vol. 24, p. 451 (1928). . 

I Gurney, loe. dt , ,* Bead, lac. cit, 

§ ‘ Ann. Physik,’ vol. 81, p. 1043 (1920), and vol. 86, p. 1006 (1928). 
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Summary . 

(a) A method is developed for producing a beam of metastable atoms of 
helium by the impact of positive ions at glancing incidence on the walls of a 
gas-free platinum canal which serves to define the beam. 

(h) The metastable atoms so produced set free electrons from a metal surface 
with which they collide, the maximum velocity of the electrons corresponding 
to the difference between the energy of the metastable state and the work 
function of the surface. 

T (c) A fraction of the metastable atoms can be reflected from a metal surface, 
the number so reflected varying with the gas condition of the surface. 

(d) Experiments are described which prove directly the production of 
metastable atoms by glancing impact of positive ions ori a metal surface. 

(e) It is shown that some sputtering is produced by the impact of the fast 
moving neutral atoms, which possess a large fraction of the original energy of 
the positive ions from which they originated. The intensity of such dis¬ 
integration is far less than that produced by positive ions, and suggests that 
the charge of the ion is a factor in the process. 

1 wish to express my thanks to Sir Ernest Rutherford and to Dr. Chad¬ 
wick for their interest and advice in this work, and in particular to Mr. R. H. 
Fowler for his many suggestions. 
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The Criterion for Turbulence in Curved Pipes . 

By Gr. I. Taylor, F.R.S., Yarrow Research Professor of the Royal 

Society. 

(Received March 19, 1929.) 

Summary .—Experiments are described in which coloured fluid is introduced through a 
small hole in the side of a glass helix through which water is running. The conclusion 
reached by Mr. C. M. White, as a result of resistance measurements, that a higher speed of 
flow is necessary to maintain turbulenco in a curved pipe than in a straight one, is verified 
directly. In a pipe bent into a helix the diameter of which was 18 times that of the cross- 
section, steady stream-line motion persisted up to a Reynolds number, 5830, i.e. % 2- 8 times 
Reynolds’ criterion for a straight pipe. This occurred in spite of the fact that the flow wan 
highly turbulent on entering the helix. 

When fluid flown through a pipe, the resistance ceases to be proportional to 
the velocity of flow at a lower speed when the pipe is curved than it does when 
it is straight. It has usually been considered that this indicates that turbulence 
appears at a lower speed in curved pipes than it does in straight ones, but it has 
been pointed out by Prof. Dean* that the circulation in the cross section of the 
pipe which causes the increase in resistance at low speeds is a steady motion. 
The speed at which the flow ceases to be steady and becomes turbulent cannot 
be found from resistance measurements in the simple way that it can for 
straight pipes. Prof. Eusticef states indeed that there appears to be no 
marked critical velocity for flow in coiled pipes, and Prof. DeanJ seems to 
accept this view. Recently, however, Mr. C. M. White§ has given reasons 
for believing that a definite critical velocity exists for curved pipes. He 
finds that the effect of curvature in the pipe is to increase the critical 
velocity very considerably above the value applicable to straight pipes. 

He made a number of experiments on the resistance offered by helical 
pipes to fluids flowing through them. The results were represented on a 
diagram] | in which the ordinates were C, the ratio of the resistance of a curved 
pipe to that of a straight pipe of the same length and cross section. The 

absciss© represented the non-dimensional number which he calls 

Dean’s criterion. In this expression, d is the diameter of cross section of the 

* ‘ Phil. Mag.,’ vol 5, p. 684 (1928). 

f ‘ Roy. Soc. Proc.,’ A, vol. 84, p. 114 (1910). 

x IjOC. cit p. 695. 

§ ‘ Roy. Soc. Proc.,’ A, vol. 123, p. 645 (1929). 

I) ‘ Roy, Soc. Proc.,’ A, vol 123, p. 660 (1929). 
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pipe, D is the diameter of the helix into which it is wound, v is the mean 
velocity of flow, pt ia the viscosity and p the density of the fluid, dvpfoi is the 
well-known Reynold’s number. This curve is reproduced in fig. 1. 



Fig. 1, Fluid initially highly turbulent, but long stilling length interposed between entrance and gauging length. 
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Experiments were made with three pipes whose values of tf/D were 
respectively 1/2050,1/50 and 1/15*15. It was found that when the results of 
experiments covering a large range of speeds of flow were set on the diagram 
of fig. 1, the points obtained from all three pipes lay on the same curve at 
low speeds. When the velocity reached a certain value, however, the repre¬ 
sentative points suddenly left the curve and lay on a steeper one corresponding 
with a greater rate of increase in resistance with speed. 

This is shown in the three dotted curves, corresponding with the three 
helices used, which branch off at the points A, B and C (fig. 1) from the curve 
common to all helical pipes. Mr. White inferred that these points mark the 
speeds at which the flow ceased to be steady and became turbulent. He 
pointed out that they correspond with speeds which are much higher than those 
at which turbulence persists in a straight pipe. 

As has been mentioned this conclusion is opposed to views of previous 
workers on the subject. In these circumstances it seemed highly desirable 
to obtain some direct information by means of colour bands as to the state of 
turbulence or steadiness of flow in helical glass pipes. 

Experiments of this type have already been carried out by Prof. Eustice* 
but they were not capable of detecting a rise in Reynolds’ criterion due to curva¬ 
ture because the colour was led into the curved pipe at its entrance, t.e., before 
Dean’s circulation had had a chance of establishing itself. If the effect of 
curvature in the pipe had been to decrease the speed at which turbulence 
appears, then by adjusting the speed of flow Prof. Eustice might have expected 
to get stream-line flow in the entrance, or straight “ leading in ” portion of his 
pipe, followed by turbulence in the curved part. On the other hand, if Mr. 
White’s interpretation of his experiments is correct, turbulence which had 
already appeared in the entrance or straight portion of the pipe, owing to the 
speed of flow exceeding Reynolds critical speed, might disappear in the curved 
part of the pipes This disappearance could not have been detected in Prof. 
Eustice’s experiments because his colour bands would have lost their identity 
in the initial turbulent part of the stream before reaching the part where the 
effect of curvature had made the flow steady. 

For this reason I decided to repeat some of Prof. Eustice’s experiments, 
using helical glass tubes and introducing the coloured band into the stream only 
after it had traversed at least one whole turn of the helix. In order that the 
flow might not be disturbed the colour band was introduced through a small 
hole bored through the glass. 


s 2 


* 4 Roy Soc. Proa,* A, vol. 85, p. 119 (1911). 
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Three glass tubes with uniform bore of about 6 mm. were chosen from a large 
stock. Two of these were bent into the form of helices with the coils spaced 
as closely as the glass blower coulcl bend them. Small holes l mm. in diameter 
were bored in them at a few points and a concentrated solution of fluorescein 
was allowed to flow slowly through them. Water was made to flow through 
the glass helices and the speed of flow was found by measuring the time taken 
to fill a 500 c.c. measuring glass. 

Two helices were made with the following dimensions : — 

Helix I. d 0*610 cm., D = 11-4 era., so that Djd = 18-7 and 
(dj I))* =- 0*2132. 

Helix II. d ^ 0-568 cm., D = 18-1 cm., 1 )/d = 31-9, (d/I)) 4 = 0-177. 

In each case the same phenomenon was observed. At low speeds the flow 
was steady. The circulation in the plane of the cross section indicated by 
Dean's theory was very clearly shown by the fluorescent band of fluid. 

Dean's circulation is indicated in fig. 2, which shows a section of the pipe with 
the stream lines of the component of flow in the cross section. The helix is 
supposed to lie with its axis horizontal and fig. 2 is the upper section of one of 
the coils by a vertical axial plane. The flow is towards the axis of the helix 
near the wall of the tube and away from it in the centre. The hole for admitting 
the fluorescein was bored at the side of the section as shown in fig. 2. The 

course which the colour band would 
be expected to pursue in the plane of 
the cross section is shown as the 
shaded band ABO (fig. 2). It will be 
seen that the colour band first flows 
inwards along the wall till it reaches 
the innermost point B of the cross 
section. It then leaves the wall and 
moves across the middle of the section 
to the outermost point C. It then 
moves inwards again along the wall. 

In my experiments the course 

Fig. 2.—Circulation in the crosa-section . _ , _ 1 . 

of«. curved pipe. pursued by the colour band was 

always identical with that just indi¬ 
cated up to the point C. At this point most of the colour always 
followed the course indicated, and sometimes all of it did so ; but some¬ 
times some of the colour would pursue the course shown by the line DE 





247 


Criterion for Turbulence in Cui'ved Pipes. 

(fig. 2). This was no doubt due to imperfections in the uniformity of the 
helix. When the colour did not divide at C the way in which it kept to 
one half of the cross section was very striking. It was found that over a great 
part of the range of speeds used the band seemed to make one complete circuit 
of the semicircle ABC in about one half a turn of the helix. 

As in Reynolds 1 experiments with a straight pipe, it was found that the flow 
was steady up to a certain speed. At this speed the colour band began to 
vibrate in an irregular manner, but it still seemed to retain its identity through 
at least one whole turn of the helix. This indicates that the unsteadinesss was 
not at first of a type which gi ves rise to diffusion of momentum by eddies and 
hence to a rapid rise in resistance. In fig. 3, which shows graphically the results 

H) 000 

dvpffi 
5 000 

2 000 


0 

4- Speed at which White’s curve indicates first appearance of turbulence. 

@ Lowest speed at which flow appears completely turbulent in a helical glass tube. 

Q Highest speed at which flow is quite steady. 

of these measurements, the point where this irregular vibration first made its 
appearance is indicated by a square, thus 0 • 

On increasing the speed this irregular vibration increased in violence till, at 
a point which could be measured with some accuracy, the stream became com¬ 
pletely turbulent so that the identity of the colour band was lost in a distance 
of a few millimetres from its source. The speeds at which the flow became 
completely turbulent in this sense are shown as circles, ®, in fig. 3. 

Fig. 3 shows the results in a non-dimensional form, the ordinates being the 
Reynolds’ number, dvp/p,, at which the turbulence appears. The abscissas 
are (<f/D)*. The data from which the fig. 3 was constructed are given in Table I, 
In that table T x is the time taken by the water to fill a 500 c.c. measure 
when the flow first ceased to be truly steady. T 2 is the corresponding time 
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when the speed of flow was increased so that the water appeared completely 
turbulent. The temperature of the water was 11° C. throughout and its 
viscosity was taken as pi — 0*01277. 

Table I. 

Glass Helix 1. =* 0-232, T t ^ 14 sooonda, T s « 11J second*. 

Highest Reynolds number for which motion is steady is dvpj p » 5830. 

Lowest Reynolds number for complete turbulence is dvpj p «* 7100. 

Glass Helix 11, {djuf ■» 0-177, T, — 19 seconds, T a = 15 seconds. 

Highest Reynolds number for which motion is steady is dvpj p = 6010. 

Lowest Reynolds number for complete turbulenoe is dvpj p « 0350. 

Mr. While's Data. 

Pipe No. 1. {djl)f *s= 0*267. Reynolds number corresponding with point A, fig. 1, is 
dvpjp sas 7690. 

Pipe No. II. (djX>f s= 0-141. Reynolds number corresponding with point B, fig. 1, is 
dvpj p = 6020. 

Pipe Ao. ///. (d/D)* kb 0 0221. Reynolds number corresponding with point 0, fig. 1, is 

dvpjp =* 2270. 

Reynolds’ oriterion for a straight pipe is taken as dvpjp = 2020. 

Comparison with Mr. White's Experiment . 

At the bottom of Table I are given Mr. White’s data taken from his curve 
(see fig. 1). The values of Reynolds number, corresponding with points A, B 
and 0, on that curve are 7590, 6020 and 2270* respectively. These are shown 
as crosses, +, in fig. 3. 

The value of Reynolds’ criterion for a straight pipe, which is taken as 2020, 
is shown as a dotted line in fig. 3. 

Inspection of fig. 3 shows that Mr. W T hite’s conclusion is amply verified in 
experiments with colour bands. The flow was completely turbulent on 
entering the helix. This was demonstrated by passing the water first through 
a straight glass tube containing a |-mm. hole of the same type as that in the 
glass helix. 

At approximately the speed indicated by Reynolds’criterion, dvpfai = 2020, 
the flow became turbulent in the straight pipe. It then entered the helix 
in this state but after passing through only one coil in the case of glass helix 
No. 1, or coils in the case of glass helix No. 2, it had become steady again. 

* Mr. White gives slightly different figures in his paper, but the figures here given seem 
to me the more consistent with his curves. 

f These happened to be the distances of the J mm, holes from the ends of the helices. 
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This steadiness persisted up to a value dvp/g, = 5830 in the case of helix 
No. 1 , i.e ., up to 2*8 times the speed at which turbulence persists in a straight 
pipe. It will be noticed in fig. 3 that Mr. White’s measurements correspond 
far more closely with the speed at which the flow first appears completely 
turbulent than with the speed at which it first begins to fluctuate. This 
might be expected because a fluctuation which does not cause the colour band 
to become diffused is not likely to cause any considerable increase in resistance. 

This work was carried out in the Cavendish Laboratory through the kindness 
of Sir Ernest Rutherford, to whom the author wishes to express his thanks. 
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[Plate 2.] 

Summary, 

The possibilities of chemical analysis by X-ray emission spectra have been 
tested. As compared with other methods of spectral analysis the K and L 
spectra have the advantages. 

(3) The number of lines in the spectra is small. 

(2) Moseley’s law greatly simplifies the identification of a line. 

(3) Generally the four K or about six L linos are sufficient to identify an 
element; the known relative intensities of the lines are an additional 
aid to identification. 

(4) The fact that a minimum potential is required to excite a group of 
X-ray lines is a further aid to the identification, as the second or higher 
order lines can be excluded when necessary. 

The technique of the construction of the X-ray tube and a spectrometer in 
order to eliminate lines of elements not in the sample under examination, and 
the identification of the spectral lines, is described. 
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In spite of these advantages, owing to lines in certain X-ray spectra obtained 
during the search for elements of atomic number 43, 61, 72, 75 and 85 being 
wrongly identified, suspicion has fallen on the method, which we believe is 
unjustified, as the errors referred to can be avoided. 

The X-ray analysis method is found to be much more sensitive than was 
indicated by previous workers who showed that amounts of 0-1 per cent, 
could be detected ; we find that the spectra of elements present to three parts 
in a million can be readily observed. The optical method is capable of detect¬ 
ing as little as one part in one hundred thousand. Suitable control experi¬ 
ments were made to prove that the lines observed were correctly identified and 
came from the alloy under investigation. 

The X-ray spectra of seven samples of zinc and one of manganese have been 
examined. One zinc sample was spectroscopically pure ; the others were 
alloys of composition known by analysis or by synthesis. No impurities 
were found in the zinc, which was pure by optical spectroscopy. 

In comparison with analysis by optical spectroscopy, the X-ray method 
has the advantages :— 

(1) It is apparently more sensitive. 

(2) The sensitivity is independent of the element sought and of the elements 
with which it is mixed. 

(3) There is greater certainty in identifying the lines observed. 

The optical method has the disadvantages :•— 

(1) It is only quantitative for elements present up to about 0 ■ 5 to I per cent. 

(2) The number of raies ultimes tends to diminish as the element giving 

rise to them diminishes until sometimes three, two, one or no lines 
remain. 

(3) The raies ultimes generally are present in a spectrum crowded with 
lines -resolution and therefore identification is more difficult than for 
X-ray spectra. 

The X-ray method has the disadvantages 

(1) Elements of low atomic weight require a vacuum spectrometer. 

(2) Excitation of the K spectra of the elements of high atomic number 
requires high potentials and highly evacuated X-ray tubes. 

(3) The technique at present is difficult and the equipment is elaborate and 
costly. We believe these difficulties can be very considerably diminished. 

X-ray spectral analysis is valuable in searching for rare, including the 
recently discovered, elements, in the analysis of metals for whioh the physical 
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properties are considerably changed by small quantities of impurities, in the 
analysis of elements difficult to separate by chemical methods (e.g., rare earths, 
platinum metals), and of materials such as those used for atomic weight deter¬ 
minations, where the highest purity is essential. 

A partly completed investigation shows that the X-ray method is capable of 
giving results of a quantitative nature. 

Introduction. 

In principle, any spectrum can be used as a means of revealing the presence 
of an element, such as the K, L, and M high frequency, the arc, flame, spark 
and molecular emission spectra as well as the corresponding absorption spectra, 
since all these spectra are characteristic of the element or elements giving rise 
to them. In certain cases, chemical methods of analysis have been con¬ 
siderably supplemented by spectral methods, particularly (a) when elements of 
very similar chemical properties occur together, as in the case of the rare earths,* 
or of metals of the platinum group, and ( b ) when it is required to detect a very 
small proportion of certain elements in the presence of other elements, as, for 
example, traces of silver, copper, and iron in gold, of cadmium in zinc, and of 
bismuth in copper. In these cases, detection of the elements by chemical 
means is difficult. 

Analysis by Optical Spectroscopy .—The work of Fraunhofer, and of Kirchoff 
and Bunsen in 1859, in demonstrating that many elements when heated in a 
flame produced emission spectra, each of which was characteristic of the 
emitting element, gave rise to the hopes that the spectroscope could be used 
to a great extent in chemical analysis, but very little advance was made for 
many years. The main reason for the disuse of the spectroscope appears to 
have been the fact that, in some cases, it was extraordinarily sensitive (Roscoe 
.showed that strong spectra could be obtained with as little as one three- 
millionth of a milligram of sodium), while on the other hand, particularly with 
elements of high melting point, the method was very insensitive. This lack 
of proportionality between the intensity of the spectra and the amount of an 
-element present tended to prejudice the use of spectroscopic methods generally. 

The revival of the spectrum analysis is mainly due to the work of Lockyer, 
Hartley, and his colleagues, and de Gramont. Lockyerf found that the 
lengths of some lines in arc or spark spectra were sensitive to the percentage of 


♦ Crookes, * Brit. Assoc. Rep.,’ p. 558 (1886). 
f Lockyer, ‘ Phil. Trans.,’ A, vol. 164, p. 479 (1874). 
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the element present, but many difficulties arise in an application of this pro¬ 
perty, however, as the lengths of the lines are dependent upon the length of 
arc or spark, the current strength, and other experimental conditions as well && 
on the amount of the element present. Hartley* found that, in the spark 
spectra of solutions, certain lines persisted even when the element occurred as 
a mere trace, and Pollok and Leonardf continued his work to Bhow that good 
qualitative results could be obtained in certain cases, but the method was too 
restricted in application to be useful generally. 

The methods introduced in 1895 by de Gramont,:}; who used the condensed 
spark method of obtaining spectra and found that certain lines disappear as 
the proportion of the element decreases, has, however, been much more success* 
ful. Since these sensitive lines, or raies ultimes, of de Gramont persist 
even when very small traces of an element are present, and their number 
increases definitely with increase in the percentage of an element, they 
have been of great use§ in detecting small quantities of an impurity and in 
giving reasonably reliable quantitative information as to the amount of it 
present. 

Although analysis by spectroscopy utilising the raies ultimes has proved 
the most effective of the optical methods, having the practical advantages 
(1) only a comparatively simple apparatus is required ; (2) visual observation 
of the spectrum is possible in some cases; (3) a photographic record is not 
difficult to obtain; (4) the operative technique is comparatively simple and 
rapid, there are, however, certain disadvantages which limit its application. 
The great complexity and the overlapping of the lines of the arc and spark 
spectra when several elements are present give rise to considerable difficulty 
in the interpretation of the lines observed. The application of the raies 
ultimes method is also limited to cases in which the element occurs in small 
proportions, and as it increases to more than a small percentage (possibly about 
1 per cent.) the number of lines increases until the whole spectrum of the 
element is emitted. Further, the results obtained are only approximately 
quantitative, whereas many problems in the study of the physical properties 

* Hartley, ‘ Phil. Trans./ A, vol. 175, pp. 49, 325 (1884). 
t Pollok and Leonard, ‘ Proo. Roy. Soo. Dub.,’ vol. 11, pp. 217, 229, 257 (1908). 
t De Gramont, * Ann. Chem. Physiquo/ vol, 17, p. 437 (1909); ‘Ann, Chem./ vol. 3, 
p. 269 (1915); 4 0. R./ vol. 171, p. 1106 (1920), 

§ Meggers, Kiess and Stimson, ‘ Sci. Pap. Bur. Stand./ No. 444 (1922); Twyman, ‘ Two 
lectures on the development and present position of chemical analysis by emission spectra r 
(A. Hilger, Ltd., London, 1925); Twyman and Smith, ‘Tech, Pub, Amer. Inst. Min. 
and Met. Engineers/ No. 79 (1928). 
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of metals require a very accurate knowledge of the amounts of impurities 
present !* * * § 

Analysis by X-ray Spectroscopy.—The use of X-ray spectra in detecting the 
presence of elements was responsible for the discovery of hafnium,f masurium^ 
rhenium,§ and illinium,|| elements which had not been detected by chemical 
methods. Urbain speaks of X-ray analysis as the most significant and crucial 
test of an (dement, and Rutherford of its sensitiveness and infallibility as a 
guide in fixing the atomic number of an element. The lines in certain X-ray 
spectra obtained during the search for elements of atomic number 43, 61, 72, 
75 and 85, however, were wrongly identified, and this brought suspicion on the 
method which we believe is unfounded, as existing theory and technique 
enable such errors to be avoided. 

X-ray spectral analysis has the great advantage that it uses a very simple 
spectra, the interpretation of which is greatly facilitated by the Moseley relation¬ 
ship ; the simplicity of the spectra is illustrated in fig. 1, where a portion of the 
optical spectrum is shown for comparison. There are disadvantages, on the 
other hand, for a complicated and expensive apparatus is required, the technique 
is difficult, and results cannot be obtained with rapidity, but in the light of our 
experience we believed these difficulties could be very considerably diminished. 
It was thought advisable to investigate the possibilities of the method, and the 
results obtained in a 8)Wtematic analysis of the impurities occurring in several 
samples of zinc are described in what follows. 

In the X-ray method, the material to be investigated is placed on the target 
of an X-ray tube, and the radiations analysed with a crystal spectrometer. 
In order that the X-ray beam will contain only radiations from the target 
itself, special care is required in the tube design to ensure that secondary 

* Vide Smithells, * Impurities in Metals’ (Chapman & Hall, London, 1028). 

f Coster and Hevesy, 4 Nature, 1 vol. Ill, pp. 79, 182 (1923); Coster, 4 Phil. Mag.’ 
vol. 46, p. 066 (1923); Zaceks, 4 Z. Physik/ vol. 15, p. 31 (1923); Be Broglie and Car- 
brera, 4 C. R.,’ vol. 176, p. 433 (1923); Coster, 4 Z. Electrochamie,’ vol. 29, p. 334 (1923). 

I Noddack and Taoke, ‘Nature,’ vol. 116, p. 54(1925); 4 Naturw.,’ vol. 13, p. 567 
(1926). 

§ Polland, 4 C. R.,’ vol. 183, p. 737 (1926); Berg, 4 Phys. Z.,’ vol. 28, p. 864 (1927); 
Noddack, 4 Naturw.,* vol. 15, p. 333 (1927). 

|| Lapp, Rogors and Hopkins, 4 Phys. Rev.,’ vol. 25, p. 106 (1926); Cork, James and 
Fogg, 4 Proc. Nat, Acad. Soi.,’ vol. 12, p. 696 (1926); Harris, Yntema and Hopkins, 4 J. 
Amer. Chem. Soc,/ vol. 48, p. 1594 (1926); Meyer, Schumacher and Kotowski, 4 Naturw.,* 
vol. 14, p. 771 (1926); Rolla and Fernandes, 4 Z. anorg. Chem.,’ vol. 160, p. 190 (1927); 
Herszfinkiel, 4 C. R,,’ vol 184, p. 968 (1927); Bruuetti, 4 Aecad. Lincei Atfci,’ vol 4, 
p. 515 (1926). 
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radiations from other parts of the tube cannot enter the slit system, and for the 
same reason the slit jaws should be constructed of the material to be investi¬ 
gated. The characteristic X-ray spectra differ from those in the optical 
region in that the lines due to different elements are produced with widely 
different excitation voltages, and also in that all the lines in one series of an 
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Fig, I. —The spectra are shown as they would appear when photographed with the dis¬ 
persion given by (a) an X-ray spectrometer, radius 10 cm., with oaloite crystal; 
(b) a Rowland grating of 14,400 lines to the inch, with Eagle mounting at 3 metres. 
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element fall within a comparatively narrow range of wave-lengths. In fig. 2 
are shown the variation with atomic number of excitation voltage, and of the 
wave-lengths of the principal lines, for the K and L series respectively. The 
dotted lines indicate approximately the region outside which certain practical 
difficulties arise; the short wave-length limit is set by the highest potential 
the tube will stand, as well as by the difficulty of working with very small 
reflection angles ; the long wave-length limit is determined by absorption by 
the tube window, by the air in the spectrometer system, and by the film wrapping, 
any extension into the longer wave-lengths necessitating the use of a vacuum 
spectrometer. 








Atomic number 

Fia. 2. 

Experiment . 

The X-ray Tube .—Two different tubes of the glass-metal type with hot 
cathodes and readily removable targets were used, the first being shown to 
scale in fig. 3. The anode and cathode portions were each insulated from the 



Fiu. 3. 


central portion C carrying the window W by means of pyrex tubes, the glass- 
metal joints being made with sealing wax. The window was supported between 
two slotted discs made of the same material as the target, and was waxed into 
C. The tungsten filament was supported by long leads passing through the 
lamp seal S waxed into the end plate B and was surrounded by an adjustable 
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focussing hood. The target was soldered at the back to the cooling tubes at 
1), and could be easily removed by breaking a wax joint. Both anode and 
cathode stems were enclosed in pyrex sheaths to prevent sputtering of the metal 
at high voltages. The metal portions were constructed of brass plated with 
specially pure silver to a thickness of 0*002 mm. Water jackets were pro¬ 
vided for cooling all the wax joints. This tube was found to run satisfactorily 
with potentials up to 60 k.v. and currents up to 15 m.a. The window material 
at first used was very thin mica, but this was discarded later owing to the small 
amounts of iron which it contained, and one of cellophane of 0*02 mm. sub¬ 
stituted ; such a window was found to be satisfactory for tube potentials up 
to 35 k.v., but with potentials in excess of this the cellophane window rapidly 
punctured and aluminium foil 0*03 mm. thick was used. 

The second tube is shown to scale in fig. 4. This tube was constructed 



entirely of zinc with the exception of the outside brass water jackets JJ, the 
case hardened steel flanges F, and the hood and its supports H, which were 
made of pure silver. This tube was designed so that only the metal to be 
analysed was exposed to the discharge (except for the silver hood and the 
tungsten filament), thus eliminating any possibility of unknown contamination 
of the target face by sputtering. The zinc ingots used for the tube walls were 
cast in pyrex tubes in vacuo and proved quite gastight. No solder was used, 
all joints being made of wax. This tube ran satisfactorily with potentials of 
40 k.v. and currents up to 10 m.a. In order that the times of exposure 
should be as short as possible, the windows used were the thinnest that would 
withstand the atmospheric pressure, and careful attention was paid to the 
focussing of the cathode rays to obtain a maximum intensity of X-rays through 
the slit system ; to this end, a line focus parallel to the slit was adopted, and 
the target face inclined so that the rays utilised left it at nearly grazing angle. 
With these arrangements, a complete K spectrum of zinc could be obtained 
with an exposure of 150 m.a.-seconds. 

Mr. B. S. Gosling, of the Research Laboratories of the General Electric 
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Company, Wembley, designed to suggestions made by one of the authors a 
demountable experimental X-ray tube for exciting the spectra of elements 
which require a high potential. This tube was of the metal-glass type, with 
joints of copper to glass, or of copper to copper by electroplating (e.g. t the 
window of copper foil was plated on to the main body of the tube). The tube 
was successfully tested at Wembley at 130 kilovolt A.C., and 140 kilovolt 
rectified. Unfortunately the tube was broken while being transported to 
Australia. 

Preparation of Targets .—The targets were prepared in the following way. 
Ingots of a suitable size of the material to be analysed were cast in pyrex 
tubes in vacuo , and cooled rapidly, so that the crystals formed were small, it 
being probable that many of the impurities present would be confined in the 
inter-crystal spaces. The targets were then turned to size, and a further cut 
taken off the face and sides with a quartz tool, to remove any iron contamina¬ 
tion ; the use of very fine emery paper was impossible as this was shown to 
introduce iron, and a glass tool was unsatisfactory for similar reasons. The 
target was then thoroughly etched in pure dilute hydrochloric acid, washed 
{with rubbing to remove any metal which may have been deposited from the 
acid) in distilled-water, dried, and inserted in the tube. A similar procedure 
was followed in preparing the zinc portions of the second tube. 

For some of the preliminary work, zinc targets containing known amounts 
of copper were prepared ; these elements were chosen because they form a solid 
solution. The copper was added to the zinc in the form of short pieces of 
fine wire, and the whole melted in vacuo , being kept molten for about 2 hours 
and thoroughly agitated at frequent intervals. On cooling, samples were 
taken from the top and bottom of the ingot, and colorimetric tests for the 
copper showed a homogeneous alloy had been obtained. Chemical analysis 
showed that the throe alloys prepared contained respectively 1-12, 0*112, 
and 0*011 per cent, of copper. The other targets used were taken from various 
samples of zinc, and were prepared in the manner indicated above. 

Pumping System .—The tube was pumped continuously during operation by 
a Gaede diffusion pump backed by a Hyvac, while a potassium trap to absorb 
mercury vapour was placed between the pumps and the tube. 

Spectrometer .—The radiation was analysed photographically using a rotating 
crystal spectrometer. The wave-length range conveniently covered by the 
apparatus was from about 2300 X.U. to 450 X.U., i.e. f reflection angles from 
23° to 4° for the calcite crystal used, the crystal being rocked uniformly over 
any required angle by means of a heart-shaped cam and a small electric motor. 
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Within this range occurred either the K or L series lines of all the elements 
from chromium (24) to uranium (92), with the exception of six elements from 
iodine (63) to cerium (68). Unless otherwise stated, the slit width was 0 * 1 m, 
the resolving power of the spectrometer then being such that the Ka lines 
were well separated for all elements. 

Exposures and, Development of Films ,—To cover the whole range, several 
exposures were made, the crystal being rocked over a degree for each. The 
applied voltage was regulated to be at least twice that necessary to excite the 
lines sought, in order that intense characteristic radiation would be produced. 
So that very faint lines could be detected, exposures were made sufficiently 
long to clearly define the continuous background, and it was found that from 
6 to 20 milliampere-hours were required per degree. It was found necessary 
to take out the target after about 8 hours' running to remove the thin film 
of tungsten which was deposited from the filament and which tended to absorb 
the softer rays and interfere with the attempts at quantitative analysis. 

To enable faint lines to be detected, a suitable photographic emulsion and 
developer should be selected. The plate should have a high gamma (or con¬ 
trast) value, and the time of development should be such as to give a maximum 
contrast. The developer should be one which keeps the grain size as small as 
possible, gives a minimum chemical fog, a large value for gamma, and for which 
the time of development is reasonably slow to allow for ease in timing. Kodak 
M Superspeed Duplifcised ” X-ray film was used with a rear intensifying screen, 
and was developed with a Wratten hydroquinone mixture at a temperature of 
20° C. for 4 minutes. The wave-lengths of the lines were determined by a 
method previously described,* the K series lines of zinc being used as reference 
Unes. 

Results of Qualitative Experiments. 

1. The Sensitivity of the Method .—It appeared desirable first to discover the 
sensitiveness of the method in detecting impurities present in known amounts, 
and for this the three alloys of copper and zinc previously mentioned were 
used in the tube first described. It was found that very strong lines appeared 
after quite short exposures, and it was quite evident that the lowest concen¬ 
tration (0*011 per cent, of copper) was well within the limits of the method. 
A sample of commercially pure zinc was then used, the chemical analysis of 
which (carried out by chemists with long experience in the analysis of zinc) 
revealed the presence of copper, iron, and lead in the amounts shown below. 

* Eddy and Turner, * Roy. Soc. Proc./ A, vol. Ill, p. 117 (1926), 
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Fio. 5.—The nine Ka and (J lines together with (a) copper Ka lilies duo to 0*0007 per 
cent, ; (b) iron Ka lines due to 0*0003 per cent. Tn the original the weak a., line 

of iron is dearly visible as well as the stronger a,, a 2 doublet. 
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A spectral analysis of this showed the Ka doublets of copper and iron and the 
La doublet# of lead quite strongly defined upon the continuous background. 
Table I shtiws the exposures necessary to strongly register the lines stated. 
It will be noticed that smaller percentages require shorter exposures than 
would be expected from a comparison with those necessary for the larger 
percentages. This is due to the fact that, with short exposures, no continuous 
background is obtained, but with the longer exposures the continuous spectrum 
is registered on the film, and faint lines have a greater density through being 
superimposed upon it. On first consideration, it might be thought that the 
background of continuous radiation would diminish the contrast between the 
line and its background. A consideration, however, of the Hurtcr and Driffield 
curve of photographic density against the logarithm of the exposure appears 
to explain why the smaller percentages do not require correspondingly increased 
exposures. No continuous background is present for the larger percentages, 
and the density of the spectral line lies on the initial part of the curve, but with 
the smaller percentages the increased exposure produces a background of 
continuous radiation to the line, and the sum of their densities falls on the 
steep part of the curve, where a small increment in the intensity gives a larger 
increment in density than in the initial part of the curve. 

It will also be noticed that larger exposures are required to register the L 
series lines of an impurity than the K series lines of another impurity, even 
although the wave-lengths concerned are practically the "same. 

Table I. 


(The applied voltage was 25 k.v., and the tube 'Current 10 m.a. in each 

case.) 


Element. 

1 Percentage present. 

J Series used. 

| Exposure time. 

Copper. 

ft .... * 

M2 

K 

1 minute 

0-112 

K 

3 minutes 


0011 

K 

fi „ 

Iron . 

0-0007 

K 

12 „ 

<1-000.1 

K 

15 „ 

Lead . 

0-0002 

L 

15 „ 


Control Experiments .—It is essential that t here should have been no possibility 
of contamination of the target with these metals during its manufacture and 
that the lines recorded on the films were not due to secondary radiations from 
portions of the tube or slit system. Some suspicion was aroused from the fact 
VOL. CXXIV.—A. 
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that the iron lines were stronger than was expected from the intensity of the 
lines due to the copper which was present in more than twice the amount. 
The targets had first been turned up with a steel tool and may have been 
contaminated with iron in this way. The substitution of another target which 
had been prepared with a quartz tool and etched as described previously did 
not result in any diminution in the intensity of the iron lines. As the mica 
window would contain some traces of iron, it was thought that this might be 
contributing some radiation. This was shown to be the case when a target 
of very pure silver was substituted, and iron lines were still found with a much 
reduced intensity, but no traces of copper or lead lines. With the substitution 
of a cellophane window, no iron lines were obtained with the silver target. 
Therefore the iron radiation from the window accounted to only a small extent 
for the lines recorded on the earlier films, and these were still obtained with the 
zinc target. 

That the small amount of iron present in the mica window could give rise to 
easily recognisable lines is of special interest. Unfortunately, there was not 
sufficient of this mica available to permit of a chemical determination of its 
iron content. The largest amount which could have been present is the iron 
in 10 mm. by 0* 1 mm. by 0*02 mm. (t.e., the volume in front of the slit) of 
mica, of mass 6 X 10~ 5 gms. As the mica was a clear, transparent sample, 
its iron content was at most 5 per cent, each of Fe a O a and FeO,* giving the 
mass of iron producing the lines to be about 3 X 10~ 6 gms. 

The iron lines could have been excited either as fluorescent radiation due to 
some absorption of the main X-ray beam—a very inefficient process—or by 
the direct action of a few cathode rays which struck the window. These 
possibilities were examined in the following way ; a sheet of copper foil was 
placed in the path of the X-ray beam outside the aluminium window (which 
was sufficiently thick to absorb all the cathode rays), but very long exposures 
failed to produce any copper lines, the silver target being used ; with the foil 
attached to the internal surface of the window, however, the lines were obtained 
quite strongly. This showed clearly that the radiations from the iron in the 
mica were due to cathode rays, and not to the absorption of X-rays. The 
failure to obtain the K absorption edge of copper in both positions of the 
foil was further evidence that there was no appreciable selective absorption 
of the X-rays by the window material which would give rise to secondary 
characteristic radiations. The mass of copper giving rise to these radiations, 
with a foil thickness of 0*00034 mm., was about 3 X 10“° gm. Since the number 
* See Dana, ‘ System of Mineralogy,’ p, 618. 
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of cathode rays striking the window would be very small compared with those 
striking the target, it is evident that a smaller amount of an element than this 
in the focal spot will produce detectable spectral lines. 

This suggested to one of the authors the possibility of using the window of 
a cathode ray tube as the source of X-rays for spectroscopic analysis. The 
material to be analysed could either be the actual window or be placed on the 
external surface of the window, thereby avoiding the necessity of evacuating 
the X-ray tube each time a sample iB to be examined. Tests are being made 
to verify the apparent advantages of this method of exciting the emission 
spectra. 

A test was made to discover whether secondary radiations from the tube 
walls could give rise to any lines. The interior of the tube was heavily silver- 
plated, so exposures were made for silver lines using a target of spectroscopically 
pure zinc, but no trace of them could be found, showing that the tube design 
was satisfactory in preventing X-rays from the tube walls gaining admission 
to the spectroscope. 

# In fig. 5a are shown the copper Koc lines obtained from a target containing 
0*0007 per cent, of that element, together with the Ka and (3 lines of the main 
material, zinc ; in fig. 5b, the iron Ka lines corresponding to an amount of 
0*0003 per cent, are similarly shown. The bands of continuous radiation 
are due to the very much longer exposures necessary for the impurities than 
for the zinc. It will be seen that an impurity present to only three parts in 
a million can readily be recognised by its X-ray spectrum, and an examination 
of the photographs will show that it is quite reasonable to expect that amounts 
of one in a million, and perhaps even less, can be detected. The X-ray spectral 
analysis method is therefore seen to be extremely sensitive. 

2. Spectral Analysis of a Sample of Commercial Electrolytic Zinc No . 1.— 
The sample of zinc previously used, for which chemical analysis revealed as 
impurities only copper, iron, and lead, was then investigated to find whether 
evidences of other elements could be obtained spectroscopically. The crystal 
was rotated to reflect wave-lengths between the limits of 950 and 2000 X.U.; 
within this Tange would fall the K series of elements from manganese (25) 
to bromine (35), and the L series of elements from neodymium (60) to bismuth 
(83). The exposures were made sufficiently long to ensure that radiations 
from impurities present to one or two parts in a million would be recognised. 
Some lines belonging to the L series of tungsten (from the deposits on the target 
from the filament) and of mercury (from the diffusion pump) were identified. 
In addition to these, other lines were identified as belonging to the elements 

t 2 
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given below. The observed values of the wave-lengths of these lines, and 
the elements to which they are attributed, as well as the accepted wave-lengths 
(shown in brackets) are given in Table II. As all these lines were fairly faint, 


Table II. 

Element. 

K Rerihs. 

j <*»• 

a,. 

ft- 

Ee . 

Ou . 

Cte . 

Co . 

Ni .:. 

Ak . 

1938(1937) 
i 1542 (1541) 

! 1255(1254) 

1791 (1790) 

1058 (1659) 

1178 (1177) 

1932 (1932) 

1538 (1537) 

1251 (1251) 

1784 (1785) 

1055 (1055) 

1173 (1173) 

1753 (1753) 

1388 (1389) 

1127 (1120) 

1010 (1616) 



L Berien. 


Element. 


a,. 

ft- 

Pb . 

Bi. 

1183(1183* 

1163 (1163) 

1173 (1172) 

1142 (1141) 

979(980) 

960 (949) 


it was difficult to measure their distances from a reference line with a great 
degree of accuracy, and for this reason the wave-lengths have been given only 
to the nearest X.U. (10“ n cm.). It will be seen that the three elements known 
to be present by chemical analysis (iron, copper, and lead) are identified by the 
three strongest lines of either the K or L series. The relative intensities of 
the K series lines (a 2 , aj, (Jj, fi 2 ) are approximately in the ratio 5 : 10 : 3-5 :1 -5 
so that the fi 2 lines cannot be expected in cases where the a lines are faint. 
In addition, good evidence was obtained for the presence of germanium and 
cobalt with three lines in the K series, and for bismuth with a similar number 
in the L series. Two lines only could be found belonging to nickel, but as these 
were very faint the p lines could not be expected. In the case of arsenic, 
there is really only the evidence of the a 2 line, as the K04 line is coincident with 
the Lot* line of lead. No lines other than those enumerated above were found 
on the films. 

By comparing the intensity of the lines of the elements undetected by chemicai 
means with those from the copper, it appeared evident that the amounts of 
each present could scarcely be more than 0 * 0001 per cent., and might probably 
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be considerably less. Bismuth, germanium, and arsenic are frequent impurities 
in zinc ores, while there is, good reason to expect the presence of cobalt and 
nickel in the sample examined. A careful chemical analysis of a similar 
sample of zinc showed that arsenic was present to less than 0*00001 per cent. 

3. Analysis of Sample of Commercial Electrolytic Zinc No . 2.—-The spectrum 
of this sample was investigated very carefully in the region from 2300 X.U. 
to 400 X.U. Within this range lie either the K or L series lines of all elements 
from chromium (24) to uranium (92) with the exception of five elements from 
caesium (55) to praseodymium (59). To permit of reasonable exposures, a 
slit width of 0*2 mm. was used ; this produced a small broadening of the 
already faint lines, making it impossible to determine the wave-lengths very 
accurately, but the error so introduced did not cause any ambiguity in inter¬ 
pretation. Evidences of 17 elements out of the 64 in the above range were 
obtained. To prove that none of the lines were due to radiations from parts 
of the tube other than the target, the second tube described, constructed with 
the interior metal parts of the zinc under investigation, was used, and with 
one exception,* the presence of these elements was confirmed. Table III 


Table III. 


Value* of 


Element. 


Observed wave-length ~ true wave-length. 


(K fiends) Aa a . 

| a*. 

i.■ ■■ 

1 

1 ~ .*>•. 

u 

Cr 

2289 X.U. 

1 X.U. 

1 X.U. 

0 X.U. 

I 

Mn 

2102 

2 

0 

2 


Fe 

1937 

l 

0 

0 


Oo 

1790 

1 

1 

2 


Cu 

1541 

0 

o 

2 


Zn 

1430 

XT«ed as reference lines 



Ga 

1342 

1 2 

1 3 

— 


Ge 

1255 

0 

0 

2 ! 


Sr 

877 

1 

3 

— 


Bio 

712 

2 

0 

1 

1 

Ag 

503 

1 . 

2 

2 


Cd 

538 

0 

0 

2 

i 

Sn 

494 

2 

2 

3 

i 

Sb 

474 

2 

1 

2 



Intensity of 
a lines. 


Moderate. 

Moderate. 

Strong. 

Faint. 

Strong. 

Wry strong. 
Very faint. 
Faint. 

Very faint . 
Faint. 

Very faint. 
Faint. 

Faint. 

Faint. 



* This exception was strontium ; the first target gave two very faint strontium K lines 
which were not given by the second. In addition, the second target gave molybdenum 
lines, which we attribute to the association of this element with the tungsten in the fila¬ 
ment. 
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contains the lines obtained from the two tubes; for the sake of brevity the 
wave-lengths of the lines measured are not given, but the difference between 
the measured value and the true value of the wave-length as obtained from 
spectroscopic tables is shown for each line. 

In most cases, an element is identified by its four K series lines, or by at 
least six of its L series lines and therefore the identification of the element is 
complete. The case of antimony, with three lines, and of gallium, with two, 
indicates a smaller percentage of these elements than of the others. The tung¬ 
sten lines can be attributed to deposition from the filament, and the mercury 
to traces of vapour from the pump passing the potassium trap ; the silver may 
be due to sputtering from the hood and filament leads. 

Some few ambiguities arose in the interpretation of the spectra in allotting 
certain lines to the correct element, but satisfactory identifications were 
possible. The bismuth line Lfb (949 X.U.) would be very close to the second 
order antimony Ka 2 (948) and cadmium (948), but the presence of five other 
bismuth lines identified this element. It should be noted that since second 
order lines are much weaker than first order lines, and since the latter, for 
impurities present in small amount, are weak, the former will be very weak 
and should not be observed. When it is necessary to determine whether a 
line is a second order line or a first order line of double the wave-length, the 
question can be decided by taking an exposure with an applied potential lower 
than that necessary to excite the second order line. The Kcu line of tin (494) 
lies close to the silver (496), and the tin K<x x (489) close to the reversed 
silver absorption edge at 485 ; the two tin p lines, however, were well defined 
in the photographs, and, since the absorption edge was a reversed one, the oq 
line could be readily distinguished from it. The antimony Ka 2 line coin¬ 
cided with cadmium K(Jj at 474, but the presence of three other cadmium 
lines and of two others of antimony identified both elements. It must be 
pointed out that no real difficulty arose from these ambiguities, and that all 
of the 85 lines recorded on the films were found to correspond well with the 
complete spectra of the elements concerned. From the intensities of the lines 
of the various impurities detected in this sample, it is probable that no element 
was present in an amount greater than 0'0005 per cent., and that many were 
in much smaller amounts than this. 

4. A nalysis of Sample of Zinc in which Bismuth was found absent by Chemical 
Tests. -Four spectra were observed with exposures sufficient to record one 
part in a million of bismuth ; other than tungsten and mercury lines, only 
two very faint lines corresponding in wave-length to the La doublet of 
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bismuth were observed. These lines would be explained by the presence of 
less than 1 in 10° of bismuth. 

5. Analysis of a Sample of “ Spectroscopically Pure” Zinc .—This sample, 
prepared by fractional distillation,* was obtained from the New Jersey Zinc 
Co., and was used as a rigorous control test of the method. With the exception 
of zinc and of faint mercury and tungsten lines, no lines could be detected over 
the entire spectrum range permitted by the apparatus. 

6. Analysis of Manganese for Masurium and Rhenium . This sample was 
the “ mud ” deposit from an electrolytic cell, in the form of a fine black powder. 
As rubbing the powder into the roughened copper anode proved unsatisfactory, 
a “ glass was prepared by fusing some of it with borax on to the surface of 
the copper. The Kct doublet of manganese was obtained from this target, 
but owing to its low thermal conductivity the glass fused and disappeared 
from the focal spot. Prof. Hartung was good enough to reduce, by the thermit 
method, the manganese oxide (and presumably the oxides of masurium and 
rhenium, if present) to the metallic form. The resulting metal was remelted 
in a vacuum arc and the button resulting used as a target. The melting points 
of masurium and rhenium have been deduced by Swinnef to be about 2300° 
and 3300° 0. ; since manganese melts at about 1250°, we assumed (but with 
some doubt) that the former elements were not volatilised during the reduction 
and remelting processes. Five exposures for the L series of rhenium and the 
K scries of masurium gave none of the lines of these (dements. As the La 
doublet of rhenium is close to the Ka doublet of zinc, lead spectrometer slits 
and an iron window support were used for these photographs. 

Comparison of Merits of X-ray and Optical Methods. 

The previous work of Noddack, Tacke, and BergJ showed that X-ray spectra 
of impurities amounting to about 0*1 per cent, could be detected. The experi¬ 
ments described above show that the X-ray method is sensitive to amounts 
as small as 0*0001 per cent. Since Meggers, Kiess and Stimson have detected 
impurities down to 0*001 percent, using the method of the raies ultimes, 
it is seen that the X-ray is more sensitive than the optical method. 

A general comparison of the merits of the two methods becomes of impor¬ 
tance. Our observations show that an element present in only 3 in 10° parts 
emits all the lines of both its K and L spectra, and these can be recorded photo- 

* Singroaeter, 4 Metal Ind.,* vol. 31, p. 31 (1927). 

t Swinne, * Z. teohn. Phys.,’ vol. 6, p. 464 (1925). 

I Noddack, Tacke and Berg., ‘ Preuss, Akad. Wisa. Berlin,* vol. 19, p. 399 (1926). 
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graphically if a sufficient exposure is given. It is sufficient for the identification 
of an element to record the a 2 , and lines of its K spectrum, or about five 
lines of its L spectrum. In the optical method (raies ultimes) the number of ob¬ 
servable lines from an element tends to diminish as the proportion of an element 
diminishes, in fact the identification of an element may depend on observations 
on a couple of lines or even one line in a crowded spectrum. Table I\ illustrates 
this statement. 

Table IV. 


Mixt ure of rioments. 

Percentage. 

j Xu ml x*r anil intensity of sensitive linos. 

Bi in Cu 

! 0 005 

1 faint line. 

Oa in Mg 

As in Cu 

0 • 2 to 0 ■ J 1 

3 faint. 

Oil 

2 faint and 3 barely visible.* 


0 03 

2 barely visible. 

Pb in Zn 

0-009 

3 {1 of which is faint). 

Kt* in Zn 

0 008 

3 barely visible. 


O'003 

1 barely visible. 

Od in Zn 

0-75 

6 lines. 


0*25 

f> (1 just visible). 


0-10 

4 faint. 


0-010 

3 faint. 


0-001 

1 very faint. 


* This description of the intensity of the lines is that UBed by Twyman. 


The above information has been obtained by Twyman and his co-workers 
in the investigation of mixtures in which the occurrence of the impurities 
mentioned is of technical importance.f (The presence of bismuth in copper 
to 0*005 per cent, makes the copper excessively brittle; calcium to assist 
fhe casting of magnesium is added to between 0*1 to 0*2 per cent., and in 
excess of the latter amount is objectionable ; very small amounts of arsenic 
in copper greatly reduce the electrical conductivity of the copper.^ Other 
examples of the large changes in mechanical and electrical properties, and in 
the power of a metal to resist corrosion, due to traces of metallic impurities, 
are discussed by Smithells.) In comparison with the above figures for the 
sensitivity of the optical method in detecting iron in zinc, it is to be remembered 
that 0*0003 per cent, of iron gave a quite strong and complete K spectrum 
with the X-ray method. 

A further limit to the optical method arises when the “ most persistent ” 
line (i.e., that sensitive line which disappears last, and therefore which deter¬ 
mines the lowest amount detectable) of one element coincides actually (or 

t Twyman and Smith, loc. tit., p. 17. 
t Smithells, loc . tit., p. 112. 
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nearly) with a sensitive line of another element; in such a case, this line gives 
little definite information, and the lower limit of the optical method for a 
particular element is thus seen to depend on the other elements which may also 
be present. For example, the following pairs of persistent lines are of prac¬ 
tically the same wave-length and therefore difficult to distinguish between:— 


Ba 

4554-2* A.U. 

Cs 

4555-4* A.U. 

Mg 

2852-1* 

Na 

2852-8 

Li 

6707-87* 

Ca 

6707-95. 


The lines marked with an asterisk are the most persistent for the elements 
mentioned. In general, the resolution available in spectroscopic analysis 
would not be sufficient to enable the Li and Ca lines to be separated, and there 
might be difficulty with the others. This close proximity of sensitive lines is 
a serious disadvantage of the optical method. This limitation does not apply 
to the X-ray method, since the whole spectrum persists for small amounts, 
and there is no difficulty in distinguishing between the spectra of different 
elements. 

Because of their great sensitivity, spectral analysis methods should have 
considerable applications, particularly in cases where chemical methods are 
handicapped. They can be used to give information as to the purity of 
precipitates in various stages of chemical analyses, and of materials for use in 
atomic weight determinations, as well as in the preparation of samples of pure 
elements. The application of the optical method has already met with con¬ 
siderable success, and the X-ray method has been shown to compare very 
favourably, both with regard to sensitivity and to the certainty of the results. 
For work wherein great accuracy is required (for which suitable apparatus 
and skilled workers would be available) the X-ray method would have greater 
opportunities than in factory routine. 

Experiments have been carried out to determine the degree of accuracy with 
which quantitative analyses can be made by the X-ray method, and it is found 
that a fairly correct idea of the amount of an impurity present can be obtained. 
These results will shortly be published. 

This investigation was undertaken in order to solve certain problems brought 
to our attention by Dr. Ian Wark, to whom we are indebted for the chemical 
analyses of the samples of zinc used. We are indebted to Mr. Gilbert Rigg 
for advice on the metallurgical questions which arose during the experiments, 
and for the spectroscopically pure zinc which he obtained for us from the New 



268 


L. P. Davies. 


Jersey Zinc Co. We are also grateful to Mr. B. S. Gosling for designing and 
testing, and to Mr. C. C. Patterson and the General Electric Company for 
constructing, an experimental X-ray tube. Part of the cost of the investiga¬ 
tion was met by the gift of the Victorian Chamber of Manufactures to the 
University of Melbourne. 


The Soft X-Ray Emission from Various Elements after 

Oxidation. 

By L. P. Daviks, King’s College, London. 

(Communicated by 0. W. Richardson, F.R.S.—Received March 18, 1929.) 

In 1927, Richardson and Robertson* published the results of some experi¬ 
ments on the soft X-ray efficiencies of 14 different elements. They found that 
there was no very great difference in the efficiencies, the highest, that of 
molybdenum, being roughly twice that of carbon, which was the lowest. The 
results show that in any group of the periodic table, the efficiency is high towards 
the middle of the group and lower at the end of it. 

In the present experiments, the efficiencies of various elements after oxida¬ 
tion have been studied. The apparatus used was the same as that used before 
by the writerf for investigating the photoelectric properties of metals in the 
soft X-ray region. The last photoelectric plate to be tested was of cobalt, 
and as this was found to be as satisfactory as any of the others, it was left in 
the tube. 

The following elements have been tested to find the effect of oxidation on 
the total soft X-ray emission : silicon, manganese, iron, cobalt, nickel, copper, 
molybdenum, palladium and tungsten. Four elements could be examined at 
once, and they were placed in a four-sided holder as described before. The 
elements were oxidised in the following way: The plates were placed in a 
quartz tube and this tube was suspended inside an electric furnace. The 
elements were raised to a temperature of f>00 o ~600° CL, and kept at that tempera¬ 
ture for various times. The time of heating depended on how easily the element 
oxidised. 

* * Roy. Soc. Proc.,’ A, vol. 115, p. 280 (1927). 

t 4 Roy. Soc. Proc.,* A, v6l. 119, p. 543 (1928). 
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The first set of metals was iron, cobalt, nickel and copper. These targets 
had been used before (unoxidised) and had been bombarded to red heat for 
the purpose of degassing. The oxidised targets were carefully placed in the 
target-holder and the apparatus mounted up. The usual processes for 
ensuring a good vacuum were gone through. Before taking any readings the 
anticathode was gently bombarded with electrons from the inner filament 
under a potential difference of 600 volts. The bombarding current was only 
of the order of a milliampere so that some of the gas in the surface of the targets 
might be removed, without the reduction of the oxides. 

After several sets of readings had been taken, the bombarding current was 
increased to the order of 1 /10 ampere, the targets becoming red-hot. More 
readings were then taken. 

The next group of metals used was iron, molybdenum, tungsten and 
platinum. The metals were; first put into the apparatus unoxidised and were 
bombarded at red heat to free them from gas. Some readings were taken 
with the targets unoxidised ; and, as in the previous set of elements, the emission 
from the oxidised targets was studied before and after bombardment at red 
heat. 

The last four elements to be investigated were silicon, manganese, palladium 
and gold. Targets of manganese and silicon are very difficult to cut and so 
the targets and target-holder used by Richardson and Robertson for their 
experiments on the soft X-ray emission from pure elements were very kindly 
lent. The only difference was that Richardson and Robertson s framework 
was six-sided, the sides being 2x1 cm., whereas the one previously used 
in these experiments was four-sided, each side being 2 X 1*4 cm. Six elements, 
silicon, chromium, manganese, palladium, platinum and gold, were fitted into 
the framework, but unfortunately after the apparatus was set up it was found 
that the anticathode could only be turned through about 280°, and thus it 
was not possible to use two of the faces, platinum and chromium. Owing to 
lack of time, the anticathode could not be adjusted and replaced so as to use 
these two targets. Readings before and after bombardment to red heat were 
taken, as before. 

After all the observations had been made, the various sets of elements were 
removed and examined. They all still possessed the appearance of oxidation. 
The targets also showed signs of tungsten sputtering from the working 
filament. 
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Results. 

Curves are drawn plotting the ratio i p /i t (photoelectric to thermionic current) 
against the atomic number of the element, at the voltages 000, 600, 400 and 
300 volts. The solid angle of the effective beam of soft X-rays was exactly 
the same as in the previous experiment and had the value 0*03047 X 0*743/4tc, 
so that readings of i v must be multiplied by 4^/0*03047 X 0-743 to give their 
absolute value. 

A typical set of curves obtained with unoxidised iron, cobalt, nickel and 
copper is shown in fig. 1. Fig. 2 shows the curves obtained when these metals 



Atomic number 


Fia. 1. Pig, 2. Fig. 3. Fig. 4. 

have been oxidised. After several sets of similar readings (i.e. t with the 
values of i v /i t for all the metals approximately the same) the curves suddenly 
reverted to a shape approximating to that obtained with clean metals, at the 
higher voltages. At 300 volts the value for iron is too low. These curves are 
shown in fig. 3. After bombardment at red heat the curves shown in fig. 4 
were obtained. It will be noticed that i P ji t has increased for cobalt and 
decreased for the other three metals. After more bombardment at red heat 
and throughout several sets of results, this shape of curve still persisted. 
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After cleaning and re-oxidising the metals, further readings were taken. 
These gave curves similar to those of fig. 1. By an error, a somewhat larger 
thermionic current (from the loop filament) than before was used in the first 
degassing process. 

The next set of metals is iron, tungsten, platinum and molybdenum. Some 
readings were taken with these metals unoxidised ; the values agree very well 



with those obtained by Richardson and Robertson. The curves are shown in 
fig. 5. The values for the oxidised metals are shown in fig. 6. Molybdenum, 
which previously had a value roughly 50 per cent, higher than the others, is 
now only 20 per cent, higher. The values for timgsten and iron are also lowered. 
After bombardment at red heat, the curves in fig. 7 were obtained. Molybdenum 
has returned to its high value, while tungsten and iron are still about 10 per 
cent, lower than platinum. The efiicienoy of platinum remains fairly steady, 
which is to be expected, as it is not oxidised. 

The results obtained by Richardson and Robertson for unoxidised manganese, 
palladium, gold and silicon are shown in fig. 8, The curves for the oxidised 
elements are given in fig. 9. It will be seen that the value for silicon has fallen 
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slightly, the values for manganese, palladium and gold have all increased, 
manganese slightly and palladium and gold considerably. After bombard¬ 



ment at red heat the results obtained are shown in fig. 10. Manganese has 
risen a little more, while silicon, palladium and gold have all decreased. After 
continued bombardment at red heat no change in these values was found. 
This last set of elements, owing to lack of time, was not investigated so 
thoroughly as the first two sets, and therefore too much stress should not be 
laid on the results. 


Tabulation of Results. 

Set I.—Iron, Cobalt, Nickel, Copper. 

Effect of Oxidation.— The curves become nearly flat at first, later approxi¬ 
mating to those of the unoxidised metals. 

Effect of Bombardment to Red Heat.— The efficiency of oobalt rises to a high 
value. This may perhaps be explained by the fact that tungsten sputtering 
was found on the cobalt target. 
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Set II. — Molybdenum } Tungsten > Iron and Platinum . 

Effect of Oxidation. - The molybdenum, tungsten and iron efficiencies are 
lowered, while platinum remains approximately constant. 

Effect of Bombardment to Red Heat .—Molybdenum regains its high value 
but tungsten and iron are unchanged. 

Set 111 - -Palladium, Gold , Silicon and Manganese. 

Effect of Oxidation.— ( 1 ) Palladium: the efficiency has risen about 20 per 
cent. The oxidation of this target appeared to be very slight. ( 2 ) Man¬ 
ganese-: the value is about 3 per cent, higher. (3) Silicon: this has a value 
about 4 per cent, higher. 

Effect of Bombardment to Red Ileat. —Manganese increases a little, while 
palladium and silicon decrease. 

Gold appears to increase after being heated in air, decreasing again after 
being bombarded to red heat. 

The outstanding feature of the results is the levelling up of the efficiencies 
of the elements after oxidation. This suggests that the oxygen atoms simply 
introduce a common factor into the emitting targets. If this is the case the 
efficiency of each anticathode will be the average efficiency of the oxygen and 
element present. On this basis, knowing i v /i t for the element and for its 
oxide, we may calculate what i p ji t would be for oxygen. For example, when 
molybdenum is heated in air, Mo 0 8 is obtained. Let i v ji t for the oxygen 
atom be x. That of unoxidised molybdenum at 600 volts is 0*91 x 10”°, 
and of oxidised molybdenum is 7*62 x 10 “ tt . Then if the summation effect 
is the one obtained, we shall have 

9-91 X KT 11 + 3s _ 7.02 x i0”“, 

4 

i.e., x — 6-99 x 10” 9 , at 600 volts. 

If this view is the correct one, the value of i v li t for oxygen should bo approxi¬ 
mately the same when calculated from the data for the other oxides. That this 
is the case is seen from the following table. The oxide given is, as far as could 
be ascertained, the most probable one obtained when the element is heated in 
air.' 
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Table I. 


Element. 

Oxide. 

Value of i p /it for oxygen. 

600 volts. 

500 volts. 

400 volte. j 

300 volt*. 

Mo 

MoQ 8 

0*99 

i 

■ 

_ 

3-63 

W 

W0 8 

6-09 

— 

— 

3-58 

Co 

Co a 0 4 

6*66 

5*82 

5*05 

4*17 

Fe 

Fe a 0 4 

6-02 

5-62 

4*98 

3*43 

Ni 

NiO 

0*25 

5*52 

4*95 

3-77 

Cu 

Cu,<V 

7*04 

5*75 

5*45 

386 

Mean 

value. 

6-51 

5*68 

5*09 

3-72 . 


* This is taken as the average of Cu a O and CuO. 


In comparing the values for oxidised and unoxidised silicon, manganese 
and paladium, the values given by Richardson and Robertson for the pure 
elements have been used. The value of i v ji % for platinum at 300 volts is 
given by Richardson and Robertson as 2 • 962 X 10~ 9 , and the value obtained by 
the writer is 3*29 x 10~ 9 . The difference between the two values is accounted 
for by the fact that the solid angle is not the same in the two tubes, and also by 
the fact that Richardson and Robertson used a nickel photoelectric detector. 
Taking the value of platinum as standard, the values of i p /i t at 300 volts for 
silicon, manganese and palladium can be calculated for the present apparatus. 
Similarly, the values can be calculated at 500 volts. When this has been done, 
i p /it for oxygen can be deduced as before. The results of the calculation are 
given in Table II. 


Table II. 


Element. 

Oxide. 

Value of i p jit for oxygen. 

600 volts. 

500 volts. 

400 volts. 

300 volte. 

Mn 

Mn.Oj* 


5*99 


3*78 

Pd 

PdO 

— 

7*29 

_ 

4*54 

Si 

SiO a 

— 

5*95 

— 

306 

Mean value for Mn, Pd, Si 

— 

6*41 

— 

3*90 


* This is taken as the average of MnO„ Mn a 0 3 and Mn a 0 4 . 


The values agree fairly well with those of Table I. 

The results given in the tables seem in accordance with the hypothesis that 
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Soft X-Ray Emission from Various Elements . 

the soft X-ray efficiency of an atom is not greatly changed when it enters into 
chemical combination. 

To convert the values of i p ji t into absolute efficiencies it is necessary to 
multiply by 4 tt/0* 03047 X 0-743, in order to allow for the solid angle. 

The absolute efficiency of oxygen (from the mean values in Table I) therefore 
becomes at 000 volts, 3-61 x 10 “ 6 , at 500 volts, 3-15 x 10 ~ 6 , at 400 volts, 
2-82 X 10" 6 , and at 300 volts, 2*06 x 10“ 6 . 

In figs. 11, 12 and 13 the values of i p ji t for the oxidised elements, at 500, 
400 and 300 volts respectively, are compared with the values given by Richard¬ 
son and Robertson for the pure elements. i p ji t for the oxidised elements has 
been calculated for Richardson and Robertson’s apparatus taking platinum 
as standard. The values for oxygen are also shown in these graphs. 



□ Value for oxygen. © Values given by Richardson and Robertson for pure elements. 

4- Values for oxidised elements. 

Fig. li. 


In order to compare the numbers at 300 volts with those given in Table I 
of Richardson and Robertson, the product aNe/2(3* must be evaluated. This, 
for oxygen is 5-26. 


* For details, see L. P. Davies, /oc. ctf., p, 550. 
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In conclusion, the writer would like to express her gratitude to Prof. Richard¬ 
son for suggesting this problem and for interest and advice during the experi¬ 
ments. 

Summary, 

The effect of oxidation on the total soft X-ray emission from the following 
elements has been studied: Silicon, manganese, iron, cobalt, nickel, copper, 
molybdenum, palladium and tungsten. The efficiencies are levelled up after 
oxidation, and this suggests that the efficiency of the oxide is the average 
efficiency of the oxygen and element present* On this assumption, the 
efficiency for oxygen is calculated and its mean value is at GOO volts, 3 • 61 X 10“° 
at 500 volts, 3*15 x 10~ fl , at 400 volts, 2*82 x 10~ fl , at 300 volts, 
2 ■ 06 X 10“°. 


The Third Positive Carbon and Associated Hands . 

By R. K. Asundi, B.A., M.Sc., Research Scholar of the University of Bombay, 

King's College, London, 

(Communicated by O. W. Richardson, F.R.S.—Received March 18, 1929.) 

[Platk 3.] 

Introduction . 

The band spectra associated with carbon are numerous and many of then 
were known to the earliest workers in spectroscopy.* They divided the bands 
into two main divisions, the positive and the negative bands. Thus they 
recognised the first positive carbon bands which are now called the Swan bands, 
the second positive bands which we now call the Angstrom bands, the third 
positive and the fourth positive carbon bands. Among the negative bands 
known to them were the first negative or Deslandres’ bands which are now 
known to be due to the ionised CO (CO + ) molecule. With the exception of 
the first positive bands or Swan bands, all the positive bands are now attributed 
to the neutral CO molecule. In recent years several new band systems have 
been added to the positive list,f and two, the comet-tail bands or low pressure 
* Kayser, ‘ Handbuoh dor Spectroscopic,’ vol. 5, pp. 226-234. 

f Cameron, * Phil. Mag.,’ vol, 1, p. 405 (1926); Hopfield and Birge, 1 Phys. Rev.,’ vol. 
29, p. 922 (1927); Asundi, 4 Nature,’ vol. 123, p. 47 (1929); Johnson and Asundi, 4 Roy, 
Soo. Proc.,’ A, vol. 123, p. 560 (1929); Heraberg, 4 Z. Physik/ vol. 52, p. 825 (1929). 

u 2 
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carbon bands,* and the Baldet-Johnson combination bands,f to the negative 
band systems. The history of the correlation of all these band systems is an 
interesting one and is adequate proof of the extraordinary usefulness of the 
quantum theory in the interpretation of molecular spectra. In this paper we 
are mainly concerned with the third positive carbon bands and such other 
bands as are usually associated with them. 

These bandsj were originally measured by Deslandres. Wolter could not 
obtain some of them which therefore were considered as spurious. Johnson 
and Birge gave the quantum interpretation of these bands, which fell into three 
w" progressions, viz., n' =» 0 , 1 and 4, the last two being spurious according to 
Wolter. Duffendack and Fox proved that the bands forming the n = 4 
progression belong to a new system of bands which they called 3A, with an 
initial electronic level higher than that of the third positive bands. All these 
bands have been obtained on all the plates taken in the first order of a 21-foot 
Rowland grating, by the present writer. The superficial structure of all the 
bands forming the same n" progression is the same but differs from the structure 
of the rest of the bands. It is therefore suggested that the bands forming the 
ri* = 1 progression also arise from an initial electronic level different from that 
of the third positive bands. These may be called the 5 B bands. It is scarcely 
necessary to say that all these band systems have the same final electronic 
level. 

By the discovery due to Cameron (he. (it.) in 1926 of some new bands in the 
ultra-violet, in a tube containing CO in high pressure neon, and their quantum 
interpretation by Johnson (he. tit.), who showed that the initial and the final 
electronic levels of these bands were respectively identical with the final of 
the third positive and the final of the fourth positive carbon bands, the emitter 
of all these bands has been conclusively proved to be the CO molecule. Related 
to these bands has been discovered a new band system described later in this 
paper, which has the same final state as all these bands and an initial state 
which is identical with the new level at v= 58927, found by Hopfield and 
Birge (he. tit.). 

The final electronic level which is common to all these band-systems of the 
CO molecule is generally believed to be a 8 P level. The Cameron bands are 

* Pluvinet and Baldet, * As trophy a. J./ vol. 34, p. 89 (1911); Fowler, 4 Monthly Notices, 
R.A.S./ vol. 70, p. 484 (1910); Johnson, ‘ Roy. 8oc. Proo./ A, vol. 108, p. 343 (1923), 

t Johnson, he. cti. ; Baldet, ‘ C. R./ vol. 178, p. 1525 (1924). 

t Deslandres, 1 C. R./ vol. 106, p. 842 (1888); Wolter, 4 Z. Wiss. Phot./ vol 9, p. 361 
(1911); Johnson, 4 Nature/ vol. 117, p. 376 (1926); Birge, 4 Phys. Rev./ vol. 28, p. 1175 
(1926); Duffendack and Fox, ‘Nature/ vol. 118, p. 12 (1926). 
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five-headed and Johnson (loc. tit.) found that the electronic separations between 
successive heads are almost the same as the separations between corresponding 
heads of the third positive bands, if the second head of the latter bands is 
disregarded. This indicated that the level in question might be a quintet 
level. Birge (loc. tit.), however, took exception to this view. „ He believed that 
the level was a triple level; that the six heads of the third positive bands were 
due to three P and three Q branches ; that in the Cameron bands the first 
Q head was missing ; and that the equality of electronic separations indicated 
by Johnson was fortuitous. On Birge’s assumption that the second, fourth 
and sixth heads of the third positive bands are Q heads, it is necessary that the 
electronic separation between the fourth and second heads should be the 
same for all bands of the third positive carbon and Cameron systema, as also 
the separation between the sixth and the fourth heads. These separations 
are tabulated below 


1 

{ 

1 Third ponitive. 

j Cameron. 

Band. 

4- 

-2. 

0-4. 





1 


0-4. 







Welter. 

Aaundi. 

Wo iter. 

s 

Asundi. 


0-0 

43*7 

42 5 

48*4 

48*5 


0-1 , 

40*2 

39*7 

49*2 

48*3 

— 

0-2 1 

37-8 

37*0 

47 1 

40*8 

— 

0-3 ! 

34*2 

34*8 

46*0 

4/5*9 

48 1* 

0-4 

32*8 

32*7 

47*0 

45*2 

48*1* 


* Mean value from five bands of the same sequence. 


The table shows that whereas the difference 6-4 is fairly constant throughout 
all the bands, the maximum difference between two values being 3*3 v, the 
difference 4-2 is far from being constant, changing as it does by about 10 v. 
Moreover, the distance of each band head from its origin should ordinarily 
be roughly constant in all the bands of the same system. This will hardly be 
the case on this interpretation. Birge has entered into a detailed consideration 
of this point (loc. tit.) and concludes that this need not be taken as a serious 
objection since a similar discrepancy is said to be observed in the case of red 
CN bands by Mulliken. The fine structure analysis of the third positive bands 
given in this paper, however, points to the level being a quintet one, so that the 
five heads of the Cameron bands are all R heads, and the rough equality of the 
electronic separations observed by Johnson is what one would expect on this 
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view, if the distance of heads from origins is fairly constant. The following 
table gives the unweighted mean values from all bands, of the electronic 
separations between successive heads on this basis, and the mean value of the 
true electronic separations between successive origins of the quintet level, as 
determined from the analysis of the 0 0 and 0 l third positive bands. 



| 

Third positive. 


Heads, 

Came nm, 



True mean value 

Wolter. 

Asundi. 

from origins. 



1-2 

37-3* 

20-fi 

30*0 

29*5 

2-3 

18-9 

20*0 

20*0 

19*9 

3-4 

18*0 

19*9 

18*8 

20*8 * 

4-6 

i 

29*2 

27*7 

28*4 

1 

29*8 


* This value is likely to be much in error since the first two heads of these bands are very 
faint. 


This table shows the rough equality of intervals in the Cameron and third 
positive bands. It also shows that the distance of each band head from its 
origin is roughly constant. Asa matter of fact, if the second and third heads 
in the 0-0 and 0-1 bands, where, as the fine structure analysis also indicates, 
there is much crowding together of unresolved lines, are not taken into con¬ 
sideration, this distance is about 8*6 v, comparable with the value 7-7 v from 
Angstrom* or the new bands*)* (3 1 S“>2 1 P). In the third positive bands, 
therefore, only the second head is a Q head all the rest being P heads. It is 
just a matter of chance that this Q branch alone out of the five Q branches 
forms a head ; for it is a surprising fact that in the spectra of the neutral CO 
molecule no other Q branch forms a head. The Angstrom bands, the new 
3 1 S-*2 1 P bands, the fourth positive bands, all contain strong Q branches 
but in none of them do they form heads. 

Production of tike Bands . 

The production of these bands is exceedingly simple. Any ordinary dis¬ 
charge tube containing CO or C0 a , when excited by an unoondensed discharge 
‘ will show these bands. In these experiments a H type tube having a small 
capillary was used. It has carbon electrodes, a mirror on one end and a quartz 
window at the other. A small bulb containing magnesite was attached to the 
tube and this was gently heated to give the necessary C0 2 in the tube whenever 
required. The tube was arranged in an end-on position and the light was 

* Huithen, 4 Ann. Physik/ vol. 71, p. 41 (1023). 
t Johnson and Aeundi, he. ciU 
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focussed by a quartz lens on to the slit of the instrument. The third positive 
and the associated bands were photographed in the first order of a 21 -foot 
Rowland grating. This grating lias a dispersion of 2‘fiA. per millimetre 
in the first order. Wolter has photographed the 0-1 band in the second order 
of a similar grating. On comparing the present measurements of this band 
taken in the first order, with those recorded by him, it was found that there is 
very good agreement among them and that no line measured by him up to 
about 35 A. from the first head has been missed in these plates. Measure¬ 
ments were made on two independent plates and they agreed to 0*02 A* 
The exposures necessary were about 7 hours for all except some 3 A bands. 
The temperature of the sub-basement room in which the grating is mounted 
in a suitable case, did not alter by more than 0 * 1 ° C. during the exposure. 
For comparison the international standards of the iron arc spectrum were used. 
The new bands previously mentioned lie in the near infra-red and the visible 
region. These were photographed on a glass c.d. instrument having a dispersion 
of about 150 A. per millimetre in the region 7000-9000 XX, and of about 60 A. 
between 5000-7000 XX. Neocyanine and kryptoeyanine plates hypersensitised 
by ammonia before use were employed. 

Third Positive Carbon Bands. 

These bands extend from X 2825 to X 3493 and consist of only one n" pro¬ 
gression. The bands are apparently six-headed the overall multiplet width 
being 102 *5 v for the 0-0 band with a marked tendency to decrease with higher 
vibrational states, so that for the 0-4 band this value is 91 v. The bands are 
very intense and apart from the complexity of structure due to the many 
heads, are just as simple to resolve as the Angstrom bands. Wolter’s observa¬ 
tion that there is a repeated alternation of intensity in the structure of the 
bands is not exactly correct. A repeated rise and fall of intensity is no doubt 
observable in the reproduction of the 0-1 band given by Wolter. It is due to 
the fact that just where the structure lines of this band fade away, the 5 B 
band beginning at X 2930 starts and the three or four heads of this band give 
an impression of such intensity distribution. The 5 B band at X 2930 is com¬ 
paratively weak but its heads are stronger than the fading structure lines of 
the third positive band. Such sort of repeated rise and fall of intensity due to 
proximity of complicated bands is more striking when one tries to photograph 
the new bands described in this paper on a high dispersion instrument like 
the grating used in these experiments. There is, however, one peculiarity 
associated with the third positive bands which does not seem to have been 
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observed by previous workers. These bauds as is well known are degraded to 
the violet, but outside the first head there are a number of structure lines which 
decrease in spacing towards the higher wave-lengths forming ultimately a faint 
diffuse head, after which they continue further with gradual increase in spacing. 
These are very faint but they seem to accompany all the third positive bands. 
We cannot at present say whether they form part of these bands. No attempt 
has been made in the present paper to explain them. The fine structure 
analysis of only the 0-0 and 0-1 bands has been done, and therefore it has not 
been possible to give a vibrational equation representing the origins. The 
following equation is based on the values of the heads, o> 0 and Optf being 
deduced from the mean values of the five intervals from band to band - 


35287*0 
323-4 
v- 341*4 
359*2 
389*5 


> - (1726*5 n" — 14*4 n"*). 


The following table gives the heads arranged according to vibrational 
analysis:— 


\ 

\ 

»' \ 

\ 

1 

0. j 

1 . 

X (air). 

v (vac.). 

X (air). 

V (vac.). 


2833-OS(7) 

35287*0 

2977*38 (7) 

33576-8 


30-15 (10) 

323*4 

74*49 (10) 

609*5 

0 

28*73 (9) 

341*4 

72*86 (9) 

628 ) 


27-28(8) 

359*2 

71*16 (5) 

647*1 

* 

24*86(8) 

389*5 

68*57 (7) 

676*5 


2. 

3. 


0 

3134-35 (7) 
31-47(10) 
20-51 (0) 
27-88 (5) 
24-04 (5) 

31895*3 

924*6 

944*6 

963*3 

991*4 

3305*66(7) 
02*76(8) 
00*51(6) 
3298*43 (5) 
95*52 (5) 

30242*5 

269*7 

289*7 

308*7 

335*0 


4. 



0 

3493*31 (5) 
90*44(4) 
87*73(9) 
85*36(3) 
82*23 (5) 

28018*0 

641*6 

663*8 

683-2 

709*0 




The figure# iu bracket# indicate estimated intenflifcy. 
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3 A Bands, 

These bands are five-headed. But they are very faint and could be photo¬ 
graphed only after long exposures. Moreover, the absorption of rays by air 
becomes pronounced in these bands so that the 0-0 band could only be photo¬ 
graphed with an exposure of 30 hours on the grating. The fifth head is the 
strongest with estimated intensity 5 and the first head has an intensity 2. 
Therefore under low dispersion they appear to be double-headed.* The 
electronic separation between the two extreme heads is 70 v for the 0-0 band 
with a tendency, as in the third positive bands, to decrease with higher vibration 
states, the 0-4 band having a value 65 v. The quantum analysis of the gross ^ 
structure of these bands is tabulated below :— 


\ 

\ n" 

\ 

\ 

*'\ 

\ 

0 . 

]. 

A (air). | 

v (vac.). 

A (air). 

v (vac.). 

0 

2295•9(0) 

2292-22 (3) 

43542 5 

43612-4 

2389-75(2) 
88-95(1) 
88*51 (1) 
80-95 (2) 

85 -89 (5) 

41832-6 

846*7 

854-3 

881-7 

900-3 


2. 

3. 

0 

2480-94(2) 
89-07 (0) 
88-00(0) 
87-11 (1) 
85-81 (5) 

40149-6 

163-7 

1 169*7 

1 195-1 

216-2 

: 

2590-93 (2) 
95-94 (l) 

93-84(0) 
92-50 (5) 

38495-5 

610-2 

541-4 

560-4 

4. 


0 

2711-40 (2) 
10-25 (2) 

2708*09 (0) 
06-59 (5) 

36871-0 

880*0 

36915-0 

935-9 



The equation representing the heads is 
43542‘5 


r 


— (1726*5 w" — 14*4 n" 2 ). 


43612-4 J 

* Duffendftok and Fox, * Astrophys. Joura.,* vol. 65, p. 220 (1927). 
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The final state is thus identical with that of the third positive bands. The 
overall electronic separation for the 0-0 band is 69*0 v, while the corresponding 
separation in the third positive band is 102*5 v. There is thus a shrinkage of 
32'6 v, which can be explained on the assumption that the transition involved 
is 6 P f, P. On this basis the overall Av for the higher 5 P level will be 32*6. 
Just as in the case of 2 P-* 2 P or 3 P 3 P transitions the Hund selection rule 
Acts = 0 is obeyed here also, as a result of which there are only five heads. 

5 B Bands . 

These bands also degrade towards the violet and are more intense than the 
3 A hands. They are also undoubtedly five-headed but in each of the bands 
one or other of the heads is missing, probably being confused with other lines 
and therefore not prominently observed. Outside the third head, which is the 
first observed of the (H) band, there is a double-headed band, probably due to 
C0 2 , degraded towards the red and it is likely that the first two heads of the 
5 Bband are maaked by the structure work of this extraneous band. The 
following table gives the vibrational analysis of these bands:— 


\ 

\ n" 

\ 

0 . 

1 . 

! 

X (air). 

1 

e (vac.). 

A (air). 

v (vac.). 


.... 

.... 

2793-07 (6) 

35792*9 

0 

2661-87 (8) 
60*42 (8) 

58 - 80 (6) 

37656-4 

577*0 

599-8 

2789-11(6) 
87-37 (8) 
85-80 (6) 

843*3 

865*6 

885*8 

2 

3. 

0 

2030-76 (3) 

20'26 (3) 

24-86 (2) 

34110*9 

128-5 

179-7 

3079-90(8) 
78-40(2) 
76*73 (4) 
73*49 (6) 

32459 2 

475*0 

503*2 

526*9 


4. 


5. 

0 

3242-14 (8) 
40-60(6) 
37-74 (6) 
36-18 (8) 

30835*0 

848-8 

876*9 

901*3 

3419 *17 (6) 
17*49 (6) 

14 65 (4) 
11*52 (3) 

29238-5 

252*9 

277*2 

304*1 


Figures in brackets indicate estimated intensity. 
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The following equation represents the heads satisfactorily ;— 


v 


37556 * 4 > 

577*0 
500-8 , 


(1726*6 n" — 14*4 n" 2 ). 


The electronic separation between the first and fourth heads is about 67 v 
very nearly the same as in the third positive bands (68*3). The final state is 
the same as that of these latter bands. It seems likely from this equality of 
electronic separation that the upper level is either a I) or S level. Of course 
it may be argued that these bands really constitute the n' = 1 progression of 
the third positive bands. But though their line structure analysis has not 
been attempted by the writer, still he is inclined to the view that because their 
superficial structure is different from that of the third positive bands, they 
form a new system by themselves. 


New Bands. 

A number of bands degraded towards the red have been photographed under 
small dispersion, and their wave-lengths determined by the measurement of 
three independent plates. These bands are of a complex structure probably 
having five heads ; but under the low dispersion used it has been possible to 
measure only the two extreme heads with any certainty. Some of these bands 
could be identified with the triplet carbon bands of Merton and Johnson.* 
It was therefore thought that the rest of the bands also belonged to the triplet 
system. But they could not be arranged on that basis. The intensity of the 
triplet bands as produced here is very weak as compared to their intensity 
when produced in helium or argon. The triplet band at X 6464*6 which has 
an intensity 10 in helium, has an intensity of only 2 as produced here. Other 
triplet bands were so mixed up with the rest of the bands that it has not been 
possible to effect a complete separation of the bands of the two systems below 
X5700. The bands of wave-lengths higher than X5700 have been separated 
and it has been possible to give the follow ing vibrational analysis, assuming the 
band at X 8692 to be the 1-0 band. 


* ‘ Roy. Soc. Proc.,’ A, vol. 103, p. 383 (1923), 
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\ 

\ »" 

\ 

\ 

n' \ 

\ 

. 

0. 

1. 

O 

3. 

A (air). 

v (vac.). 

A (air). 

v (vac.). 

A (air). 

v (vac.). 

A (air). 

v (vac.). 

1 

8592 

11636 







2 

7833*9 

88*0 

12761*8 

674*0 

3 7210*4 

, 57 '0 

13864*5 

776*0 

8222*5 

81*0 

12158*5 

072*5 

4 

6685*7 

6726*3 

14953-2 

802-9 

7652■5 
98*0 

13237*0 

157*7 

5 

6244*0 

75*0 

16011*0 
15931 * 8 

6990*2 

14301*8 

6 

5861*0 

89*0 

! 17057-2 
10970-1 

6513 5 
61-0 

15348*5 

260*6 

7314*0 

59*0 

13008-4 

13580-1 

7 



6106*2 

16375*0 

6804*0 

41*5 

14093-2 

012-7 

8 



5749*1 

75*9 

17389*2 

17308*5 

6366 ■ 9 

15702*0 

7116*5 

14048-0 


The equation representing these band heads is 

v= 10491 + (1154*4 n - 9*5 n' % ) - (1721*5 n" - 13*7 n" 2 ). 

Hopfield and Birge ( loc . cit.) have discovered a new level at 58927 v, for the 
CO molecule. Assuming a transition to exist between this as the initial level 
and the final level (48438 v) of the third positive carbon bands as the final 
level it will give rise to bands whose heads can be represented by 

v = 10489 + (1155 ri - 9 n' 2 ) - (1726*5 n" - 14*4 n" 2 ). 

The equation representing the new bands is very close to this. There is a 
possibility of considerable error in the measurement of the bands of higher 
wave-lengths because the dispersion of the instrument falls rapidly in that region. 
Therefore the discrepancy between the two equations may be taken to be 
within the limits of experimental error. Experiments are in progress uaing 
instruments of higher dispersion and a detailed account of this band system 
must therefore be reserved for a future communication. 

Fine Structure of the Third Positive Carbon Bands at XX 2833 and 2977. 

The structure of these bands is very complicated there being no obvious 
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regularity such as we find in less complicated bands. This arises from the 
fact that each band consists of five P, five Q and five R branches. At first 
sight it seemed almost a hopeless task to analyse the bands from plates taken 
in the first order of the grating, but subsequent measurements of the plates 
showed that in the case of the band at X 2977, even the second order measure¬ 
ments recorded by Wolter in no way simplify the task. This indicated that 
the complexity of structure may not he avoided even if the third order of the 
grating was used. This, coupled with the fact that no line recorded by Wolter 
was missed in .the X 2977 band, on the first order plates, led me to attempt 
an analysis of the bands on the data of the first order plates. Measurements 
were taken on two independent plates and they agreed to 0*02 A, This 
introduces an error of 0*2 to 0*3 cm."* 1 in the absolute measurements. 

Each band consists of five sub-bands. The first high frequency band will 
be called the 6 P t band, the second 5 P 2 band and so on. Each of these consists 
of a P, a Q and R branch, the intensity distribution being Q> P> R, 
thus indicating that the transition involved is an S P.* On account of the 
complexity of structure and the crowding together of lines in all except the 
6 P ft bands, it is not possible to say with certainty how many lines are missing 
in each sub-band. Therefore an evaluation of <j on this basis is out of the 
question and consequently the theoretical significance which arises out of a 
knowledge of the values of a accompanying a transition, is unfortunately not 
forthcoming. 

Table I gives the wave-number data of all the 15 branches and the initial 
term differences in each of the two bands analysed. The initial term differences 
should be the same for the same sub-band in the two bands analysed, though 
theoretically they may differ in values from the initial term differences for the 
other sub-bands. But this change in the value of the term differences both in 
the initial and final states is so small for the different sub-bands, that we have 
assumed it to be negligible. So that in Table II are collected the initial term 
differences for all the 10 sub-bands and their weighted mean. Table III 
similarly gives the final term differences and their weighted means for the 
two bands. 


♦ Mulliken, 4 Phye. Rev.; vol. 29, p. 410 (1927), 
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Table I. 

Not <—The letter I) before a line indicates that the line is a close double, 
<1 a diffused line, and b a blend with another line. 


Band at A 2833. 


j"* 

P. 

Q. 

R. 


•p 8 . 

1-5 

35295*6 

2*8 

35298• 



2*5 

292*9 

7*6 

300*5 

12 3 

35312*8 

3 5 

290*9 

11-9 

302*8 

16*6 

319*4 

4-5 

289*3 

15-8 

305 Id 

21*0 

326*1 

6*5 

287*8 

20*9 

308*7 

24*6 

333*3 

6*5 

287*0 d 

25-8 

312*8 

30*1 

342 *9D 

7*5 

287*0 

30*1 

317*1 

34*3 

351*46 

8-5 

287*0 

34*5 

321-5 

38*8 

360*36 

9*5 

287*8 

39*0 

326*8 

43*8 

370*6<1 

10*5 

289*3 

44*0 

333 -3D 

— 

— 

11*5 

290*9 

47*1 

338*0 

52*2 

390-26 

12*5 

292*9 

62-4 

345-3 

56*5 

401*81) 

13*5 

295*6 

57*0 

352 6 

60*5 

413*1 


‘p* 

1*5 

35325*3 

3*2 

35328-5 

7*S 

35330*3 

2-5 

324*2 

0*8 

331*0 

13 1 

344 ID 

3 0 

323*4 

— 

— 

— 

— 

4*5 

323 4 

10*8 

340-2 

20*1 

300-36 

5*5 

323*4 

20*7 

344-16 

26-6 

370*6<f 

6*5 

323*4 

26-4 

348*8 

30*3 

379-ID 

7*5 

324*2 

29*0 

363-86 

— 

— 

8*5 

325*3 

33*9 

359*26 

38*9 

398-16 

9*5 

326*8 

38*4 

366-2D 

— 

*—* 


‘p.. 

2*5 

I 

i 35342*9D 

6*9 

36349-8 



3*5 

. 341*4 

12*4 

363-86 

10*8 

35370-tW 

4*5 

341*4 

16*3 

357*7 

21*4 

379* ID 

5*5 

343*7 

21*5 

366* 2D 

20*0 

301*26 

6*5 

344 ID 

26*6 

370-<W 

30*5 

401*1 

7*5 

346*5 

29-7 

370*2 

34*4 

410-0D 

8-0 

348*8 

35*2 

384-06 

39-0 

423*0 

9*5 

351*45 

39*8 

391*26 



10-5 

354*4 

43*7 

398-16 
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Band A 2833. 


/'* 

P. 

Q. 

R. 


*p. 

6-5 

35369-26 

24-8 

35384-06 

i 

30-9 

36414-96 


7-5 

300*36 

29*9 

390*26 

34*9 

425* ID 


ft *5 

9-5 

10‘5 

301*8 

35*1 

398-9 

38*8 

435*76 


385-2D 

__ 

_ 

_ 

_ 


11*5 

367*5 

48*8 

416-3 

51*6 

467*9 


12-5 

370 *<W 

— 

— 

— 

480*6 


13-5 

374*4 

1 

57*1 

431-56 

61*5 

493*0 



•p». 

4 5 

35391*26 

16* 1 

35407*3 

20*2 

36427*5 


5*5 

390*26 

20*4 

410*0 

U5'l 

436-76 


6*5 

389*5 

25-4 

414*96 

— 

— 


7*5 

389*5 

29*9 

419*4 

34*9 

464*3 


8*5 

391*2 

33*9 

425 ID 

38*9 

464 0 


9*5 

392*7 

38*8 

431-56 

43*7 

475*2 


10*6 

394*9 

43*6 

438*5 

— 

— 


11*6 

398*16 

47*9 

446*0 

52*9 

498*9 


12*5 

401-8D 

62*6 

454*4 




13*6 

400*3 

56*4 

462*7 




14*5 

410*6D 

61*3 

471*9 





Band at A 2877. 


r- 

P. 

Q. 

R. 


6 p.- 

1*5 

33685*3 

3*0 

33588*3 



2*5 

682-7 

7*7 

690*4 

12*0 

33602*4 

3*5 

680-6 

11*9 

592*5 

17*0 

609*66 

4*5 

578*9 

16*2 

695-1 

21*5 

616*66 

5*5 

677*6 

20*9 

598*5 

25*0 

624*16 

6-5 

576*8 

25*6 

602*4 

30*3 

632-7D 

7*5 

_ 

—_ 

606*5 

34*8 

641*36 

8*5 

676*8 

34*6 

811-36 

— 

— 

9 5 

677*6 

39*0 

616*66 

43*8 

660*46 

10*6 

678*9 

43*5 

622-4D 

48*0 

670-46 

n*6 

680*6 

47*6 

628*1 

— 

— 

12*5 

682*7 

62*2 

634 *9D 

57*2 

692*1 

13*5 

585*3 

56*8 

042*1 

i 
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Table I—(continued). 


Band at A 2977. 


j" 

P. 

Q. 

R. 

! 

‘p 4 . 

1-6 



33616*66 

7*5 

23624 ■ 16 

2*5 

33611*3 

8*0 

619*3 

— 

- - 

3*5 

610*6 

11*0 

H22-4D 

16*0 

638-4D 

4*5 

609*65 

16-4 

625*9 

20*8 

646*7 

5-6 

609*5 

20*4 

629*9 

24*5 

654*4 

6*5 

610*5 

24-4 

634 * 9T) 

30 0 

664*9 

7*5 

611*36 

30*0 

(Ml *36 

34*0 

675*3 

8*5 

612 9 

34*2 

647*1 

38*9 

686-06 

9*5 

614*6 

30*1 

653*76 

43*4 

697-VD 

10*6 

616*6 

43*8 

660*46 



11*5 

619*3 





12*6 

022 *4D 







•p,. 

2*6 

33630*8 

7*6 

33638 *41) 



3*5 

629*2 

12*1 

641*36 

16*8 

33658-1 

4*5 

028 1 

16*9 

645 0 

21*5 

666*6 

6*5 

-- 

— 

649 Id 

26*1 

676-2 

6*5 

— 

— 

663*76 

30*0 

683*7 

7*5 

628*1 

30*0 

668-1 

34*9 

693*0 

8*5 

629*2 

34*3 

663*5 

39*6 

704 -ID 

9-5 

630*8 

39*6 

670*46 

43*6 

714-06 

10*5 

632*7 

43*8 

676*5 

48*0 

724-56 

11*5 

634*0D 

47*7 

[ 

682*66 

52*7 

735-3 




6*6 

33647*1 

24*8 

33671*9 

29*3 

33701-26 

7*6 

649-Id 

30-7 

079*8d 

34*2 

714*06 

8*6 

662*2 

33*8 

686*06 

38 6 

724*56 

9*5 

656*3 

38*6 

094*96 

42*6 

737*6 

10-6 

660-46 

43*7 

704-ID 

47*9 

762-0D 

11-5 

666*0 

47*1 

712 * Id 



12*5 

670-46 

52*1 

722-5 



13*5 

670*5 






•p,- 

4*5 

33677*6 

15-9 

33093*5 

20*5 

33714*06 

5-5 

670*5 

20-6 

607-11) 

25-4 

722*5 

6*5 

676*0 

25*2 

701*26 

28*9 

730*1 

7*5 

676*5 

29*6 

706*0 

33*7 

739*7 

8-5 

077*6 

34*5 

712*Id 

39*9 

752*01) 

9*6 

679-8d 

39-0 

718*8 

42-8 

761*0 

10*5 

682-66 

43*7 

720*3 

— 

,— 

11-5 

086*06 

48*1 

734 1 

52-7 

786*8 

12-6 

690*2 

52*6 

742*8 

— 

— 

13*5 

694-96 

57*1 

752*0 

61*2 

813*2 

14*5 

700*1 

61*5 

761*6 

65*2 

826*8 
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Third Positive Carbon and Associated Bands . 291 


1. 
&3 

otOHio»«©iao<oo^»« 


1, 

3>g 

£ e 

f0iHNi^HO®O®©t*t6 

Wh*N»OWO'+ffiMhN«r^ 

HHMNrtrtCO^M'lC©® 


IS 35 CC H ifi 00 CO O h ■'if X 







1C ^ © t- CD 00 t' Cl 

Cl —I 

ei ci ci co co -ti o «o 



© CO -h © (M CO © 

© —4 ’■* t- CO to Tt< 

HNIMNMW Ht* 





©.-.(■^•tPCOClCO©© 


p-H61Cl&COeO'«*Hj<lOtOtO 



i*- hh -* ob ci to © «b t- 
-HOieioieoeO'tfTtt'^ 


SONiO©® 



Hh © 


in m co ^ 



-H © CO 

01 Cl co 


oo oo co r- ** p-h 

M< © CO 00 CO r-** Cl 

M CO CO CO ^ <0 



x r- irj 

ci © 4< 

N Cl CO 





*6 

g 

OOWhO®©®©^ 

CO<-H©©p*©eOaO<N 

pHCldCOCOeO^^lO 


T3 

c 

J 

H «» W « to h to © 

to r" ih io o w t-» <h 

^H^cicieicoco^ 



ei Ci © © r- t> © 

© co lCXNh>H 

HW Cl <51 CO CO H* 

3 

t> h a o « ® x h 

»-* 01 CO o ® CO 1' 

f-H pH CO CO CO «* ^ 


3 




X to X OO Cl co t> 


to 0*1(500®^ 

CO O •'* © -«f c© CO 
.. —1 IN <M CO C9 .CC 

P*H 

<1 


ci cb © co ob ci to 

pH pH H (M Cl w CO 

COXO^^O^iQh 


O® 

aj 


lOobdcboscbabcii^ 


*^cciO^®co 

pH^ds^rocOCOH* 

o 

i? 


©.*_*!- Cl© © co © 


O © 1C « « X 00 © <N 

zj 

u 


© •<* X pH © © OO (M © 

—t ph d Cl CO CO Hf >o 


N 1' -h 10 C- 4 CO 00 l- 

—i-HNOICOW ^ »0 

a> 

8tt 


© CO © to t> 1- 1 - l- QO -* © 


© t- OS Cl © CO lO © iO 10 Cl <3(0 

M 


1(0 © W (■* >H © co t'* P-H tO © 

HH(M ClCOCOHti-rtl^H 


00 1' —l CO © »0 '+ © CO 1- 01 CS5 

HH 80 CO tO t£5 

a 

1J 



Cl «—* © © I ”* © 

© »b 4 ob CO ei 

Cl Cl CO co »o 

a? 

H 

3 

+T H 

-fl * 

.BPS 

« H 

is 

© © Cl H pH © © l- © © © © | 

lO®COt'p-HtO©Cl©^HH© 



a 

pH’ 



-a-^'^©©aOCC©CO>^CO 
to © to a> co ob co ti cm © -h 



© CO ci to 1- to 

CD ©> © ci © ^ 





pH Cl Cl CO CO 


» © C© CO to 

© 4? 00 M P^< J 

I co 80 CO to © 

HH 

HH 

t-H 


MH^W^O^CvlPHH 

I- tfj x Cl CO © ^ bo ci 

_ph MCMClCOCO^-^^tO 


OO © pH 00 PH 

1 © LO ob 1' 

Cl CJ CO ft JO 

3 

c9 

H 


l- Cl 1- pH 

X IO © 

. .Cl Cl_H* H*_ 

1 

C© <** © lO *» © 



r r ’’f 

© A CO © 4 © 
pH CM CM CO CO CO 



cb ob 

Cl M 

o 

©■^coioicr-osaot- 



© © © © co 

6 

cb ci CD ^ o 05 lb ® TO 

^^(Moaoieoco-t 


•g 

efl 

ci © eb 

P^ Ol Cl Cl CO 


oc fh ph irs« © 


JS 



1- 80 © to © ab 

pH oi CM co 00 

01© x t- ^ © © ~* 


I 

ob ci ph 4 ci (b 

P^ Cl 01 (N eo 80 




CO Cl 00 80 © 

tb © pH lb Cl 

H-I Cl Cl CO 






---- - .. 



80 to co t- to us ^ 


4 80c©©©pHC©XX MB5I0 

sssssisas ssi 



rH i^> © © 4< ob ci 

PH Cl CM 01 CO 

© eo Htt © X © to CO © <N 

23li:gS§SR ii 


©©©©©©HHlO©©^-^© 

rH H (M oi CO CO CO HP Hr *0 1-0 






tCXiCWhXHMCHHi' 


to us to to IC to to to to to »C uo O to 

HHHH 



tb©coh-pHib©cbi^citb© 

pHpHOlClCOCOCO^^tP^t 

^ 1 



to to © »0 to © © to »C © © lO to 
picicb^tbcbi>ob©©pHcicb 

H HHH 


VOL. cxxiv*—A 


X 












































292 


K. K. Asundi. 


Application of the Combination Principle and Term Formulation. 

According to the quantum theory of molecular spectra the lines of the P, 
Q and R branches are given, as is well-known, by the following expressions : — 


H(j)= v 0 f F'(j + 1)-F"(j) f (1) 

Q 0 ) = v 0 + F' 0‘) - (i), (2) 

P(»= v 0 + F(i-l)-F"0'). (») 

The following combination relations deduced from these, give us the spacing 
of the rotational levels in the initial and final states ;— 

Q (j+ 1) - P (3 + 1) - R (j) - Q (j) - AF' O'), (4) 

Q (j) - P 0 + 1) - R 0) - Q (j + 1) - AF" (j). (5) 


Using old quantum mechanics, the rotational energy can be expressed in 
the simplest case by 

F (j) = Bw* = B 0 — p) 2 > 

where j takes half-integral values for the even electron molecule CO. 

Now 

AF (j) =» F (j + 1) - F 0 ) = (B - 2B P ) + 2B 0). (6) 

If therefore the set of spacing of rotational levels obtained from observational 
data by relations given in (4) and (5) are expressed by an equation 


then 

or 


AF 0) = <* + bf 
a = B — 2Bp and 6 = 2B, 


B = 6/2 and p = 


m 


In this way one can calculate B and p for the initial and the final states. 
The AF 'j and AF"jf values were fitted to a linear equation because the experi¬ 
mental accuracy did not warrant the use of a higher degree polynomial. More¬ 
over, the linear equations derived, represented the data sufficiently well and 
within the limits of experimental error. Table IV gives the equations derived 
and the observed and calculated AF (j) values. 
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Table IV. 



0-0 band. 



0-0 band. 


0-1 band. 

4Tj- 

= 4*485j - 

3*673, 

<JF "j - 

» 3•985j - 

-0*895, 

AW’j t 

= 3•948j 

-0-636. 

Calc. 

: Obs. j 

0 - C. j 

Calc. 

Obs. 

0 ~c. 

Calc. 

Obs. 

0 - c. 

3 06 

3-0 

i 

—0-06 

5-08 

t 

5*0 

-0-08 

6-20 

5-3 

4-0*01 

7-54 

7-6 

+0'06 

9-07 

9-0 

-007 

9-23 

9*2 

-0*03 

1203 

i 12-1 

-f 0*07 

13 05 

13-2 

4-0*15 

13*18 

13*2 

+0-02 

16-51 

16-5 

-0*01 

17-04 

17*1 

4-0-06 

17*13 

17 1 

-003 

21 00 

20-9 

-0-10 

21*02 

21 * l 

4-0*08 

21*08 

21*1 

4*0*02 

25-48 

25*3 

-0-18 

25*01 

25-0 

-0 01 

25*03 

25*0 

-0-03 

29-97 

30-0 

+0-03 

28-99 

29-0 

4-0-01 

28-97 

28*9 

-0*07 

34-45 

34-5 

-{-0*05 

32*98 

32*8 

-0-18 

32*92 

33*0 

4-008 

38-94 

39*0 

eo-oo 

36*96 

36*9 

—0*06 

36-87 

36-9 

4-0-03 

43-42 

43-6 

+0-18 

40*95 

41-0 

4-0-05 

40*82 

41*0 

4-0*18 

47-91 

47-9 

--*0 01 

44-93 

44*9 

-0*03 

44*77 

44-7 

-0-07 

62*39 

52-4 

+ 0-01 

48*92 

49-0 

4-0-08 

48-71 

48-6 

-on 

56*88 

56-8 

-0*08 







61-36 

01-3 

-006 








The initial and final states are represented by the following equations :— 


F 0 ' (j) = 2*243 (j - 0-32)2 
F 0 " (j)- 1*993 (j- 0-72)2 
F," (j) = 1*974 (;/ — 0 ■ 68)2 


(initial) 

(final for 0-0) 
(final for 0 -1). 


The existence of large values of p is genuine. Tlieir theoretical significance is 
not clear, we having no definite information about such higher multiplet levels. 
It is clear, however, that they are characteristic of the quintet level in both 
states. The same values for p persist if a higher degree polynomial is used to 
represent the data and also if the rotational energy function is derived from the 
new quantum mechanics. 

Band Origins . 

These were calculated by using equation (3) on the lines of the P branches 
and sometimes by equation (2) on Q lines. The values deduced from the 
various chosen lines did not differ among themselves by more than 0*5 cm.~ 1 . 


The following table gives the five origins of the two bands :— 



0-0. 

0-1. 


35290'3, 

i 

i 

33586-2. 



>30-0 I 

>28*9 


326*3< 

>20*0 

615*2< 

>19*8 


346-3< 


635*0<; 


367 •< 

>21*1 

>20*5 

655*5< 



>30*6 | 

>29*1 

p. 

397• (C 


684*6/ * 


x 2 
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It will be seen that there is a marked contraction in the electronic separations 
of the 0~ 1 band. While this may partly be due to experimental errors, the 
systematic manner in which the contraction proceeds from level to level 
indicates that perhaps it is genuine. The contraction appears to be more 
pronounced in the two extreme levels where it is 1*1 and 1*4 v. Similar 
contraction of electronic levels with higher vibration states is also observed 
in the case of the (1 bands of NO.* The theory of the rotational distortion 
of electronic multiplcts has been developed by Kemble and others, f It 
would be very desirable to have also a theory of the vibrational distortion of 
electronic multiplcts. 

Molecular Constants. 

The following table gives the molecular constants of CO for this band 
system. As previously noted it has not been possible to evaluate o> 0 and co^sc. 
The latest values of the fundamental units have been used. 


Initial state. 


Final staU-. 


B 0 ' ~ 2-243 

V ^ 12*33 X 10 -« g. cm.* 
r Q ' « MO x KM cm. 


B 0 " » 1 * 993, B t " « 1*974 
V' - 13-91 X cm.* 

r o" « 1-24 X 10~ 8 cm. 


The moment of inertia for the final state is thus 13*91 X 10~ 40 g. cm. 2 . The 
Cameron bands which have this level for their initial state, and the final level 
of the fourth positive cafbon bands for their final state are degraded towards 
the red, thus indicating that I 0 " for this latter level must be smaller than this 
value. The value now commonly accepted is 14*9 X 10“ 4 °4 This value 
has been indirectly obtained by measurements of the infra-red absorption 


doublet band by Lowry§ using the Kemble equation, Av =»= 



Bur- 


meister’s values by the same method|| give 14*7 X 10~ 40 . Unfortunately 
this band has not been resolved into its fine-structure. But in cases where the 
moments of inertia calculated by measurements on the doublet using the 
above equation are compared with those obtained by fine structure analysis 
using the equation v* = mh/An*I, the agreement is qualitative,*[} the values 


♦ ‘ Phye. Rev.,’ vol. 30, p. 150 (1927). 

t 4 Phys. Rev.,* vol. 30, p. 387 (1927) ; ibid., vol 32, p. 250 (1928). 
x ‘ Report on Moleoular Spectra,’ p. 225. 

§ * J. Opt. Soc. Am./ vol. 8, p. 647 (1924). 

|| 4 Report on Molecular Spectra,* p. 12. 

H Vide, International Critical Tables. 
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obtained by fine structure analysis being lower than those obtained by the 
Kemble equation. Another indirect qualitative method has also been used for 
computing the I 0 for this level from the relation between co 0 and I 0 .* This 
relation observed by Meckef and others which indicates that for similar 
electronic states the product co 0 X I 0 is constant, is only qualitatively true. 
On the other hand, the I 0 associated with the initial Btate of the Angstrom 
bauds which is a 2 *S level is 14*26 x 10~ 40 , and the final level of the fourth 
positive carbon bands and the Cameron bands being a PS level, one would 
expect a much lower value than this for its moment of inertia. It thus appears 
that the value now accepted is very high. It would be very valuable to have a 
fine structure analysis of the fourth positive carbon bands. But since most of 
these bands lie in the far ultra-violet, the prospect of a complete analysis 
appears to be remote. The present writer has, however, analysed some of the 
bands in the near ultra-violet taken in the first order of the 21-foot grating. 
The bands are not resolved near the head and the P branch is very weak. A 
preliminary analysis, however, gives B i8 " -- 1 *60 with a = 0*023. Assuming 
a linear change in the values of B", we get by extrapolation B 0 " = 2*01, 
which gives I 0 " = 13*8 X 10“ 40 . This value is lower than the value of I 0 " 
for the final of the third positive carbon bands, and thus fits in with the 
observed red degradation of the Cameron bands. 

Mention must also be made of some recent remarks of MullikenJ on the 
electronic levels of CO. While theoretically he finds that CO can possess 
quintet levels, he rules out the possibility of sucli levels on energy considera¬ 
tions. But the foregoing experimental evidence shows that the levels of the 
third positive carbon bands are certainly quintet. 

In conclusion, I should like to express my indebtedness to Dr. R. C. Johnson, 
for the unceasing kindness with which he has guided me throughout the 
investigation. 

Summary. 

1. The third positive carbon bands, the 3 A bands and the so-called Wolter 
spurious bands, have been photographed in the first order of a 21-foot grating. 

2. The Wolter spurious bands are regarded as forming a new system of 
bands. 

3. A complete vibrational analysis of these three systems is given, which 
shows that they have all got the same final electronic state. 

* * Report on Molecular Spectra,’ p. 225. 
t ‘ Z. Physik,’ vol. 32, p. 823 (1925). 
t * Phys. Rev.,’ vol. 32, p. 769 (1928), 



296 W. G. Bickley. 

4, A new band system, photographed under low dispersion, has been 
described. A vibrational analysis of these bands is given, which shows that 
their initial level is identical with the new level at v = 58927 found by Hop- 
field and Birge, and their final level is the same as the final level of the above 
three band systems of the CO molecule. 

5. The fine structure analysis of the 0-0 and 0-1 bands of the third positive 
system is given and the usual molecular constants evaluated. This analysis 
shows that the final level of these bands is a quintet P level, the transition 
being 5 S 5 P. The 3 A bands are probably due to the transition 6 P 5 P. 

DESCRIPTION OF PLATE 3. 

1. Third positive Carbon bands, 0 — 4,0 — 3, and 0 — 2, enlarged 3*5 times. 2. Third 
positive Carbon bands, 0 — 1 and 0 — 0, enlarged 4*5 times. 3. New bands, enlarged 
three times. 


Hydrodynamic Forces acting on a Cylinder in Motion , and the 
Idea of a “ Hydrodynamic Centre 
By W. G. Bickley, M.Sc., Lecturer in Mathematics, Battersea Polytechnic. 

(Communicated by G. I. Taylor, F.R.S.—Received March 19, 1929.) 

There are two general methods of determining the forces acting on a cylinder 
due to the two-dimensional motion of a surrounding liquid. One is applicable 
to the case of a stationary cylinder in a stream, in the form* 

X -‘ Y -M(f) v (u > 

M—)’«•*, (1-2) 

where X and Y are the components of the resultant force, parallel to the * 
and y axes, and M is its moment about the origin; p is the density of the 
fluid, and w is the velocity potential-stream-function for the fluid motion; z 
is as usual the complex variable x + t y. The other is that obtained from 
the general theory of the “ impulse.”! The first of these is unable to deal 

* Cf. Glauert, ‘ Aerofoil and Airscrew Theory,' p. 81 (Cambridge, 1020). 

t C/..Lamb, ‘ Hydrodynamics ’ (4th ed.), ch. 0, especially p. 166 (Cambridge, 1916). 
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with a rotating cylinder, and the second is enable to include “ circulation.” 
In the course of an investigation of the effects of rotation upon the circula¬ 
tion round, and the forces acting upon, a Joukowski aerofoil, to which problem 
neither method applies, since the combined effect of rotation and circulation 
is needed, a quite general result was obtained, which it is thought worth 
while to publish separately. 

Imagine a cylinder moving with a velocity whose components are U and V 
(relative to axes in the plane of a section, and fixed relative to the section) 
and with angular velocity to about the origin; let there, moreover, be a 
circulation V round the body. Then the complex velocity-potential-stream- 
function, and the velocity potential, <f> y may be written 

w = FtPx + U w % + Vw 3 + <ow 4 = Fw 1 + w\ ( 2 . 1 ) 

<t> - r*, + u<f > 2 + y ^ 3 + f , (2.2) 

where w x and <f> } are cyclic, <f> { having cyclic constant — 1 , and tc 2 , w 3 , w v 
<f> 2 , <f > 3 and ^4 are single-valued. These can all be determined by the usual 
methods if the appropriate conformal transformation is known. Also, if dn 
be an element of the outward drawn normal, the condition that the velocity 
of the fluid at the boundary should have its normal component equal to the 
normal component of that of the body gives 

d<f> x [dn 0 . (2.3) 

< 2 «> 

or 

U.ds = Ydx-Vdy+ a>(x dx + ydy), (2.42) 

cn 

ds being an element of the boundary. At infinity, if it be assumed that the 
fluid is at rest there, w x ^ i/27t. log z, and w 2y w 3 and w 4 are of order 1/z. 

Now if p be the pressure at any point, 



The value of needs careful consideration. The variation of if> at any 

fixed point is due to two causes : (1) the motion of the axes of reference, and 
(2) changes in the values of U, V and to (possible changes of T being left out 
of account for the present), i.e., the acceleration of the body. The contribution 
due to the first of these is 
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and that due to the second (using dots to denote ^-derivatives) is 

s= U<£ a + V ^ 3 + (3.3) 

If dz is an element of the boundary, the force due to p acting on dz is given in 
magnitude and direction by ip. dz. Thus if X and Y are the components of 
the resultant force due to fluid pressure acting on the cylinder. 


X + iY = ^ ip . dz =w — dy). (3.4) 

Taking first the velocity terms in (3.1), and using the Buffix 1 to denote the 
boundary, and 2 to denote any closed curve surrounding it, we have 

-\U¥.l (¥+ #)+1* .£$*+. 2f)U. * 

J J [ox dx \dx dy j ay ay \ ox dy / J 

- - (fc - $.) M (If ■■*- * %) * ■- JKII +1 1) vv * • *>• 


V % <j> dx . dy , 


where the double integrals are taken over the area between 1 and 2 , and where 
also the double integral last written vanishes if <f> has no singularities in this 
region, (By excluding small circles in their neighbourhood, the effects of 
vortices and sources could be included; the results have been obtained else¬ 
where by another method.)* In our case, if we take 2 to be the circle at infinity, 
the integrals over it vanish, since d<f>jd% and 3 <f>(dy are at most of order 1 /r at 
a large distance, r. Thus 


X 4 * iY 


+IKS+*£)*]• 


3n \ do- 


Using the value of 3<j>/dn . ds from (2.42), we obtain, after some reduction, 


X+iY = 


-tU +V4- «(*+ ly) 


J 


dy ) ■+• (<-dx 


■H 


«= p (J) [(— tU + Y + m) d<j> + uj >' dz] 

= — 19(11+ tV) [$ + pu> (^) z d<f> + tp (|) <j> dz. 

* *Pliil. Trans..’ A. vol. 228 (in the press). 
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The cyolic constant of $ is — P, so the first term gives ipr(U + tV), the known 
effect of circulation and translation. The second term can be split up into 


pcoP(|) zd<f> x + pco(j) zd$ 

— pTcxj) zd<f>i + pco[sf] — pcocj) <f>'dz , (4.11) 


after integration by parts—and the integrated part vanishes since <f>' is single¬ 
valued. Now the impulse of the motion causing, <j>\ i.e., of the motion of the 
fluid with the circulation annulled, is given by a pressure p<£' applied to the 
fluid at the boundary, so that, if I denote this impulse, 





t dz . 


Thus the last integral in (4.11) is —-uol—and the last in (4.1) is —I. There 
remains the first integral in (4.11). Since 3 tf> x jhn is zero on the boundary 
the corresponding stream function is constant there, and so we may replace 
(f>x by w t in this integral, and have 

<j) z dw t = (j) z - 1 dz , 


and by Cauchy’s theorem the value of this integral is the same along any 
closed curve enclosing the boundary, since w i has no singularities between the 
boundary and infinity. Now near infinity we can write 

^ log (*-«) + 0 (» -2 ), (4.12) 

whence 

+ ^ + (4.13) 

dz 2t V z z*; 


so that the integral round the circle at infinity gives — a. Thus 

p <|) zdtf> = — pTo — tl. (4.14) 

Collecting the results, and inserting them in (4.1), we get, 

X tY = tpP (U -f* tV -I - two) — twl - I. (4.2) 

We notioe here that (U + tV + two) is the velocity of the point given by 
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z == a, and we shall denote this by U 0 + tV fl . (4.12) enables us to interpret 
this point as the limit to which the centre of the approximately circular stream¬ 
lines due to circulation only tends as they tend to infinity ; it is therefore fixed 
relative to the section, and we propose to term it the “ hydrodynamic centre ” 
of the section. If we take it as origin, then, the term in a in (4.2) disappears. 
The remaining terms of (4.2) are well known from the theory of the impulse, 
and may be termed the u relativity terms,” as they are due to the motion of 
the axes of reference. Referring to the “ hydrodynamic centre ” as origin 

X+ lYte ipr(U a + iV.)-uoI-i. - (4.3) 

which gives the resultant force in a very compact form. 

Next for the moment of the forces due to the fluid pressures, about the 
origin. The moment of the force on an element dz is p (x . dx + y . dy ), so 
that the total moment, M, is given by 

M = (j) p(x .dx + y . dy). (5.11) 


Now {x . dx + y . dy) ia the real part of (x -f t y) (dx — dy) so that M is the real 
part of 

M' »= (j) ]) (x + t y) (dx — t dy). (5.12) 

Dealing with the velocity terms first, in the same manner as before, we find 




*« 


(* + *-y) 


l (dx — 


dy) 


-n 

-M 


8 , 8 


8 <f> 


{(I?)’+ 

' + f^ + ‘* + *»{33 + 3*} 


+ 2 (x + iy) 

“IKBtS+ £&)** 


8V H , du 8il1 


dxdy , 


*-(*+w )(|*-'%)■ 


where 
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By Green’s theorem, and because V 2 ^ = 0, the integral last written is equal to 


" 1 (& ~ $,) U • ~ 1 W ,(x + iy) ** 

Thus 

“ ‘ p (#, “ i) 5? (If - l %) ( * + I!,) * 

_1 4.{(^) !+ (&)>+■»**-« 

+ 4, {“ U S - + “ ( S 5J “ *5;) + *'}<* +“*»>■ 


Using the value of 0^/3«. ds from (2.42), the integrals over the boundary 
reduce to 


t (x + iy) {V + lU + W (* — t.y)> ^ dx + 

+ <j>' {x + iy) (d® — tdy)~| 

= ip (V + iU) (j) z d<f> + i“P (j) (^ 2 + y 2 )d<f> 

+ P (f) <f> (x + iy) (d® — idy) (5.21) 



The middle term is purely imaginary, and so may be omitted as contributing 
nothing to M. By (4.14), 

p <|) z d<f> =: — p Va — il. 


Again, the real part of the last term of (5.21) is 




(® . d® + y . dy) = — L, 


(5.22) 


where L is the moment about the origin of the impulse, I. Consequently the 
contribution of the inner integrals to M is 

» (V + iU) (I - ipfa) - L, (5.23) 


We have still to consider the outer integrals. It will be found, upon a little 
reduction, that they give 
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Now when z is large, 

and so 


and consequently the integral is 27 u X X V^/irz 2 , which is purely imaginary, 
and so contributes nothing to M. Finally then 

M = » (V + lU) (1 - - L. (5.31) 

Again the result can be simplified by using the “ hydrodynamic centre ” as 

origin, and taking moments about it, for then the term in a disappears, and we 
have 

M„ - ii (V a + iU tt ) I — L a , (5.32) 

the suffix a denoting, as before, the use of the “ hydrodynamic centre ” as 

origin. If U a and V a are parallel to the principal axes of inertia of the section, 
and A and B are the corresponding inert ia coefficients, we have 

I - AU a + iBV 0 , 

so that 

M a — (A — B) U fl V a — L a . (5.4) 

Equations (4.3) and (5.4) are the results it was set out to demonstrate. They 
show that, provided we take the “ velocity ” to be that of the “ hydrodynamic 
centre/' the well-known formulae for the force and moment of the fluid pressures 
still hold when the body ha$ rotation, as well as translation and circulation. 
It is particularly to be noted that to does not occur explicitly in the force 
equation—except, of course, in the “ relativity ” terms ; and that neither 
to nor T appear explicitly in the moment formula. Of course in the case of an 
aerofoil, V is determined by a further condition in terms of U, V and to. The 
application to this problem has given results which it is hoped to publish. 

[Note added in proof .—Since the above was written, two other treatments 
of this problem have appeared. Glauert* expresses the force and moment in 
terms of the velocity of the fluid relative to the cylinder, at its surface, and 
his formulae are equivalent to the above. Lambf uses analysis similar to 

♦ Aeronautical Research Committee, R. and M. 1215 (1929). 
t „ „ m R. and M. 1218 (1929). 
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the above, but fails to note the simple interpretation in terms of what I 
have called the “ hydrodynamic centre/’] 

In conclusion it remains to thank Prof. G. I. Taylor, F.R.S., for his sug¬ 
gestion of the problem of the rotation of the Joukowski aerofoil, the solution 
of which necessitated the obtaining of these results, and for his interest in, 
and helpful comments upon, my work. 


Gaseous Combustion in Electric Discharges . Part III .—The 

Cathodic Combustion of Dry Carbonic Oxide Detonating Gas . 

By G. I. Finch and D. L. Hodge, Imperial College of Science. 

(Communicated by Prof. W. A. Bone, F.R.S.—Received March 20, 1929.) 

Introduction. 

In Parts I and II* of the present series an account was given of an investiga¬ 
tion of the ignition and slow non-self-propellant combustion of electrolytic 
gas in direct current discharges. In those experiments a smooth direct current 
discharge was maintained between cooled platinum or copper electrodes in 
pure electrolytic gas, confined over sulphuric acid, at pressures between 30 
and 180 mm. in such a manner as to eliminate, as far as possible, any chemical 
combination other than that caused only by the ionisation of the gases. The 
proportionality between the rate of chemical change and the current was then 
studied. 

It was shown that (i) an electric discharge can be passed through electrolytic 
gas in such a manner that combination takes place at a rate which is deter¬ 
mined only by the discharge ; (ii) up to a certain limiting current, which depends 
upon (a) the nature of the cathode material, (b) the gas pressure, and (c) the 
gap width, combustion is confined to the cathode zone, its rate being directly 
proportional to the current, i.e n to the number of ions arriving at the cathode 
in a given time ; (iii) after a certain limiting current has been exceeded, com¬ 
bustion commences abruply in the inter-electrode zone and is thereafter super¬ 
posed upon the cathodic combustion, the two then continuing as independent 
simultaneous effects ; (iv) this inter-electrodic combustion, like the cathodic, 


♦ ‘Roy. Soc. Proo./ A, vol 111, p. 257 (1926), and vol. 116, p. 529 (1927). 



304 


G* L Finch and D. L. Hodge. 

is also proportional to the current passing; unlike the cathodic, however, it 
is independent of the material of the electrodes, but dependent upon (a) the gas 
pressure, and (6) the gap width. 

Finally it was shown that when electrolytic gas is ignited by such a direct 
current discharge (v) ignition occurs without lag on attainment of the igniting 
current; (vi) the gas pressure and igniting current are connected by a hyper¬ 
bolical relation over a considerable range of conditions ; and (vii) the value 
of the igniting current is raised by either a deficiency or an excess of water 
vapour in the gas witliin the ignition zone. 

From these facts it was concluded that the non-explosive combustion was 
primarily determined by the ionisation of the gaseous medium through which 
the current passed, and that ignition was determined by the attainment in 
some portion of the gas traversed by the discharge of a certain definite 
concentration of suitable ions or electrically charged particles, in the building 
up of which moisture materially assisted. 

Electrolytic gas was employed in the above experiments because it is a com¬ 
paratively simple mixture which can be prepared in a high degree of purity 
and whose product of combustion is easily and rapidly removable ; it has, 
however, the disadvantage that the moisture contents of the gas immediately 
in contact with the discharge can neither be estimated nor accurately con¬ 
trolled, and in view of the profound effect which moisture is known to have 
upon combustion generally, it was decided to extend the investigation to a 
simple case of gaseous combustion in which the moisture cpntents of the react¬ 
ing gases could be rigidly controlled. A suitable gas for this purpose is a 
mixture of carbonic oxide and oxygen in equivalent proportions, which for the 
sake of brevity will be hereinafter called the “ detonating gas.” 

The effect of moisture upon the combustion of carbonic oxide has been the 
subject of much experimental study by Dixon, Bone and others,* who have 
found that water in general actively promotes it. Bone and his co-workersf 
have, however, shown that carbonic oxide and oxygen can and do combine 
without the intervention of moisture, and that the influence of moisture 
diminishes with increasing pressure of the gaseous medium. 

Experimental. 

In Part it has been shown that the simplest form of combustion of electro¬ 
lytic gas in direct current discharges is that occurring at the cathode, since 

* See Bone and Townend, “ Flame and Combustion in Gases ” (Longmans, 1927). 

t 6 Roy. Soc. Proc.,* A, vol. 110, p. 615 (1926). 

X Loc , tit. 
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such cathodic combustion is proportional to the current passed by the discharge 
and is independent of the gas pressure, gap width and potential fall between 
the electrodes, but depends upon the nature of the cathode material. It was 
decided, therefore, to limit the scope of the present investigation to an examina¬ 
tion of the cathodic combustion of dry “ detonating gas ” at a variety of 
different electrode materials, and then later to study the influence of moisture 
upon such combustion. 

The results of our experiments have shown that in the cathodic region 
carbonic oxide can be and is burnt directly by oxygen in the absence, and 
therefore without the intervention of, either moisture or metal atoms sputtered 
from the cathode by the passage of the discharge ; but that metal atoms (and 
also electrically charged moisture as will be shown in a further com¬ 
munication) actively promote such combustion by the overcoming of the 
electrostatic forces of repulsion existing between similarly charged ions of 
carbonic oxide and oxygen. 

It is our intention, in conjunction with Prof. Bone, in a future paper to 
develop this view and show in detail how it affords a reasonable explanation 
of the facts concerning the combustion of carbonic oxide which have recently 
been established in his and our researches. Meanwhile, it will suffice to say 
that we are all agreed that the combustion of carbonic oxide is conditioned 
by a prior ionisation of both combustible and oxygen molecules ; and that as 
the majority of such ionisation will naturally be positive, an electrostatic 
repulsion will be set up between the positively charged molecules of carbonic 
oxide and oxygen whose effect may be likened to that of a reduction in pressure 
and which can be counteracted by the presence of suitably charged water or 
metal atoms, or by an increase in pressure either upon the gas as a whole or 
exerted selectively upon the charged gaseous molecules alone. 


Description of Afjxxratus. 

In order to ensure the passage of a dry gaseous mixture past the electrodes 
and also to absorb sufficiently rapidly the products of combustion, it was found 
necessary to employ a gas circulation system. The apparatus is shown in 
the figure. The vertical reaction vessel R, was fitted with two electrodes 
consisting each of a 2 cm. length of 18 S.W.G. wire, pointed and polished to a 
cone of 1 mm. height, and pressed into stout brass rods which were, in turn, 
sealed with sealing wax into the side tubes of the reaction vessel. Gas leaving 
this vessel first passed through a 60 cm. long tube, 8, containing purified 
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phosphoric anhydride, then over a 60 per cent, caustic potash solution contained 
in a 60 cm. long tube, T, and thence to the intake side of the circulating pump 
C.* From the output side of the circulator the gas flowed over concentrated 



sulphuric acid contained in the 60 cm. long tube and thence over the phosphoric 
anhydride in the 60 cm. long tube, Q, from which it finally re-entered the reaction 
vessel, R. The mercurial manometer, M, enabled pressure changes, and 
hence the velocity of the reaction to be observed. 

Preparation of the Carbonic Oxide Detonating Gas . 

Oxygen was prepared from recrystallised potassium permanganate, washed 
through spiral washers containing caustic potash solution and then stored 
over a 50 per cent, glycerine and boiled out, distilled water solution. Prior 
to mixing, the purity was checked by analysis in a Bone and Wheeler gas 
analysis apparatus. Impurities amounted to less than 0*1 per cent, and con¬ 
sisted wholly of adventitious nitrogen. 

Carbonic oxide was prepared from formic acid in the well-known manner, 
care being taken, however, to add the formic acid to the sulphuric acid 
sufficiently slowly. The gas was passed through spiral washers containing 
caustic potash solution and stored over glycerine-water. 

As soon as convenient after preparation, the individual gases were dried over 
concentrated sulplmric acid and mixed" in their proper proportions (2CO + 0 2 ) 
and the mixture stored in a 10-litre steel gas holdeT over mercury. Its com- 

* ‘ J. Chem. Soc.,’ vol. 127, p. 2464 (1926). 
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position was then cheeked, and adjusted to the correct proportions as and 
when found necessary. The final composition of the mixture did not vary 
from that represented by 200 + 0 2 by more than 0*2 per cent. 

The detonating gas was admitted through the stopcock, N 1? to the apparatus, 
which had been previously evacuated through the stopcock, N 2 , by means of 
a “ Hyvac ” oil pump. Owing to the change with pressure in the mercury 
level of the manometer, M, and of the mercury piston column of the circulator 
pump, the actual working volume of the apparatus varied with the pressure of 
the gas contained in the apparatus and with the barometric pressure. By 
suitably adjusting the amount of mercury in the piston column prior to each 
experiment, the volume change due to daily fluctuations in the barometric 
pressuro was eliminated. By determining the volume of the apparatus by 
means of a standard gas burette, with the circulator pump in action, a curve 
was constructed relating the volume of the apparatus to pressure as read on the 
manometer M. At 90 mm. Hg, the apparatus under working conditions con¬ 
tained 50*9 c.cm. at N.T.P. and 16*7 c.cm. at 30 mm. 

The electrical circuit was essentially as described in Part II of this series. 
To enable the potential drop between the electrodes to be determined, however, 
a tapped 40 megohm, non-inductive, potential-dividing resistance was shunted 
across the electrodes, and an electrostatic voltmeter connected to suitable 
tappings adjacent to the centre point of the resistance. 

Experimental Procedure. 

The electrodes were first sealed into the vessel and set at a definite gap 
width and the surface of the cathode point was then brought to a uniform 
condition by “ running in ” in the manner previously outlined (Part I, p. 263). 
The apparatus was now exhausted, whereupon the “ detonating gas ” mixture 
stored in the steel gas holder was admitted to a pressure of approximately 
120 mm. After commencing circulation, the direct current generator was 
started, the discharge current being controlled as required by means of the 
variable water resistance. Readings of the gas pressure, room temperature 
and potential drop between the electrodes were taken synchronously at suit¬ 
ably intervals. The discharge current was maintained at a constant value 
throughout each individual experiment. 

From the resulting experimental data the value of cji , i.e., the ratio of the 
rate of combustion in cubic centimetres at N.T.P. per minute to the current in 
milliamperes, was determined for each set of experimental conditions. 

As above stated, the experiments were confined to those current ranges 
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within which combustion occurred solely in the cathode zone. A two-fold 
check of the combustion being entirely cathodic was afforded by visual 
observation (absence of bright positive column) and by the constancy of the 
value of the cji ratio for any given set of conditions in which either current or 
gap width was varied. 

Experimental Results. 

A preliminary series of experiments was carried out with the object of 
determining within what range of conditions the combustion of dry detonating 
gas was purely cathodic. The results showed that, provided the gap width 
did not exceed 3 mm., the upper current limit was about 4 and 5 milliamperes 
with platinum and copper cathodes respectively. In the case of platinum, 
slow catalytic combustion commenced when the current exceeded 4 milli¬ 
amperes. Below about 1 -2 milliamperes the character of the discharge under¬ 
went a sudden change and combustion was no longer confined to the cathode 
zone but also took place in the positive column, i.e. f in the inter-electrode zone. 
8uch inter-electrodie combustion could also be obtained with currents between 
2 and 5 milliamperes by suitably increasing the gap width and gas pressure*. 
Thus these observations established the important fact that not only cathodic 
but also inter-electrodic combustion can occur in dry “ detonating gas/' 

Series A .—In Fart I it was shown that the ratio of the rate of cathodic 
combustion of electrolytic gas to current was constant and independent of the 
gas pressure, the degree of separation of the electrodes and of the nature of the 
anode material, but dependent upon the nature of the cathode material, the 
value of the cji ratio at a platinum cathode greatly exceeding that obtained 
with a copper cathode. The experiments of the present series were carried 
out with the object of determining to what extent, if any, the cathodic com¬ 
bustion of dry detonating gas resembles that of electrolytic gas. The results 
of these experiments are recorded below in Table I. The gap width was 
varied between 0*5 and 3 mm. 

A preliminary series of experiments showed that the rate of combustion was 
independent of the rate of circulation when the latter was varied between 6 
and 25 strokes of the mercury piston per minute. In all experiments the 
results of which are recorded below, however, the rate of circulation was 
maintained at between 23 and 25 strokes per minute. Each cji ratio value 
recorded in Table 1 is the mean value of a number of determinations, not less 
than 8, but sometimes as many as 15, the two variables being gap width (between 
0*5 and 3 mm.) and current within the range given in the table. 

The cathode potential drop was determined by plotting the total potential 
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drops between the electrodes against different gap widths for a series of 
currents. On extrapolation to zero gap width, the potential drop—gap width 
curves converged and intersected at or near the ordinate. The mean of the 
zero gap width --potential drop values thus obtained was taken as being equal 
to the sum of the individual electrode potential drops. Of this value it was 
assumed that 20 volts was due to the anode, and that the remainder represented 
the cathode fall of potential, cji is the ratio of detonating gas in cubic centi¬ 
metres at N .T.P. per minute burnt at the cathode to the current in milliamperes 
passed by the discharge. 


Table I. Series A. Cathodic Combustion of Dry 2CO 4- 0 2 . 


. ... — 

i 

- ..— 

———-.—~— 

-- -.. 

Electrodes. 

! 

Cu ,t. 

Oil - ; Pt j . 

Pr- ; Cu t . 

Pt t . 

f at 90 mm. 

1 0*07 

0 07 

O’24 

0*24 

1 at 75 mm, . 

0*07 

0*07 

0-24 

0 24 

cji ^ at 00 mm. . 

0*07 

0*07 

0-23 

0*23 

j at 45 mm.. 

0 06 

0-06 

0-22 

0-22 

1 at 30 mm. 

0 *06 

006 

0-21 

0-21 

Cathode potential fall in volts 

355 

355 

375 

375 

Current range iu william pore* 

1 T> to 5 0 

1-5 to 5 0 

1*5 to 3*65* 

1*5 to 3*65* 


... ... . 

-.-.. .. - 


... . _ . 


* Above about 4 milliampercK vigorous catalytic combustion set in abruptly. 


These results showed that the ratio of the rate of cathodic combustion of 
“ detonating gas ” to current was less than that obtained with electrolytic 
gas and, unlike that of the latter, was dependent upon the gas pressure, though 
only to a slight extent. While we are unable at the moment to offer an explana¬ 
tion of this last fact, it is, nevertheless, clear that the pressure effect recorded, 
was, for reasons previously given in Part I, pp. 275-6, far too small to be 
accounted for on catalytic grounds. In all other respects cathodic combustion 
is similar in the two gaseous mixtures under consideration. Thus, in both 
cases, cathodic combustion was found to be proportional to the current and 
independent of the gap width and anode material, but differed with the nature 
of the cathode material, combustion being far more vigorous at a platinum 
than at a copper cathode. Indeed, in the case of the “ detonating gas ” the 
cji ratio found with a platinum cathode is more than three times that obtained 
with a copper cathode. Such a marked increase cannot be accounted for by 
the comparatively slight difference in the cathode potential fails at platinum 
and copper. This phenomenon clearly has an important bearing upon the 
mechanism of cathodic combustion. It was decided therefore to extend our 

Y 2 
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experiments to a systematic examination of the cathodic combustion of dry 
M detonating gas ” at different metals. In addition to platinum and copper, 
the metals chosen for the purpose of these experiments were silver, gold, palla¬ 
dium, tungsten, tantalum, aluminium and magnesium ; thus covering a wide 
range from strongly electronegative to strongly electropositive metals. The 
results of these experiments are recorded in the following Table II. The cji 
valaes were determined at a mean gas pressure of 90 mm. 


Table 11. 

Cathode material. 

j c/t. 

Cathodic potential fall. 

Ag 

0*29 

346 

Au 

0-25 

330 

Pt 

0*24 

376 

Pd 

0-23 

Not determined 

Mg 

0*10 

Not determined 

A1 

0*09 

320 

Cu 

0*07 

365 

W 

0*046 

Not determined 

Ta 

0-046 

Not determined 


Discussion of the Results . 

It has been previously suggested (Part I, p. 276) that the variation in the 
value of the cji ratio with the nature of the cathode material might, in some 
way, be connected with the ease of electron emission exhibited by the different 
cathode materials. The cathode potential fall values tabulated in Table II, 
however, at once invalidate any such explanation. 

If, on the other hand, the difierent metals used as cathodes be arranged in 
descending order of their corresponding cji values, a striking similarity with 
the well-known series into which Crookes ordered various metals from the 
point of view of their ease of sputtering cathodically will at once be noticed. 
This phenomenon has recently been systematically studied by Giintherschulze* 
at the Iieichsanstalt in Charlottenberg, and by Vonllippel and Blechschmidtf 
in Jena, and their results, taken in conjunction with those established in the 
course of this investigation, enable us to put forward an explanation of the 
mechanism of the cathodic combustion of dry “ detonating gas.*’ 

* ‘ Z. Physik/ vol. 36, p. 663 (1926), and vol. 38, p, 676 (1926); ‘ Z. Technische PhyHik/ 
vol. 8, p. 169 (1927); 1 Chem. Zentralblatt/ vol, 2, p. 386 (1927). 

t * Ann. Physik/ vol. 81, p. 1001 (1926). 
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The main facta relating to the cathodic sputtering of metals established by 
the above investigators, are as follows :— 

(i) The rate of such sputtering is proportional to the current. 

(ii) The sputtered metal is projected away from the cathode into the cathode 
zone in the atomic state.* 

(iii) By far the greater proportion of the atoms sputtered into the cathode 
zone return thence back to the cathode, the amount of such returned 
metal increasing with the gas pressure. At pressures above about 15 mm. 
no sputtered metal escapes beyond the cathode glow, all being returned 
to the cathode. The total amount of sputtering, r.e., the sum of the 
metal returned to the cathode together with the metal completely 
escaping beyond the discharge, depends upon the gas and nature of the 
cathode material, but is independent of the gas pressure. It is probable 
that the sputtered metal atoms are negatively charged. 

(iv) The formation of an oxide film decreases or practically suppresses 
sputtering, even from metals which, in an inert atmosphere, otherwise 
sputter freely. 

(v) Sputtering is independent of the temperature of the cathode. 

(vi) Sputtering is due to the bombardment of the cathode by ions, and 
increases with the atomic weight of the gas. 

The various cathode materials used by us can be sharply divided into two 
classes according to whether they sputter freely or otherwise in an atmosphere 
containing oxygen. Silver, platinum, gold, and palladium, with which metals 
the c/i values are 0*29, 0*24, 0-25 and 0*23 respectively, sputter freely; 
magnesium, aluminium, copper, tantalum and tungsten, which give c/i values 
of 0*10, 0*09, 0*07, 0*045 and 0*045 respectively, are poor or practically non- 
sputterers. Copper, it is true, sputters in an inert atmosphere, but under the 
conditions of our experiments the copper cathode was coated with oxide, 
with the result (as has been shown by Oiintherschulze and v, Hippel and 
Blechschmidt) that sputtering was greatly reduced. The formation of oxide 
films were, indeed, observed by us in the case of all metals giving low c/i 
values. 

In the light of these facts it is now possible to put forward the following 

* This fact had been previously independently established by one of us (G.I.F.) during 
a spectroscopic examination of the glow surrounding a cool copper cathode in electrolytic 
gas, in the course of whioh a line spectrum of that metal was obtained. 
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explanation of the mechanism of the cathodic combustion of dry carbonic 
oxide “ detonating gas ” 

Under the conditions of our experiments, such combustion is primarily 
determined by the ionisation of the gases in the cathode zone. Such ionisation 
is, however, by itself not sufficient to enable combination to take glace, the 
formation of carbon dioxide requiring the sufficiently close approach of suitable 
ions. In the cathode zone both oxygen and carbonic oxide gas molecules are 
ionised, whereby the majority become positively charged. A small proportion* 
of the molecules, however, acquire a negative charge by picking up electrons. 
In the cathodic region the electrostatic repulsion between similarly charged 
ions greatly reduces the frequency of, or prevents effective collisions, with 
the result that the rate of combustion is slow, combustion being practically 
limited to ions of dissimilar charge. But where combustion occurs at a freely 
sputtering cathode, the cathode zone contains an abundance of metal atoms,’*' 
which are probably negatively charged, in addition to gaseous ions and free 
electrons. The mechanism of combustion at such a freely sputtering cathode 
proceeds then as follows - 

(i) In addition to oppositely charged ions combining directly to form carbon 
dioxide positive oxygen and carbonic oxide ions separately combine with 
negatively charged or neutral metal atoms to form neutral or positively charged 
loose complexes : thus— 

(a) 0 2 4 (or CO 1 ) + R~ > R —0 2 (or R~-UO'), 

or 

{b) OjU (or CO') + R - > R-0 8 + (or R -—CO 4 ). 

(ii) in the event of (b) the resulting metal-gas complex is virtually neutralised 
on impact with a free electron : thus— 

<c) R-(y (or R-CO 1 ) + e .* 0 2 1 (or R“~CO + ). 

(iii) The resulting electrically neutral raetal-gas complexes combine with 
each other or with suitable ions to form neutral carbon dioxide and neutral 
or both neutral and positively charged metal atoms, thus:— 

(rf) K--0 2 1 + 2R~-CO + .- 3R + 2C0 2 

or 

(e) R” 0 2 f + R~- CO 4 + CO + R + R ' + 2CO a . 

* According to Gunthersohulze {loc. cti,) in the case of silver, for example, one ionic 
impact with the cathode results in the sputtering of some 30 to 40 silver atoms. 
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According to the above explanation a reaction of the type 

■ IV f jjjj! * R ' ' + 2C0 2 

is precluded on the grounds of electrostatic repulsion. Further, it may he 
concluded from the fact that the cji value is so low in the case of non-sputtering 
cathodes that similarly charged oxygen and carbonic oxide ions do not combine 
directly, and further that combustion does not take place between, say, oxygen 
ions and neutral carbonic oxide molecules, or between neutral metal-gas 
complexes and neutral gaseous molecules. 

The return to the cathode of by far the greater proportion, indeed, under the 
conditions of our experiments (relatively high gas pressures, f.e., above 30 mm.) 
the whole of the sputtered metal, is readily explained. Metal atoms, which 
become positively charged in the cathode zone as a result of bringing about the 
union of positive carbonic oxide and oxygen ions, will be drawn back to the 
cathode under the influence of the intense electrical field, assisted by the 
powerful drift towards the cathode of positive gaseous ions, which also accounts 
sufficiently for the return of uncharged metal atoms. Thus, whilst combustion 
in the electric discharge is primarily determined by a prior ionisation of both 
gases, the union of suitable ions of like charge requires that the electrostatic 
repulsion between such ions be overcome or counteracted by some other force 
or agency producing an opposite effect. This is the role played by sputtered 
metal atoms when they virtually neutralise the charges on ions with which 
they form loose complexes. Other such forces or agencies producing a similar 
effect are, as has been shown in Part II, moisture, the presence of which reduces 
the least igniting current of electrolytic gas, and pressure which we have shown 
to be hyperbolically related with the least igniting current. 

At a meeting of the Royal Society in March, 1926, Sir Ernest Rutherford 
suggested that an attempt might be made to relate cathodic combustion with 
current in terms of fundamental units. Since, however, such combustion is 
not confined to a surface but takes place throughout a body of gas within the 
confines of the cathode zone, such a calculation necessarily involves the making 
of certain assumptions. 

Thus, if it be assumed that (i) the current as measured by the milliammeter 
be wholly due to electrons leaving the cathode and traversing the cathode 
zone ; (ii) the number of oxygen and carbonic oxide positive ions, in the pro¬ 
portion of 1 to 2, formed in the cathode zone as a result of the passage of each 
electron be given by the cathode potential fall (say, 350 volts) divided by the 
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mean ionisation potential of oxygen and carbonic oxide (say, 13'5 volts); 
and (iii) all ions thus generated combine to form carbon dioxide, then, since a 
current of 1 milliampere maintained during 1 minute corresponds to the 
passage through the cathode zone of 3*77 . 10 1 * electrons which should, in 
accordance with the above assumptions, produce 97*76 . 10 17 ions of oxygen 
and carbonic oxide, the calculated value of the cji ratio is 0*36. The fact that 
this calculated value is of the same order, though somewhat greater than that 
experimentally obtained at cathodes of the freely sputtering class of metals, 
lends considerable additional support to the view put forward above in explana¬ 
tion of the mechanism of the cathodic combustion of dry carbonic oxide. 

Further, by taking into account the role played in cathodic combustion by 
sputtered metal particles as previously outlined, a similar result can be arrived 
at independently of the above assumptions. Thus, Guntherschulze found that, 
under the most favourable conditions for the complete loss of metal by sputter¬ 
ing, the maximum complete loss ammounted to only 7 per cent, of the total 
metal sputtered, the remaining 93 per cent, being returned to the cathode. 
We have carried out the following experiments on the sputtering of silver :— 

A weighed silver wire, No. 18 S.W.G. and 2*5 cm. long was suspended axially 
in a 4 cm. diameter glass vessel, fitted with an anode of copper gauze and 
evacuated to between 0*01 and 0*001 mm. A steady direct current discharge 
was then passed for definite periods after each of which the loss in weight of 
the silver wire was determined. According to Guntherschulze (lot\ cti.) the 
conditions of these experiments were extremely favourable to complete loss 
of silver by sputtering. The results of these experiments are given below in 
Table III. 


Table III. 


Time in minute*. 


Current in mi 11 i&m pores. | Weight loss in gram. 


60 

60 

30 


218 

2*18 

1*46 


00131 

00133 

0*0049 


The mean of these results shows that the complete loss to the silver cathode 
by sputtering due to the passage of 1 milliampere during 1 minute amounted 
to 0*000106 gr. According to Guntherschulze the total amount sputtered 
must have been 0*00151 gr., of which 93 per cent, was returned to the cathodes 
the net loss of silver from the cathode being 7 per cent. (0*000106 gr.). If, in 
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accordance with the explanation of the mechanism of cathodic combustion 
advanced above, it be now assumed that (i) a surplus of oxygen and carbonic 
oxide ions are generated within the cathode zone ; (ii) the formation of two 
molecules of carbon dioxide requires the presence of either (a) two or (6) three 
sputtered motal particles ; and (iii) each such metal particle, having fulfilled 
its role of bringing about combustion by overcoming electrostatic repulsion 
between ions of similar charge, returns to the cathode without further assisting 
combustion, then, since 0-00151 gr. silver, corresponding to 8*48.10 18 atoms, 
are sputtered by 1 milliampere flowing during 1 minute, in the event of (a) 
8*48.10 18 molecules or 0*313 c.cm. of carbon dioxide at N.T.P. are formed. 
Hence cji = 0-313 . g=0*47; or, (6) in the event of 3. atoms of silver 
being necessary to form 2 molecules of carbon dioxide, then the calculated 
value of c/i = 0-313, which is in fairly close agreement with the value of 
c}i ™0-29 experimentally obtained at a silver cathode. 

Finally, by taking into consideration another fact established by Giinther- 
schulze and von Hippel and Blechschmidt a similar result can be arrived 
at independently in another way. These observers showed that between 30 
and 40 silver atoms were sputtered as a result of a single impact of a positive 
ion upon the cathode. Taking the mean of these two values, and assuming 
that (i) the cathode zone contains an excess of positive ions ; (ii) the eurrent 
as measured by the milliammeter be absolutely given by the number of positive 
ions arriving at the cathode ; and (iii) either (a) 2 or ( b ) 3 sputtered metal atoms 
are required for the formation of 2 molecules of carbon dioxide, then, since a 
current, of 1 milliampere maintained throughout 1 minute records the arrival 
of 3*77. 10 17 positive ions at the cathode, and hence the sputtering of 
35.3*77 .10 17 silver atoms, the calculated value of c/i in the event of (a) is 
0-731, and (ft) 0*487 if three sputtered silver atoms act in the formation of 2 
molecules of carbon dioxide. 

The fact that the above three independent methods of calculating the c/i 
ratio for the cathodic combustion of carbonic oxide all give results which are 
of the same order as those experimentally obtained must be regarded as strong 
support of the views on cathodic combustion which we have put forward and 
outlined above. Indeed, the calculated results enable the conclusions pre¬ 
viously arrived at to be extended in so far as the following probable con¬ 
clusions may be drawn therefrom, namely, that (i) only a proportion of the 
ions formed within the cathode zone combine ; (ii) some of the sputtered metal 
atoms are returned to the cathode without having assisted in promoting com¬ 
bustion ; and finally (iii) the formation within the cathode zone of two molecules 
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of carbon dioxide from positive ions of carbonic oxide and oxygen requires 
the assistance of three atoms of sputtered metal. 

Summary . 

In the foregoing experiments it has been shown that 

(i) An electric discharge can be passed through dry carbonic oxide 
“ detonating gas ” in such a manner that combustion takes place at a rate which 
is determined solely by the current passed by the discharge. 

(ii) Over a considerable range of gas pressure, gap width and current, com¬ 
bustion is purely cathodic, confined to the cathode zone. 

(iii) The rate of such cathodic combustion is directly proportional to the 
current. 

(iv) Such cathodic combustion is nearly independent of the gas pressure, 
but depends upon the cathode material. 

(v) Under suitable conditions of gas pressure, gap width and current, com¬ 
bustion of the dry “ detonating gas ” occurs in the interelectrode zone, such 
combustion being proportional to the current and superposed upon the afore¬ 
said cathodic combustion. 

(vi) Combustion at cathodes consisting of freely sputtering metals is more 
vigorous than at poorly or non-sputtering metals. 

(vii) The cathodic potential fails in dry “ detonating gas ” at the different 
metals examined vary between 320 and 375 volts, and are practically independent 
of the gas pressure. 

From these facts it may be concluded that (i) the combustion of dry de¬ 
tonating gas ” in a direct current discharge is primarily determined by the 
ionisation of both the constituent molecules of the gas ; (ii) in the cathode zone 
both negative and positive ions are formed, but mainly the latter ; (iii) suitable 
ions of opposite sign combine directly to form carbon dioxide ; (iv) electro¬ 
static forces of repulsion keep apart and prevent combination of ions of like 
charge, unless they are counteracted by some other force or agency producing 
an opposite effect; (v) one of these are negatively charged metal atoms sputtered 
from the cathode which, by forming electrically neutral metal-gas complexes 
with positive ions, overcome the aforesaid electrostatic repulsion, whereby 
sufficiently close approach of ions of like charge is rendered possible and com¬ 
bustion takes place. Another such agency is, as we have found, pressure or 
the presence of moisture. 

r fhe results of three calculations on independent lines of the ratio of the rate 
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of cathodic combustion of dry detonating gas to current, based upon certain 
simple assumptions and the facts hitherto established by us in regard to such 
combustion, and by others relating to the cathodic sputtering of metals, are 
in such close agreement with the values experimentally determined and set 
forth above that they afford strong support of the conclusions arrived at. 

One of us (l).L.H.) wishes to thank the London County Council for a grant 
which has enabled him to devote his full time to this research. 


The, Connection between the Zig-Zag Structure- of the Hydro¬ 
carbon (Jhain and the Alternations in the Properties of Odd 
and Even Numbered Chain Compounds . 

By Alex Muller. 

(Communicated hy Bir William Bragg, F.U.S.— Received April 3, 1929.) 

X~ray investigation* of a single crystal of w-CaflfUo has shown that the CH a - 
groups of the chain molecule lie equally spaced on two parallel rows, the lines 
between successive centres thus forming a zig-zag. Analysis of X-ray photo¬ 
graphs of similar substances leaves no doubt that the same (jhain persists not 
only through a whole series of hydrocarbons, but is also present in a large 
number of other carbon chain compounds. The object of this paper is to show 
how a number of observations on theiriphysical properties are connected with 
the zig-zag structure of the chain molecule. 

The following fig. I represents a section through a crystal. X-rays show that 





Fig. 1. 

* ‘ Roy. Soc. Proc./ A, vol. 120, p. 437 (1928). 
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the chains lie side by side, the parallel lines in the drawing being the chain 
axes. The ends of the molecules, marked by small circles, arrange themselves 
in equidistant parallel layers. In the following deductions we consider mole¬ 
cules in which the two end groups are chemically identical, such as hydro¬ 
carbons, dibasic acids, etc. 

it is impossible to see from this simple model why the odd and even numbered 
substances should have alternating physical properties. The difficulty, how¬ 
ever, disappears when the zig-zag chain structure is introduced into the model. 

The following fig. 2 shows the two types of an odd and an even numbered 



Fig. 2. 


chain molecule. The CH 2 -groups are marked by black circles. The lines 
connecting the two last groups in each drawing (marked by arrows) are parallel 
in the even, and not parallel in the odd numbered chain. This 1 b an important 
point to remember. 

How the molecules link together at their ends is the question which next 
arises. X-ray investigation of the hydrocarbon C 2 &Hoo has shown that the 
two nearest molecules join so as to have a centre of symmetry. It is assumed 
here that this type of linkage exists in all chain compounds both odd and even. 
This must be correct provided the crystals have chains of such length that there 
is no appreciable interaction between the end groups of each molecule, and 
provided moreover the chain axes are at right angles to' the end layers. For 
short chains and inclined axes we no longer expect to find a strictly centro- 
symmetrical linkage, but at least something approaching it. 

It is interesting to see that this centrosymmetrical linkage is to be expeoted 
if the end groups are electric—or magnetic dipoles. If two dipoles join as 
shown in fig. 3, the arrangement has centrosymmetry. 
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Fig. 3, 


\ 



Fig. 4. 


Fig. 4 shows the arrangement of even and odd numbered molecules according 
to the principles given above. The horizontal lines indicate the positions of 
the successive end layers. 

The rings at the ends of each chain represent the end groups. The drawing 
shows that there is an essential difference between the odd and even numbered 
arrangements. The first pattern repeats itself every second molecule as we 
move in the direction “ c.” In the second pattern all the successive molecules 
are identically situated. The period of repetition is marked by the long arrows 
c x and c 2 . In the actual crystal one expects therefore to find two molecules to 
lie along the “ c ” axis in those crystals which are built of odd numbered chains, 
and only one molecule in crystals containing even numbered molecules. 

This conclusion agrees with the results of a recent investigation on the di¬ 
basic acid series by Dr. Caspari.* 

Certain features of the crystal habit of these long chain compounds will next 
be discussed with the aid of the model. The following fig. 5 shows the 
arrangement of the molecules in the two types of crystals. 

The chain axes are here represented by fine straight lines, the arrows at 
the ends of the chains are end groups. The diagram shows again the essential 
difference between the odd and even substances. In the even series all the 
end layefs are identically situated, t.e. f they can be brought into coincidence 
by a parallel shift in the direction B 2 B 3 . This no longer holds for the odd 
number series. Here there are two types of layers. The first layer 1 in the 
diagram is identical with III; V ... and the second layer II is identical with 


• ‘ J. Chem. SocV p. 3235 (1928). 
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IV ; VI .... I and II cannot be made to coincide by a parallel shift. There¬ 
fore all the odd members of a series and all the even members of a series are 



Fio. r>. 

similar amongst themselves. Between the odd and the even members, however, 
there exists a distinct structural difference which has its origin in the peculiar 
structure of the chain. This difference must be responsible for the alternations 
of the properties between the odd and the even numbered substances. 

An explanation of the behaviour of the ^-angles can now be suggested. 

In tig. 5 the angles p o and ji e are quantities which can actually be observed, 
and measured either directly with a crystalgoniometer, or indirectly by using 
X-ray data. Supposing we deal first with substances whose chains are so long 
that the mutual influence of the end groups at each end of the molecules is 
negligible, and whose p-angles are nearly 90°. The angles a 0 and a* between 
the chain axes and the basal planes A X A 2 , B 1 B 2 are then no longer dependent 
upon the chain length, and according to the diagram we expect to find that the 
Po angle in the odd number series to be constant, i.e., independent of the chain 
length. This does, however, not hold for the even series, and the reason for 
this can be seen in the diagram. The chain axes are separated by an amount 
A 0 or A e as shown in the drawing. Supposing we start from A 2 and follow 
the line A 2 »mpAg. A 2 and A 8 are identical points in the latticfe, and the angle 
p 0 measures therefor directly the inclination of the chain axes relative to the 
basal plane, i.e., it is identical with <x 0 . In the second drawing which refers 
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to the even numbers (i e is no longer identical with a e and depends both upon 
the chain length and the quantity A e . The ^-angles must therefore behave 
differently in the odd and the even series. As the chains become shorter we 
expect to lind a gradual change iri both a n and a e to take place. Superposed 
on this will be the effect which has just been discussed. We expect that the 
(Wangles in both the odd and the even series will undergo a gradual change as 
we ascend the series but they will alternate, i.e., they must lie on two separate 
smooth curves. 

This conclusion again describes exactly the observations in the dicarboxylic 
acid series (loc. cit,). 

It has been known for a long time that the melting points of chain com¬ 
pounds alternate as shown in the follow¬ 
ing fig. th It is now quite easy to give 
a reason for this. 

If the structures of the odd and the 
even substances differ from each other as 
has been shown in this paper, then their 
corresponding lattice energies will also be 
different, and their melting points will 
behave as indicated in the above diagram. 

.Similar things will happen for other 
physical constants. The molecular 
volumes and the heat of crystallisation 
alternate in the fatty acid series. This has been shown by W. E. Garner* in 
his very interesting work on the properties of chain compounds. 

A numerical calculation of the lattice energies is at present not possible. 
Too little is known about the forces which hold these substances together. A 
more detailed experimental study will perhaps help to see deeper into the nature 
of the forces. An account of some new observations will appear shortly. 

In conclusion, the writer wishes to thank Sir W. Bragg for taking a friendly 
and encouraging interest in this work. 






even 

/ ;o v 

odd .o ' 


Number of C Atoms 
Fia. 6. 


* ‘ J. Chem. Soc.,’ vol. 125, p. 881 (1923) and vol. 127, p. 720 (1925). 
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On the Stability of Unimolecular Films. Part I .—The Conditions 

of Equilibrium . 

C, G. Lyons and Eric K. Rideal, Laboratory of Physical Chemistry, 

Cambridge. 

(Communicated by Sir William Hardy, V.R.S. —Received March 12, 1929.) 

Of the factors which determine the state of equilibrium of a unimolecular 
film on the surface of water the two which have been subjected to the most 
exhaustive examination are the effects of changes in temperature and pressure. 
In previous communications a generalisation of the effects of kinetic agitation 
on the state of a film,* and the conditions of equilibrium imposed by the phase 
rule on the various states of such filmsf have been described. As pointed out 
originally by Hardy, ;£ in film formation the magnitude and direction of the 
adhesional forces between the surface and the polar “ heads ” of the spreading 
molecules is one of primary importance. The effects of replacement of one 
type of polar head by another have been examined in detail by numerous 
investigators ; but the effect on the state of a film of one substance of changing 
the magnitude of this adhesion, a factor clearly as important as the conditions 
of temperature and pressure, has not hitherto been considered. In these 
communications the results of an investigation on the effects of such a change 
are described. 

Unimolecular films of long chain fatty acids on the surface of water can exist 
in three well-defined states, the highly dispersed or vaporous, the expanded 
and the condensed. The expanded state, first noted by Labrouste, was 
considered originally by Adam to be vaporous in character, Schofield and 
Rideal (loc. cit.), however, from an examination of the isothermals of the force 
area curves for a series of acids concluded that expanded films behaved as 
liquids rather than as vapours, and further, calculated that the true vapour 
pressure of a film of myristic acid at ordinary temperatures should be about 
-0*2 dynes per centimetre. A similar suggestion was made independently 
by Langmuir and later accepted by Adam,§ when with a sensitive apparatus 
he effected the measurement of the vapour pressure of expanded films, which 

* Cf. Schofield and Rideal, ‘ Roy. Boo. Proo,,’ A, vol. 110, p. 167 (1926). 

f Cf , Cary and Rideal, * Roy. Soc. Proc,,* A, vol. 109, p. 301 (1925). 

% 4 Roy. Soc. Proc./ A, vol. 88, p. 303 (1913). 

§ Langmuir, “ Third Colloid Symp. Monog.,” p. 48 (1925); Adam and Jeseop, ‘ Roy. 
Soc. Proc./ A, vol. 110, p. 423 (1926). 
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proved to be in good agreement with that predicted by Schofield and Rideal. 
It seemed probable that expanded films consist of some arrangement of tilted 
molecules with the chains still enmeshed and the heads free, as suggested by 
Schofield and Rideal and Langmuir. Adam*, however, has concluded that 
the heads adhere to one another with sufficient tenacity to render this view 
improbable. 

In addition to this difference of view in respect to the nature of the expanded 
film, there is likewise no unanimity of opinion as to the structure of the 
condensed state. 

Langmuir and Adamf noted that on acid solutions the force area curve of 
a condensed film of palmitic acid differed from that on an alkaline solution. 
The latter observer found that on solutions more alkaline than P H 5*5 a force 
area curve consisting of only one straight line was obtained. On solutions 
more acid than P H 5 0 the force area curve consisted, however, of two straight 
lines (fig. 1), the film at low pressures being more compressible und occupying 
larger areas than at higher pressures. Langmuir attributed this increased 
compressibility and area at low pressures to an increase in size of the head 
group, by adsorption of hydrogen ions from the underlying solution, accom¬ 
panied by an increase in mobility of the film. Adam concluded that the two 
states of the film corresponded to the packing of the heads and chains 
respectively, and evaluated the areas of different “ head ” groups. Hartridge 
and Peters and later Egncr and IlaggJ suggested that the two forms of film 
corresponded to the unionised and ionised states of the head group. We may 
note, however, that these two forms of film are obtained with substances for 
which a similar explanation is impossible. 

Both Langmuir and Adam observed that films on weakly acid solutions are 
much less stable, and tend to contract spontaneously. Gortcr and Grendel§ 
have repeated this work, but the behaviour of the films and the limiting areas 
described by these authors differ in almost every respect from those of the other 
workers in this field. 

Finally wc may note that Miiller|| in his analysis of crystals of fatty acids 
by means of X-rays, suggested that in a condensed film the molecules might 

* 1 Roy. See. Proc.,’ A, vol. 117, p. 533 (1928). 

t Langmuir, * J. Amer. Chem. Soc.,’ vol. 39, p. 1848 (1917); Adam, * Boy. Soo. Proo.,' 
A, vol. 99, p. 33 (1921). 

X Hartridge and Peters, ‘ Boy. Soo. Proc.,’ A, vol. 101, p. 348 (1922); Egncr and Hagg, 

• Phil. Mag./ vol. 4, p. 667 (1927). 

§ ‘ Proc. K. Akad. Wet. Amsterdam,’ vol. 29, p. 1062 (1926). 

|| ‘ Boy. Soc. Proc.,’ A, vol. 114, p. 542 (1927). 
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be inclined at a constant angle to the surface, and not vertically orientated; 
and that the cross section of the molecule as defined by Langmuir and Adam 
was the projected cross sectional area of the tilted molecule. Mtiller could 
find no significant cross section corresponding to the head area as defined by 
Adam. 

One of the most convenient materials for the purpose of this investigation 
was found in palmitic acid, for which substance the adhesion of the polar 
carboxylic group for the underlying solution can readily be altered by a change 
in the hydrion concentration of the solution. Such alterations are found to 
affect the crystal equilibrium spreading pressures, and the states of the film 
at different temperatures and pressures are found to be determined by the 
magnitude of this adhesion. An examination of these changes is found to 
lead to a more detailed picture of the structure of the films than is possible 
from a consideration of the effects of variation in temperature and pressure 
alone. 


The Force I Area- Curves of Palmitic Add . 

Experimental .—For the study of the force area carves of palmitic acid on 
the surface of solutions of different acidity a trough apparatus of the type 
described by Adam and Jessop and sensitive to 0*25 dyne per centimetre 
was employed. 

Kahlbaum’s palmitic acid recrystallised from hot alcohol and melting 
sharply at 62 *5° C. was employed. The buffer solutions were made up with 
grease-free water from the directions given by Clark. 

The results of these determinations are shown in the following diagram, in 
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which are included for comparison the curves previously obtained by Adam 
and G5rter and Grendel (loc, cit.). 

It will be noted that the results of G or tor and Giendel could not be repro¬ 
duced, but that the few data previously published by Adam are substantiated. 
In the table are given the values of the limiting areas per molecule of the 
condensed film of palmitic acid as found by different observers. 


Table I. -Molecular Area in A.U. 2 Extrapolated to Zero Compression. 


Author. 

~ i 

.State 1. 

State II on N/10 HCI. 

Adam . 

2M 

, 

25*0 

Early values. 

1 

| 20-4 

— 

Later corrected value. 

Gutter and Grendel ... 

15*0 on water 
! 21 *0 on acids 

None 

None 


Muller . 

1 20*5 

— 

X-ray investigation on 
crystals. 

This investigation . 

20-6 

L_.__. ....' 

24*4 


The value obtained for the limiting area in the compressed state is in good 
agreement with Adam’s later and corrected value. The existence of the two 
states of the film noted by Langmuir and Adam has been confirmed, but the 
very sudden change in type of curve noticed by Adam between P H 5*0 and 
P H 5 • 5 was probably fortuitous, Bince these curves reveal a gradual transition 
between one form and the other. 

The high pressure state of the film is obtained on all solutions provided the 
pressure is high enough, and under ordinary conditions is definitely solid, 
transition to the liquid form taking place either at pressures coincident with or 
very close to the point of intersection of the force/area curves of the two states 
of the film. 

The high pressure region of the force/area curves is practically independent 
of the nature of the underlying solution. It, however, increases very slightly 
in steepness as the solution becomes more alkaline, though the area at zero 
compression remains unaltered. The resistance to compression is a 
direct measure of the magnitude of the cohesive forces between the 
molecules; and the slight increase in compressibility on the more alkaline 
solutions shows that the strength of these cohesive forces is increased if the 
attraction of the polar head-group of the molecule for the surface be increased 
by increasing its alkalinity. It is to this increase in cohesion when the forces 
of attraction are increased, that we may attribute the much greater tendency 

z 2 
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of the molecules to orientate themselves parallel to one another on alkaline 
solutions. 

It will be noted that the properties of the film are influenced by the com¬ 
position of the surface layers of the solution rather than by the bulk com¬ 
position. Thus a capillary active citric acid-sodium phosphate buffer solution 
over a range P H 3 • 2~7 ■ 6 gives force/area curves identical with those obtained 
on 0*1 N hydrochloric acid, whilst a potassium hydrogen phosphate caustic 
soda buffer solution gives a series of transitional stages between 
P H 5*8 -Ph7*4. 

The more easily compressible form of the film is only obtained at low pressures 
and on solutions whose surface layers are definitely acid. On such surfaces 
the acid is practically unionised and it seems that the ionised acid has little 
tendency to form this liquid condensed film. The significance of this observa¬ 
tion will be discussed in Part II in the light of the results of equilibrium 
spreading pressure measurements obtained on similar solutions. 

The Collapse of the Film on Acid Solutions . 

The equilibrium pressures between the collapsed film and the residual uni- 
molecular film have been measured on several solutions. These values were 
obtained by passing round gradually narrowing hysteresis cycles with long 
waiting before pressure readings were taken. Owing to the slowness of the 
transition between the two states they are, however, subjected to an error of 
about I dyne per centimetre. The following values were obtained (Table II). 


Table II. Equilibrium Pressures between the Unimolecular Film and the 

Collapsed Film. 


Solution. 

Ph. 

Collapsed film 
equilibrium pressure. 

State of the unimolecular 
film in equilibrium 
with collapsed film. 

Hydrochloric acid . 

1*4 

dynes per cm. 

110 

Liquid 

Citric acid .'I 

31 

10-0 

tf 

Phosphate .. > 

4*8 

12*0 

»» 

Buffer .J 

6*1 

16*3 

Solid 

Water . 

7*0 

Much higher 

t* 


On the more acid solutions these equilibrium pressures are below the pressure 
at the intersection of the two force/area curves, and therefore thq transition 
may be represented, following Langmuir, by the equilibrium. 
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Liquid unimolecular film solid multimolecular film. The pressure at 
which collapse commences is, owing to hysteresis, above this equilibrium pres¬ 
sure but is not constant as was thought by Langmuir. The film sometimes 
solidifies before collapse commences, but always liquefies as the pressure falls 
to the equilibrium value. 

On more alkaline solutions, however, the unimolecular film in equilibrium 
with the collapsed film is definitely solid. The equilibrium pressures are here 
very much higher, which is in agreement with the conclusions drawn above that* 
the solid condensed film is associated with a strong adhesion for the surface. 

These equilibrium pressures owing to the small size of the nuclei of the 
collapsed film are much larger than the equilibrium pressures between macro- 
crystals of palmitic acid and the unimolecular film (v. infra), a phenomenon 
analogous to the increased vapour pressure exerted by small drops. 


The Equilibrium Spreading Pressures. 

As was shown by Cary and Rideal (loc. ciL ), surface spreading from a crystal 
proceeds to form a unimolecular film until an equilibrium spreading pressure 
is reached, by measurement of which a direct measure of the attraction of the 
molecule for the surface is obtained. 

The equilibrium spreading pressures of palmitic acid have been measured on 
a number of buffer solutions, utilising the ring method and chain balance 
apparatus described by Cary and Rideal. The difference between the surface 
tension of the solution before and after a film of palmitic acid had attained 
equilibrium with a few crystals placed on the surface, is taken as the equili¬ 
brium Bpreading pressure, for this equilibrium pressure was independent of the 
amount placed on the surface. This established the purity of the acid. The 
apparatus was enclosed in a box with glass windows, and maintained at 
constant temperature. 

On acid solutions spreading proceeds hut slowly, in some cases 24 hours being 
necessary for equilibrium to be attained. The rate of spreading increases 
rapidly as the alkalinity of the solution rises. Equilibrium is reached practi¬ 
cally instantaneously on very alkaline solutions. Thus, the rate of spreading 
as well as the equilibrium pressure depends to a large degree on the attraction 
of the polar head group of the acid for the surface of the solution. 

The values obtained for the equilibrium spreading pressures are shown in 
the following curves (fig. 2). 

The value obtained at P H 2-0, viz,, 5*5 dynes per centimetre at 21° C M is 
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in close agreement with the one previously recorded value of Cary and Ridea M 
viz., 5*7 dynes per centimetre on N/100 HC1. 



Fig. 2. —The Equilibrium Spreading Pressures of Palmitic Acid at 21° C. 

It is seen that there is little tendency for palmitic acid to spread as a con¬ 
densed film on acid solutions, the maximum pressure recorded (6*0 dynes per 
centimetre) being very low compared with the pressures reached on alkaline 
solutions. On acid solutions the film is liquid and of the more easily com¬ 
pressible type possessing a limiting area of 24*4 sq. A.IJ. 

There seems, as a result of observation over 24 hours, to be no measurable 
tendency for palmitic acid to spread at ordinary temperatures over the surface 
of buffer solutions of P H 3*5 to P H 6*5. Films obtained on these solutions 
by spreading with the aid of a volatile solvent are therefore unstable, and as 
was shown above, they tend to collapse with great ease. 

On solutions of hydrochloric acid there is a small tendency to spread with a 
maximum in the spreading pressure at P H 2 *0. This is consistent with Frum- 
kin’s* observation that the anion is preferentially adsorbed at the surface of 
dilute acid solutions, but becomes displaced by the hydrogen ion as the bulk 
concentration increases. 

On alkaline solution the spreading proceeds rapidly, the surface tension 
falling to a minimum and then rising again to a definite value. The first 
minimum corresponds to the formation of a solid unimolecular film in the less 
compressible form of limiting area 20*6 A.U., dissolution then occurs to form, 
as will be shown later (Part III), a stable bimolecular film. This dissolution 
gives rise to the later fall in the spreading pressure after the initial spreading is 

♦ ‘ Z. Phys. Chem./ vol. 109, p. 34 and vol. 111, p. 190 (1924). 
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completed. The final equilibrium spreading pressures of these bimolecular 
films formed on alkaline solutions are very small. 

From the curves it will be observed that just as on acid solutions the capillary 
active citric acid affects the superficial film, so do buffer solutions containing 
borates yield spreading pressures different from those given by caustic soda of 
identical P u . The borate ion is adsorbed at the surface and increases its 
apparent alkalinity. The effect of dilution of the buffer solution whilst main¬ 
taining the P H constant confirms this view. 

We may conclude from these changes of spreading pressure with the P n of 
the solution, that the attraction of the molecule for the surface is greatly 
influenced by the acidity or alkalinity of the medium, and is very low for 
surfaces of an acidic character. 


The ljdtent Heals of Spreading. 

This variation in the force of attraction with the P H of the medium should 
be accompanied by a parallel change in the latent heat of spreading from a 
crystal to a unimolecular film. The decrease in free energy on spreading over 
an alkaline surface should be greater than that accompanying spreading over 
an acid surface. 

The equilibrium pressures have accordingly been determined on potassium 
chloride, caustic soda, borate buffers at two different temperatures, and com¬ 
pared with those obtained above at 21° 0. The latent heats of spreading were 
then calculated therefrom with the aid of the modified Clapeyron equation 

<JY X 

dT ** T (A, - A x ) 

where X is the latent heat of spreading, F the equilibrium of spreading pressure, 
and A 2 and A, the molecular area in film and crystal respectively. The 
equilibrium spreading pressures are given in the following table. 


Table Ill. 


Ph. 

Temperature 

°C. 

Equilibrium Bpreading pressures in dynes per 
centimetre on the surfaces of buffer solutions 
containing boric acid potassium chloride and 
caustic soda. 

8*2 

27 

180 

8*9 ! 

27 

18*2 

9*0 

27 

18*2 

9*9 

26 

22*4 

8-8 

38 

29*7 

9*5 

37 

30*6 

9*6 

39 

29*7 

11*4 

40 

30*6 
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On the very alkaline solutions at kigli temperature the rate of solution of the 
film is so rapid that the errors introduced into these readings are of the order of 
1-2 dynes per centimetre and they must consequently be regarded as less 
accurate than those obtained at lower temperatures and on less alkaline 
solutions. 

From these data the spreading pressure increases by ca. 10*8 dynes per 
centimetre for a 10° 0. rise in temperature, a value to be compared with 5*8 
dynes per centimetre per 10° 0. obtained by Gary and Rideai on N/100 hydro¬ 
chloric acid where the spreading is slow. Taking the experimentally deter¬ 
mined values of the areas on these two solutions we obtain - 


Solution. 

Area per molecule. 

A calories per gram molecule 


A.U. 


Borate buffer P H 9. 

20-0 

9100 

N/100HC1 . 

24-4 

! 

5650 


On alkaline solutions the film is solid, while on the acid solution the film is 
in the liquid condensed state. These values are therefore not strictly com¬ 
parable. We can, however, determine the latent heats of spreading from 
crystals into films of different forms, by correlating the equilibrium spreading 
pressures obtained by Cary and Rideai, with the areas per molecule obtained 
by a study of the force/area curves for the film at the corresponding tempera¬ 
tures. The values obtained are shown in Table IV. 

It will be seen that on acid solutions spreading to form an expanded film 
requires 8000 calories, for a liquid condensed film 5620 calories and for a solid 
condensed film 4640 calories. The latent heat of spreading on alkaline surfaces 
to form a solid condensed film is 9100 calories, a value much larger than the 
corresponding value on acid solutions. The increased attraction of the mole¬ 
cule for an alkaline surface is therefore, as was expected, paralleled by an 
increase in the latent heat of spreading over that surface. 

These values indicate that a solid condensed film tends to expand first into 
a liquid condensed and then into an expanded film not only as the temperature 
increases, but also as the underlying surface becomes increasingly acid. This 
has been confirmed by indirect observation on the films themselves. 
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Table IV. 


Temperature. 


Equilibrium 

Area/ 

pressure. 

molecule, 

i 


A crystal film 
calories per 
gram molecule. 


State of film. 


Myrifitic Acid on Dilute Acid ,* 


°C. 

dyne. 

sq. A.U. 



1 

0*6 

26*3 

5910 

Slightly expanded from liquid 
condensed. 

5 

2*84 

20*5 

0040 

ft ft 

10 

6-68 

28 

0490 

Partially expanded. 

15 

8*52 

34 

8040 

Fully expanded. 

20 

11*36 

33 

7930 


25 

14 2 

32*5 

7940 


30 

17*04 

32*6 

8070 

.. 


Pentadecylic Acid on Dilute AcM,] 


17 

13 7 

! 20*2 | 

4600 

Solid condensed. 

21 

16 0 

19*8 

4010 


28 

19*0 

! 19*5 

4600 




Palmitic Acid on Dilute Acid.] 


18 j 

! o*6 

| 24*2 ! 

5820 ; 

Liquid oondensed. 



Palmitic Acid on Alkaline Solutions.] 

18 

7 “18 

19*5-20*0 

9100 

Solid condensed. 


* Area measurements given by Adam and .Jessop, 4 Roy. Soe. Proc.,’ A, vol. 112, p.362 (1926). 
f Area measurements given below. 


The Transition into the Expanded Film. 

It will be noticed (fig. I) that on N hydrochloric acid the area of the film 
at zero compression is slightly increased (27*6 sq. A.U.) compared with the 
typical area (24*4 sq. A.U. on N/10 hydrochloric acid) of the liquid condensed 
film. The film is showing signs of expansion on a surface, which on account 
of its high acidity exerts but little attraction for the carboxylic head group. 

The study of the effect of the attraction for the surface on the expansion of 
the film has been studied using pentadecylic acid instead of palmitic acid, to 
avoid the inconvenience of working at high temperatures. The effect of 
decreasing the number of carbon atoms in the chain is similar to that of 
increasing the temperature for the original substance. 

The force/area curves for pentadecylic acid on hydrochloric acid solutions 
of varying acidities are shown in fig. 3, while Table V gives the corresponding 
areas per molecule exterpolated to zero compression. 
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Table V. 


Temperature. 


°C. 

17 


Pfl. 


10 

2*2 

4-0 

Water 


Area/molecnle. 


Nature of film. 


sq. A.U 
30*2 
24*3 
21*8 
21*8 


Partially expanded. 

Low pressure form condensed. 
(Condensed. 

M 


1-0 

39*5 

2-0 

37*6 

3*9 

22*0 

Water 

22*0 

1*0 

51*5 

3*4 

41*6 

5*6 

21*6 

Water 

21*6 


Nearly completely expanded. 

it »» 

Condensed. 


Completely expanded. 

Nearly completely expanded. 
Condensed. 


Inspection of the curves and the table of areas immediately reveals that there 
is a gradual transition from the expanded state of the film through the liquid 
condensed form to the solid condensed film, both as the temperature is lowered 
and as the attraction for the surface is increased. These curves therefore 
confirm the conclusions which have been drawn above from the latent heats of 
spreading from a crystal to form each state of the film. 

It has been shown that the strength of the cohesive forces between neighbour¬ 
ing molecules runs parallel with the strength of the forces of attraction between 
the polar head group and the underlying surface. It seems probable that the 
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transition into the expanded from the solid condensed film is due to the 
diminution in both these forces. This diminution may be caused either by 
weakening primarily the cohesive forces, ix by raising the temperature, or 
by weakening primarily the attractive forces, ix by increasing the acidity 
of the surface. That these two methods are substantially identical, has been 
demonstrated both from the study of the films themselves and from the thermal 
data for the formation of the films. 

Summary . 

The force/area curves and the equilibrium spreading pressures of uni¬ 
molecular films of palmitic acid, have been examined on a series of acid and 
alkaline solutions. It is shown that the tendency to spread into the expanded 
state is increased by an increase in the acidity of the solution. The latent 
heats of spreading on acid and alkaline surfaces confirm this view. The 
conversion of condensed to expanded films by alteration of the hydrogen ion 
concentration alone has been achieved in the case of pentadecylic acid. 


On the Stability of Unimolecular Films . Fart II .—The 

Mechanism of Film Expansion . 

By C. G. Lyons and Eric K. Bideal. 

(Communicated by Sir William Hardy, F.R.S.—Received March 12, 1929.) 

In Part I it was shown that the adhesion of a unimolecular film of a fatty 
acid to an underlying aqueous solution could be varied by alteration of the 
hydrion concentration of the solution. Increasing the alkalinity effected an 
increase in the adhesional force of the polar heads, and under isothermal con¬ 
ditions a film could be converted from the expanded to the liquid condensed 
and even to the solid condensed state, by causing an increase in these adhesional 
forces, this process being perfectly reversible. Whilst ionisation of the acid 
occurs over a limited range of P H , the alteration in adhesional forces by a change 
in P H and the effects of such change on the state of the film extend, contrary 
to the conclusions of Egner and Hagg,* over a much wider range of P H . 

Since contraction and expansion of the film coincide with an increase and 


♦ 1 Phil. Mag.,’ vol. 4, p. 667 (1927). 
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decrease respectively in the adhesional forces holding the polar heads to the 
surface, we may infer that expansion is effected by a gradual tilting of the 
molecules from the close packed formation existing in the solid condensed 
state. We have noted that Muller* from X-ray determinations on crystals 
of fatty acids suggested that it seemed possible that even in a film in the solid 
condensed state the molecules were already tilted. Objections to this view 
were raised by Adam, f since he found but one characteristic area for long chain 
molecules in the solid condensed state, which was, with few exceptions, 
independent of the nature of the head group. He further found that the area 
in the liquid condensed state was dependent on the nature of the head group. 

Since we conclude from the experiments in Part I that film expansion is due 
to increase in the angle of tilt, it is necessary to make a more detailed analysis 
of the structure of a film composed of parallel but not necessarily vertically 
orientated molecules, to examine how far the objections of Adam to the 
hypothesis of tilting molecules in a film in the condensed state are valid. 

The Solid Condensed. Film . 

The limiting area of 20 * 6 A.U. for the solid condensed film has been shown by 
Adamf to be characteristic of a number of substances consisting of hydro¬ 
carbon chains and different types of head groups. Two consecutive molecules 
in a unimolecular film may be represented as in the diagrammatical sketch, 
fig. 1. Miiller§ has shown that the chain consists of a zig-zag arrangement of 
carbon atoms, the distance between two scattering centres on either side of 
the molecule being 2*54 A.U. 

We will consider stearic acid for which accurate X~ray data exist. The data 
for the unit cell, which contains four molecules, are given by Muller (loc. tit) 
as a = 3*546 A.U., b = 7*381 A.U., (J « 63° 38'. From this we can calculate 
that the area occupied by two molecules perpendicular to the lengths of the 
molecule has the dimensions 

a' = 5*546 sin 63° 38' = 4*97 A.U. V = 7*381 A.U. 

Applying these results to the sketch in fig. 2 we obtain 
AB = 4*97 A.U. and BC = 2*54 A.U. 

On calculation of the area occupied by one molecule if it stands on the 

* * Roy. Boo. Proc.,’ A, vol. 114, p. 642 (1927). 

t ‘ Roy. Soc. Proc.,’ A, vol. 117, p. 633 (1928). 

t ‘ Roy* Soc. Proc.,’ A, vol. 101, p. 462 (1922). 

§ 4 Roy. Soc. Proc.,’ A, vol. 120, p. 437 (1928). 
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plane through BC and parallel to the b axis of the crystal ( i.e perpendicular 
to the plane of the paper), it is seen that AC = (AB 2 + BC*)* = (2*f>4 2 X 
4.972)* __ 5.58 A.U., which is in good agreement with the 5*546 A.U. of the 
observed unit cell. The area occupied by two molecules on this plane is 
7*381 X 5*58 — 41*2 sq. A.U., and the area occupied by one molecule on 
this plane is therefore 20*6 sq. A.U., which is in very good agreement with the 
actual area occupied by one molecule in a unimolecular film. 

In other words the molecule occupies on the surface of water the area it 
would occupy on a plane through AC, which is a plane such that relative to 
the neighbouring chain each chain has moved up a distance equal to two carbon 
atoms (one whole zig-zag). 

It is now possible to explain why there is only one stable position of tilt, 
which is identical for a large number of molecules with different head-groups. 
These head-groups are all small in size so that they are unlikely to force the 
molecules further apart from one another, and they are all asymmetric in 
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character or asymmetrically attached to the chain. This asymmetry will 
give rise to a tendency of the molecule to tilt, and in practice tilting occurs 
such that one chain is moved up relative to the next by one whole zig-zag. 
This position will be of great stability, for the chains will then once more inter¬ 
lock with one another, for, although the chains are not in contact, their fields 
of force will vary in a zig-zag manner like the chains themselves. Thus every 
head-group which has sufficient asymmetry and adhesional force to cause the 
molecule to tilt at all, will cause it to tilt to this angle at which the chains again 
interlock, and it would need considerably more force to cause it to tilt to the 
next stable state, i.e in the plane AD (fig. 1), in which each chain would have 
moved relative to its neighbour by a distance of four carbon atoms (two whole 
zig-zags). 

The solid condensed film is therefore pictured as composed of molecules 
possessing asymmetrically attached head-groups, which are all tilted to such 
an angle that the zig-zag chains interlock. As this angle depends solely on the 
structure of the chain, it will be independent of the nature of the head-group 
unless this is either symmetrical to the chain length or so highly asymmetric 
that the molecule tilts to the next interlocking position with a relative dis¬ 
placement of two whole zig-zags, when the limiting area on the plane AD 
(fig. 1) will be 26-1 sq. A.U. 

Examples of molecules tilted two whole zig-zagB of carbon atoms by very 
asymmetric heads, and thus presenting in the solid condensed film an area of 
26*1 sq. A.U. per molecule, are already known ; thus Adam* has shown that 
the long chain ureas give two types of stable and solid films in the high pressure 
less compressible form having areas at zero compression of 20*8 sq. A.U. and 
26*3 sq, A.U. per molecule respectively (values obtained by exterpolation of 
Adam’s curves), the form having the larger area being stable below a certain 
critical temperature. The areas obtained for these two forms agree well with 
those calculated, viz., 20*6 and 26*1 A.U. respectively for molecules tilted in 
the two interlocking positions. The two forms may be ascribed to the different 
asymmetries of the tautomeric forms of the urea head groups E — NH — 
y NH 2 

CONH 2 and RN = C<^ 

X OH 

Inspection of the drawing (fig. 1) reveals the fact that when the molecule is 
tilted so that the relative displacement of neighbouring molecules is two zig¬ 
zags of the carbon chain, then the first carbon atom in the chain is very close 

♦ 1 Roy. Soo. Proc.,’ A, vol 101, p. 462 (1922). 
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to if not actually in the water surface. It is therefore to be anticipated that 
compounds possessing a polar substituent in the a position will act as extremely 
asymmetric molecules, and acquire the tilt corresponding to the relative dis¬ 
placement of two zig-zags of the chain. Adam* gives areas of 26*3 ± 0*5 
A.U. for the films of monomyristin and monopalmitin in the high pressure 
incompressible form. He states that the films are u very viscous liquids/ 1 
but that dust on the surface obviously does not move very easily/* It is 
possible, since the compression curves are very steep, that the films are in 
reality solids of weak rigidity. If this be the case, the observed areas are in 
excellent agreement with those calculated. 

A further search for molecules tilted in this second position has revealed the 
fact that a long chain amine heptadecylamine gives forms definitely rigid and 
strong solid films with an area at zero compression of 26*2 sq. A.U., a value 
again in good agreement with that calculated above. 

The force/area curves for heptadecylamine on solutions of various hydrogen 
ion concentrations are shown in fig. 2. 



Fig. 2.—The Foroe/Area Curves for Heptadecylamine at 15° C. 

It will be observed that the low pressure form of the film decreases from 37 
sq. A.U. on strong alkalis to 28 * 7 sq. A.U. on moderately weak alkalis, and then 
expands again on more acid solutions. Solution takes place too readily to 
obtain force/area curves on solutions more acid than P H = 6*8, but the area 

♦ * Roy. Soc. Proc,/ A, vol. 106, p. 694 (1924). 
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per molecule at zero compression is very large on these solutions. The area 
of the film at zero compression in the liquid condensed state is 30*6 A.U. f 
an area obtained over a considerable range of temperature and alkalinity. 

The isohydric point of the amine was found by indicators to be ca. P H ~ 10, 
thus it is the undissociated base which yields the most stable condensed films. 
On very alkaline solutions these films tend to expand in a manner similar to 
the behaviour of palmitic acid on very acid solutions (c/. Part I), Hydroxide 
and salt formation by the amine, however, causes an expansion, and in this 
respect it differs from palmitic acid. This may be ascribed to an alteration 
in the character of the head-group on conversion of the nitrogen from the tri- 
valent to the pentavalent state. Although experiments were carried out over 
a very considerable range of temperature (5° C. to 40° C.), no sign of a transition 
to a solid film of limiting area 20 • 6 sq. A.U. was obtained. In this respect the 
amine differs from the ureas, confirming the view that the two areas given by 
the latter substances correspond to two different tautomeric forms of their head- 
group. 

We may observe that such an arrangement of interlocking chains as has been 
postulated above is found in the crystal structure of the diamond. The fact 
that, apart from the two limiting areas of 20*6 sq. A.U. and 26*1 sq. A.U. 
respectively, corresponding to a relative displacement of the hydrocarbon 
chains by one and two completed zig-zags respectively, no other areas have 
been assigned to solid condensed films formed by substances with hydro¬ 
carbon and various polar head-groups, present strong evidence for the hypothesis 
that solid films are obtained only when the molecules have interlocked chains. 
This interlocking may occur when the displacement of one molecule relative 
to its neighbour is either one or two whole zig-zags. 

It may be noted that the usual picture of a uniform sheet of vertically 
orientated molecules as constituting a solid film of palmitic acid must on this 
view be replaced by a sheet of molecules inclined at an angle of 63° 38' to the 
horizontal. In general these sheets on a large surface will not all be inclined 
in one direction, so that the sheet will in fact consist of a mottled surface of 
small patches, the molecules all inclined at the same angle to the vertical, but 
the direction of the inclination of each patch not necessarily being identical. 
It can readily be shown that, provided the areas of individual patches are 
greater than 0-3 pi square, the apparent increase in superficial area per mole¬ 
cule, due to the mutual inclination of two patches at angles of 63° 38', will not 
exceed 0*1 A.U. per molecule. 

The very slow rate of attainment of mechanical rigidity of films of palmitic 
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acid observed by Mouquin and Rideal* may then be due to a process of re¬ 
orientation of these patches to form a uniform surface of like inclined and like 
orientated molecules. 

The Liquid Condensed Film . 

It has been shown in Part I that this type like the expanded film is formed 
from the solid condensed film by successive weakening of the cohesive and 
attractive forces. The first effect of the weakening of these forces will be 
that the molecules will lose their crystal-like orientation which they possess 
in the solid condensed film. This conclusion is confirmed not only by the 
liquid nature of these films, but also from the X-ray examination of the 
behaviour of fatty acids on various surfaces. In this way Trillattf lias shown 
that on an alkaline glass surface the orientation of the molecules all parallel 
to one another was very strong, while on acid glass surfaces it was more feeble, 
though still present. 

In a solid condensed film, the molecules are caused to tilt by an asymmetry 
of the head-group, but this tilt is restricted to a certain value at which neigh¬ 
bouring chains interlock with one another. When, however, the forces of 
orientation between two molecules are diminished, the restriction by inter¬ 
locking will vanish, and each molecule will be able to tilt at the angle set up 
naturally by the asymmetry of the head-group. 

It is therefore reasonable to suppose that the low-pressure type of condensed 
film consists of these “ freely ” tilted molecules. Increase in pressure on these 
freely tilted molecules will, by increasing the forces between neighbouring 
molecules, gradually force them into such a tilt that the chains of adjacent 
molecules again interlock. The transitional stages observed in Part I on almost 
neutral solutions consist of such a compromise between freely tilted and inter¬ 
locking molecules. The film will contain molecules in both states and possibly 
also molecules tilted at an incompletely freed angle. 

The observed properties of the liquid condensed film are in close accordance 
with this hypothesis. It explains the variation in degree of development of 
this state of the film with the attraction for the surface, which has deprived 
the so-called “ head areas ” of Adam of a considerable portion of their signifi¬ 
cance. For, the degree of free tilting of the molecules depends on the strength 
of the orientating forces, and these in turn depend on the strength of the 
attraction of the molecule for the surface. 

Further, the absence of an area in the crystalline state corresponding to the 


* * Roy. Soc. Proc./ A, vol, 1U, p. 690 (1927). 
t ‘ Ann. Physique,* vol. 6 , p. 5 (1920). 
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liquid condensed film is now explained, for “ freely tilted M molecules could 
not exist in the solid state which is composed only of completely interlocked 
molecules. 

As has been mentioned above, X-rays reveal that the orientation of fatty 
acids on acid surfaces, although diffuse, is certainly present. This observation 
leads directly to the view that in the liquid condensed state the molecules are 
all freely tilted, but in the main orientated parallel to one another. Such a 
structure is the two dimensional analogue of the smectic state of liquid crystals, 
and it is noteworthy that such a state is obtained in long chain compounds, 
n.g., ammonium oleate. The concept of the liquid expanded state as a two 
dimensional liquid crystal is in agreement with the properties of such films, 
and furthermore offers a ready interpretation for their limiting areas. 

Our knowledge of the spatial structure of the polar heads of these film- 
forming materials when immersed in water is extremely scanty. But if it 
be assumed that in the condition of free tilting the polar head tends to become 
as deeply immersed in the solution as possible, the direction of the valency 
bond between the group and the last carbon atom of the chain will be per¬ 
pendicular to the water surface. We can calculate from the “ head areas ” 
determined by Adam the following angles between the valency direction and 
the chain 


Head group. 

Area per molecule in i 

liquid condensed film. ! 

Angle between long axis of 
chain and valency direction 
of polar head. 

t 

i 

A .XL | 

o 

-oooh . 

24-4* 

137-5 

.Niij ... 

30*0* 1 

127 

— OH . 

21*0 

149 

-COOK . 

22-0 

147-5 

-(KW. . 

23-0 

144 

.. i 


* Areas of the liquid condensed state obtained in these investigations. 


Muller finds that the angle of each zig-zag in the chain lies between 78° 
and 92°, and the angle between the valency bond uniting two carbon atoms 
in the chain and the long axis of the chain lies between 129° and 136°. These 
values are shown in the following diagram (fig. 3). 


This speculation suggests that the 


amino group C — N 


/ 

\ 


H 


H 


and the carboxyl 


group C — 



are relatively symmetrical, lying almost within the 
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limits given by Mttller for the angle which the CH a -CH a linkage in the hydro¬ 
carbon chain itself, would make with the long axis of the chain; whilst the 



long chain acetates and esters lie, as is to be expected, intermediate between 
the acids and the alcohols ; the — CH 2 — OH group containing an unbalanced 
hydroxyl group appears to be relatively asymmetric. 

It is interesting to compare the above series of increasing asymmetry with 
the magnitudes of the electric moments of these groups, determined by 
Williams* from measurements of the dielectric constants :— 


Head group. 


C - NH f .... 
C - OH, .... 

C - COOH 
0 - OCH, 
0 - OH .... 



Angle of tilt, 

Electric moment, 

in degrees. 

E.S.U. 10« 

127 

4-1*5 

129-134* 

0 

137*0 

—0*9 

144 

-1*2 

149 

-1*7 


* * J. Amer. Chem. Soc,’ vol. 50, p. 2350 (1928). 
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The parallelism both in sign and in extent of the tilting of the hydrocarbon 
chain effected by different head groups, as determined from the areas at the 
position of free tilting with the values of the electric moments of these groups 
deter min ed from their dielectric constants is extremely close. It will be noted 
that, as the electric moment increases and becomes increasingly positive in 
sign, the molecule tends to tilt lower on to the surface of the water. 

Ionisation of the amine increases the moment, thus causing the molecule to 
tilt lower, whilst ionisation of the acid causes a relative decrease in the electric 
moment, and thus tends to render the molecule more erect. 

It is hoped to investigate in more detail the relationship between the magni¬ 
tude and sign of the electric moment and the state of the film in a subsequent 
communication. 

The Expanded Film . 

The two condensed states of films have been shown to correspond to the 
crystalline and smectic states in three dimensional systems. Further, the 
transitions between the condensed states through the expanded to the vaporous 
films has been shown to be a continuous process dependent on the angle of 
tilt of the molecules on the surface. We must regard this process as the two 
dimensional analogue of passage from the crystalline through the smectic to 
the liquid and finally to the vapour state, as the intra molecular cohesion is 
weakened. The expanded state is therefore to be regarded as a two dimensional 
liquid in agreement with conclusions drawn from a consideration of the 
character of FA/F curves. No definite conclusions can be drawn as to orienta¬ 
tion of the head group of the molecules or the molecules themselves in this 
state, since it is probable that the straight chain character of the molecule 
will be relaxed by free rotation when partial separation and increased tilting 
takes place. 

It seems therefore that we must recognise the existence of two types of 
forces acting on the molecules, firstly, the attractive forces between the chain 
and the surface which tend to make the molecule lie flat on the surface, and 
secondly, the orientating forces tending to make the molecules arrange them¬ 
selves with parallel chains. The latter forces result from cohesion between 
neighbouring molecules and the attraction of the polar head-group for the 
surface. 

The properties of the film under any given set of conditions will depend on 
the relative strength of these forces. If the forces of orientation are strong, 
the molecules will all be arranged parallel to one another with interlocking 
chains. If, as is usual, the attractive forces between the head-group and the 
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surface are sufficiently asymmetric, the molecules will tilt to such an angle that 
the chains again interlock. This is the arrangement of the molecule in the 
solid condensed film. As the orientating forces become weakened the asym¬ 
metry of the head-group will cause the molecules to tilt freely with the chains 
no longer interlocking, but still to a large extent parallel to one another. The 
liquid condensed film is then obtained. If the orientating forces are still 
further weakened the attraction between the chain and the water surface 
becomes apparent, and the molecules become more and more free, and tilt 
lower and lower, the film changing through the truly liquid expanded film 
eventually into the vaporous film, in which the orientating forces are practically 
negligible and the molecules are lying flat on the surface. 

The gradual transition from the solid condensed film through the liquid 
condensed and expanded films to the vapour film is thus due to the gradual 
increase in the angle of tilt of the molecules of the film as their mutual inter¬ 
actions become weakened compared with the attraction of the chain for the 
surface. 

Summary . 

The view is advanced that the transition from a solid condensed film through 
the stages of liquid condensed ahd expanded to the vaporous state is due to an 
increasing tilt of the molecules. Factors affecting this tilting of the molecules 
are the adhesion of the polar head and hydrocarbon chain for the water and 
the hydrocarbon chains for one another. 

It is shown that the two limiting areas of 20*6 and 26*1 A.IT. obtained for 
long chain compounds in the solid condensed state are determined by the inter¬ 
locking of the chains after relative displacements between neighbouring mole¬ 
cules of two and four carbon atoms respectively, which displacements deter¬ 
mine the limits of tilt imposed by this restriction by interlocking in the solid 
condensed state. The state of the liquid condensed films is compared with the 
smeetic state of three dimensional liquid crystals, and the molecules in the 
film are considered to be freely tilted in this state. An approximate measure 
of the asymmetry of various head groups is made from the limiting areas 
observed. 

The expanded state is considered as definitely liquid in character. The 
force-area curves of heptadecylamine have been measured and shown to 
conform with these hypotheses. 
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On the Stability of Unimolecular Films . Part III.— Dissolution 

in Alkaline Solutions . 

By C. Gr. Lyons and Eric K. Rideal. 

(Conununicated by Sir William Hardy, F.R.S.—Received March 12, 1929.) 


Introduction. 

In the previous communications (Pai’ts I and II) it was shown that the 
conditions of equilibrium of a unimolecular film of palmitic acid were influenced 
both by the temperature and the attraction of the polar head-group for the 
underlying solution, which in the case of the carboxyl group could be altered 
by changing the acidity or alkalinity of the surface layers of the solution. 
On alkaline surfaces this attraction increases to such an extent that not only 
does an expanded film tend to contract to form a condensed film, but actual 
dissolution may occur. Adam* noticed that condensed films of palmitic 
acid showed a small slow decrease in area on a solution of P u 8-5, while on a 
solution of P H 10*0 this decrease in area took place so rapidly that he could 
not obtain force/area curves. 

An attempt has been made to examine the mechanism of the-disaolution pro¬ 
cess and to investigate the relationship between the rate of solution and the 
alkalinity of the underlying solution. The experiments were carried out on an 
apparatus designed so that the pressure of the film was maintained constant 
as the film dissolved. As the molecules left the film for the underlying solution 
the gaps in the film are closed by the pressure, and the area of the film gradually 
decreases. The factors influencing this rate of decrease in area at constant 
pressure have been studied. 

Experimental . 

The apparatus consisted essentially of a trough of the type described by 
Langmuir and Adam and improved by Adam and Jessop. The pressure on 
the film was measured by a torsion wire apparatus similar to that described 
by the latter authors.f 

The early trial stages of the work were carried out on an iron trough 22 inches 
long by fi inches wide by | inch deep. To prevent rusting, this trough was 
covered with a thin coating of paraffin wax by painting with a benzene solution 
of the wax. 

* 4 Roy. Soc. Proc.,* A, vol. 99, p. 336 (1919). 
t 1 Roy. Soc. Proc. # * A, vol. 110, p. 423 (1926), 
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The later work, however, was carried out in a nickel trough of similar surface 
dimensions but rather deeper. This was made out of a sheet of soft nickel 



Fio. i. 



Section through Torsion 
Head. 


^ inch thick, by bending it into the form of the trough and soldering the corners. 
A rim § inch wide was then soldered on to the trough and ground perfectly 
flat. For some purposes this trough proved rather deep, and it was therefore 
fitted with a tightly-fitting hollow brass box, occupying about three-quarters 
of its volume, the small gaps between the brass box and the edges of the trough 
being sealed with paraffin wax. 

The film was placed on the surface of the solution in this trough, and confined 
between a movable float and waxed glass barriers, resting on the waxed edges 
of the trough in the manner of the previous workers. The movable float was 
made of strip copper coated with collodion, and had small vertical pieces of 
copper attached to its ends, to which the ends of narrow strips of platinum 
foil (1 /100 mm. thick) were soldered (fig. 1). The other ends of the platinum 
foil were soldered to brass F shaped strips soldered to the sides of the trough. 
The platinum foils standing vertically in the surface of the solution acted as 
effective seals and prevented the film leaking past the float. 

The movable copper float was attached to a torsion wire apparatus by a 
very light triangle made from thin glass capillary tube. This was rigidly 
fixed by means of metal loops and a little sealing wax to the copper float along 
the base of the triangle, and by hard wax to a small brass rod along its vertical 
portion. This small brass rod carried a mirror and was attached to the centre 
of a fine steel torsion wire whose elastic limit was considerably above any torsion 
developed in these experiments. By means of the mirror on the rod, a lamp, 
a vertical scale and a suitable optical system, the position of the float could 
easily be kept adjusted in its neutral position. 

The pressure on the film was measured by the torsion which had to be 
exerted by the wire to keep the float in its neutral position against the pressure 
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of the film, which was then read off directly on the torsion head. The apparatus 
was calibrated as described by Adam and Jessop by a small scale pan. attached 
to an arm, which could, when required, be attached to the brass rod in the 
middle of the torsion wire. 

To study the dissolution process it was necessary to design some method of 
reducing the film area at constant pressure. For this purpose a long worm 
gear was arranged horizontally over the centre of the trough and supported 
by posts at each end (fig. 1). This sorew was turned by a wheel attached to 
its end which was connected by a suitable gearing to an electric motor. A rider 
travelling on the worm gear carried arms which fitted just over the side of the 
trough. As the screw was turned the rider moved, pushing along before it 
the waxed glass barrier which confined the film. By this means the area of the 
film could be slowly reduced while its pressure was maintained constant. 

The whole trough apparatus was contained in a large air thermostat which 
could be heated to a constant temperature by electrically-controlled heating 
lamps. The gear moving the barrier confining the film was operated and 
controlled by an electric motor outside the thermostat which was fitted with 
glass windows so that the speed of movement of the barrier was easily controlled 
and read from outside. 

The film was spread over the surface in petroleum ether, and its area read 
by, means of a pointer, attached to the moving rider, which travelled over a 
scale arranged parallel to the length of the trough ; and its pressure read 
directly from the torsion head, being the torsion required to hold the float in 
its neutral position against the pressure of the film. 

When studying the dissolution process, the film was spread oyer the surface 
and the torsion head was adjusted to a certain pressure, and the area of the 
film was then decreased mechanically as described above, keeping the float 
in its neutral position. The area of the film was then read at small time 
intervals, and from these readings the rate of decrease in area/area curves were 
drawn for constant film pressure. 

In this way the dissolution process has been followed on solutions of various 
alkalinities, buffer solutions, especially that containing boric acid potassium 
chloride caustic soda for solutions less alkaline than P H 10*3 being employed. 
Typical curves showing the rate of decrease in area for unit area of fil m with 
the time are shown in fig. 2 whilst Table I contains a brief summary of the more 
significant results obtained. 
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Pig. 2. 

It will be seen that the rate of decrease in area is appreciably enhanced by 
increasing the alkalinity of the solution and the temperature. It is also 
slightly increased by increasing the pressure. 

Inspection of the experimental curves for the rates of solution reveal several 
interesting features, firstly, that if the film pressure be maintained constant, 
complete dissolution of the film does not take place but that some form of 
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Table I. 


Boric acid caustic soda potassium chloride 

Maximum rate of decrease in area 

buffer solutions. 


(per cent, initial area per minute). 

Ph. 

Pressure, 

Temperature. 

Fresh Solutions. 

Saturated 

Solutions. 


dvne/oms. 

“C. 



9 2 

7-5 

18 

7*8 

6*3 

9-2 

15*0 


8*7 

4*4 

9 5 

7*5 


8*1 

8*2 

10 3 

7-6 


11 6 

16*0 

9*2 

7-5 * 

| 28 

8*7 

4 4 

9-8 

7*5 


10*0 

17*3 

10*3 

7*5 


>30*0 

>30*0 

8-8 

15*0 


2*1 

1*9 

9-2 

15*0 


HO 

8*6 

9-8 

15*0 


17*9 

17*6 

10*3 

15*0 


>30*0 

>30*0 

N /10 caustic soda 

7*5 i 

18 

>500 


15*0 

1 

18 

>600 



relatively inBoluble film is left; secondly, that on a fresh buffer solution the 
dissolution process is initially autocatalytic in nature but that the curves 
become constant and reproducible after a certain number of experiments 
have been carried out on the liquid contained in the trough. 

The Constitution of the Residual Film ♦ 

11 is observed that on solutions of alkalinity between P H 8 • 5 and 13*0 complete 
solution of the film does not occur but that some type of insoluble film remains 
on the surface, the limiting area being dependent both on the P H of the under¬ 
lying liquid and on the pressure of the film. Under any given set of experi¬ 
mental conditions these limiting areas are reproducible to within 3 to 4 per cent. 

In the following diagrams arc shown these limiting areas on fresh buffer 
solutions and on those which after the solution process has been carried out 
several times have attained constant and reproducible rates of solution. 

These limiting areas are not the product of a collapse phenomenon as observed 
on acid solutions, for such collapse proceeds invariably to a small and variable 
area with the production of numerous strain lines. On these alkaline solutions 
the residual areas are large and definite and can be maintained at constant 
pressure for several hours, and further, no strain lines can be observed in the 
film. 
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It appears that when solution of the film proceeds at various places in the 
film surface, the molecules of sodium palmitate entering the underlying solution 



protect the residual film from solution. This protection is effected by adsorption 
of the dissolved molecules at the surface, thus giving rise to a double layer of 
orientated molecules. We may therefore regard the residual film as a double 
film of orientated molecules of palmitic acid and sodium palmitate with their 
polar heads orientated together in such a way that inert hydrocsGrbon chains 
are exposed both to the air surface and to the underlying solution. Such a film 
will show little tendency to dissolve. 

If this conception of the mechanism of the dissolution process be correct 
and if both the top and bottom layers of this bimolecular layer consist of 
molecules in contact and under the same pressure, the area of the film should 
be exactly half that of the original film. It is found that the residual film 
does possess this area within narrow limits over a wide range of P H 9-5-12 
as well as over a considerable range of pressures and temperatures (fig. 3). 
Buffer solutions more alkaline than P H 10 3 could not be maintained at con¬ 
stant alkalinity for a sufficient time for them to become saturated. The 
form of the final area/P H curves for these solutions must therefore be obtained 
from the final areas on fresh solutions. 

On relatively acid solutions, however, the limiting area is larger than that 
corresponding to a bimolecular film, and on alkaline solutions somewhat less. 
It is clear that the stability of the film is not dependent only on the existence 
of a dose-packed double layer, but must depend on the existence of an equili¬ 
brium on the surface of the solution. 

HP + NaOH ^ NaP + H a O. 
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On acid and neutral solutions a unimoleeular layer of free acid is quite stable. 
As the alkalinity of the surface layers of the solution increases the equilibrium 
residual bimolecular film will contain in the underlying layer increasing 
quantities of sodium palmitate until the complete double layer is formed. 
This will then be stable towards a relatively great increase in alkalinity of the 
solution as it is completely protected from the solution by the hydrocarbon 
chains. This hypothesis as to the nature of the residual film formed on alkaline 
solutions is supported not only by the well-known fact that the surface excess 
of soap calculated with the aid of the Gibbs equation V = p. yields value 
for T some twice that of a unimoleeular packed film (McBain* * * § ) but also by 
examination of the structure of films of soap bubbles and the composition of 
froth on soap solutions. 

Perrinf concluded from a study of the interference colours on soap films 
that such films were made up of elementary leaflets, which were composed of 
a double layer of fatty acid molecules with their polar groups orientated towards 
one another as they are in a crystal of the acid. This was confirmed by Wells.J 
These authors concluded that the bimolecular layer was composed entirely of 
fatty acid molecules formed by the hydrolysis of the soap, but Miss Laing,§ 
from analysis of soap foam, showed that both acid and soap are present, and 
concluded that the bimolecular layer consisted of an acid sodium soap NaP , HP. 
an arrangement more stable than a bimolecular film composed of fatty acid 
alone. 

That an acid soap has greater stability than a soap of any other composition 
has been demonstrated by studies of soap solutions themselves, e.g for the 
palmitate by McBain and Buckingham, for the laurate by McBain and Eaton, 
and for the oleate by McBain and Stewart.|| Similarly, Ekwail,^ in an extended 
study of soap solutions, has shown that a solution of an acid soap of the com¬ 
position NaX . IIX has a lower surface tension than a solution of a soap of any 
other composition. Films of acid soap at the surface of a solution will therefore 
be of great stability. Harkins** has also concluded by observations on the 


* M. Amer. Chem. Soe.,* voi. 45, p. 2230 (1927). 

t * Ann. Physique, 7 vol. 10, p. ISO (1918). 

t ‘ Ann. Physique,* vol. 16, p. 69 (1921). 

§ * Roy. Soc. Proc„* A, vol. 109, p. 28(1925). 

|| * J. Ohem. Soc./ vol. 131, p. 2679 (1927), vol. 133, p. 2166 (1928), and vol. 13J, p. 1392 
(1927). 

If 4 Acta Aoad. Abo. Math. Phys..* vol. 0, p, 3 (1927). 

** 4 J. Amer. Chcm. Soc.,’ vol. 47, p. 1854 (1925). 
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surface tension of sodium nonylate solutions that the surface layer consists 
of both free fatty acid and neutral soap molecules. 

The evidence, both from the study of soap films and soap solutions is, there¬ 
fore, in agreement with the view that the residual film consists of an elementary 
bimolecular leaflet containing both palmitic acid and sodium palmitate. 

The Free Energy of Formation of Bimolecular Films. 

In Part I it was observed that when dissolution commenced the spreading 
of palmitic acid from a crystal involved two distinct phases, the formation of 
a transitory film of high spreading pressure, followed by a rise in the surface 
tension to a small but constant spreading pressure. This phenomenon is now 
readily understood since the unimolecular layers formed initially are not stable, 
but as we have noted above, go partly into solution to form a stable bimolecular 
layer. 

The equilibrium spreading pressures of these bimolecular films have been 
determined and are included in the following table. 


Table II. Equilibrium Pressures in Dynes per Centimetre. 






Change in equilibrium 
pressure of the bimolecular 
film for a 10° C. rise. 

Temperature) 

°C. 

Pi». 

Unimolecular. 

Bimolecular. 

Pn. 

Dynes per cm. 
per 10° C. 

21 

! 8*2 

MO 

1 4*8 



21 

8*8 

13*1 

3*0 


. 

21 

! 9*4 : 

14*6 

3 0 



21 

} 9-5 

14*7 

3*0 

8*2 

8*5 

21 

11*4 

18*3 i 

3*0 i 

8*8 

6*3 

27 

8-2 

18*0 i 

0*7 

9*4 j 

4-ft 

40 

8-8 ; 

29*7 | 

15*0 

9*6 j 

4*2 

39 

9-4 ! 

29*7 : 

11*9 

11*4 ! 

4*6 

40 

i 9*6 ; 

30*0 i 

11*5 

— 

— 

40 

i 11*4 

30 <> | 

11*7 


-- 


The higher values obtained between P H 8 and 9 for the change in the equilibrium 
pressure with the temperature of the bimolecular film are due to the fact that 
on these solutions at low temperatures complete closely-packed bimolecular 
film is not present in the equilibrium state. 

With a mean temperature coefficient for the spreading pressure of the 
complete bimolecular film of 0*44 dynes per centimetre per 0 C. the latent heat 
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of spreading from a crystal to a bimolecular film may be calculated from the 
Clapeyron equation 

d¥ _ X 

5r T (A(ii m — A L . rystaI ) 

Inserting the values A, !Im = 10*3 A.U., dFjdT = 0*44 we obtain = 1870 
calories per gm. molecule, a value considerably smaller than the latent heats 
of spreading into the various forms of unimolecular film obtained in 
Fart I. The decrease in free energy of spreading accompanying the change 
from a solid unimolecular film to a bimolecular film on a solution of constant 
P H is therefore 9100 — 1870! = 7230 cals, per gm. molecule. 

The Effect of Saturation of the Underlying Solution , 

Examination of the curves (fig. 3) shows that the final areas obtained on any 
one solution increases with the number of films which have been placed on the 
surface and allowed to dissolve. This increase in area is not indefinite but 
proceeds until after a certain number of runs, the final area remains constant. 
Simultaneously corresponding changes in the rate of decrease in area take 
place, and the curves with successive films are only reproducible when the 
final area remains constant. 

This effect is not due to change in alkalinity of the solution, for the alkalinity 
as measured by the hydrogen electrode is not detectably different from that of 
the same solution before any film is placed on the surface. It has been shown 
to be due to the effect of saturation of the underlying solution with the mole¬ 
cules of the dissolved film. In early runs not all the molecules which are dis¬ 
solved by the solution will be adsorbed at the surface, but until saturation is 
reached some will remain in the interior of the solution. The change in area 
of the early runs is therefore caused not only by the transition of the uni- 
molecular into the more stable bimolecular film, but is also in part due to the 
passage of molecules from the film into true solution in the bulk of the under¬ 
lying solution. It is therefore only when the bulk of the solution is saturated 
that the conversion into a bimolecular film proceeds alone, and not until this 
saturation is reached will the experimental curves become reproducible. 

The Nature of the Autocatalytic Effect . 

On fresh buffer solutions the process of dissolution is initially autocatalytic, 
the rate of decrease in area of the film at constant pressure being determined 
by an equation of the form 

dx/dt Kj (K 2 — x)x, 
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where x is the amount of bimoleoular film formed and K x and K a are 
constants. 

This equation leads to the parabolic form for the rate of decrease in area/ 
area curves, which is obtained experimentally, as shown in fig. 4 from the 



straight lines which are obtained by plotting the initial rate of decrease in 
area against the square of the difference between the area at any instant and 
the area for the maximum velocity. 

In accordance with this equation the rate of transition of the unimolecular 
to the bimoleoular film rises to a maximum. For solutions for which the final 
area approximates to half the initial area, this maximum is attained when the 
area is 82 per cent, of the original value, the fraction being independent both 
of the velocity of dissolution and the final area, as will be seen from Table III 
which contains details of a few typical runs. 
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Table III. 


Maximum rate of decrease 
in area, 

percentage initial area per 
minute. 


Final area, 

percentage initial area. 


| Area of maximum velocity, 
percentage initial area. 


1-25 
1-36 
0-71 
1 *67 
1*78 
1*75 
0*88 


I 

64 

60 

43 

52 

61 

46 

41 


83 

82 

81 

82 

82 

83 

81 


On the less alkaline solution on which the decrease in area is small the maximum 
velocity is attained when the area is greater than this value. 

During the later stages of the transition, the rate of change decreases in a 
linear manner with the decrease in area, and the rate at any time is determined 
by an equation for a unimolecular reaction 

dxjdi = K (A — x). 

On saturated solutions, the autocatalytic dissolution tends to decrease, and 
the linear form predominates, the initial rates increasing considerably. 

Solid unimolecular films of the acid, when placed on alkaline solutions with 
the aid of petrol ether, exist in a metastable state, and solution does not take 
place until a nucleus is formed. Such nuclei for solution are produced by soap 
molecules arriving underneath the film forming the eventual lower layer of 
the double him which is the stable modification. The rate of dissolution thus 
increases with an increase in concentration of the lower layer, and since on 
fresh solutions all the molecules in the lower layer must have been derived 
from the upper him the reaction is autocatalytic. The maximum rate of 
solution is attained when all the molecules in the top him are within range of 
contact of molecules in the lower film. The minimum ratio of molecules on the 
lower him to those in the upper necessary to establish these conditions is one 
to four, thus giving a maximum rate of solution after 20 per cent, of the top 
him has entered into solution in agreement with the experimental results. 
On soap containing solutions the lower him is partly completed with the aid 
of molecules derived from the solution and the rate of solution accordingly 
loses its autocatalytic character. Under such circumstances the rate of 
transition of the unimolecular to the bimolecular layer follows a simple 
unimolecular law. 
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Summary. 

The rates of solution of unimolecular films of palmitic acid on alkaline solu¬ 
tions have been examined. It is found that over a wide range of alkalinity 
a new form of film is stable, and it is suggested that this form consists of a bi- 
molecular leaflet, analogous to the elementary leaflet in a soap bubble. On 
weakly alkaline solutions the lower layer of the bimolecular film is less closely 
packed than the upper layer, the closeness of packing, however, increases with 
increasing alkalinity. The process of solution of a unimolecular film com¬ 
mences at nuclei formed by adsorption of soap molecules underneath the 
surface, and, consequently, when there is initially no soap in the bulk of the 
solution the dissolution process is autocatalytic in character ; with increasing 
quantities of soap in solution the process loses its autocatalytic character until 
finally the rate of solution is proportional to the area of unimolecular film left 
exposed on the surface. 

We wish to thank the London County Council and the Department of 
Scientific and Industrial Research for grants which have enabled one of us 
(C. G. L.) to take part in these investigations. 



356 


The Electrical Condition of Hot Surfaces during the Adsorption 
of Gases. Part III.— A Platinum Surface at Temperatures 

up to 850° C\ 

By G.1. Finch and J. C. Stimson. 

(Communicated by Prof. W. A. Bone, F.R.S.—Received March 29, 1929.) 

Introduction. 

The experimental results on the electrical charging of gold, silver and nickel 
surfaces, as set forth in Parts 1 and II* of the present series, have led to the 
conclusion that there are at least five different types of adsorption of a gas on a 
hot metallic surface, each of which can be clearly defined in terms of the nature 
of the charge on, and the tenacity with which such charge is retained by, the 
surface. In three such cases the adsorbed gaseous molecules are in an active, 
electrically charged condition. Before the full significance of these obaerva* 
tions in their bearing upon the nature and mechanism of heterogeneous catalysis 
can be properly appreciated it will be necessary to accumulate systematically 
further facts relating to the electrical condition of hot surfaces ; and with this 
object the investigation is being extended to a variety of different surfaces. 
An account is given below of the experimental results obtained with a platinum 
surface at temperatures up to 850° C. 

Experimental. 

The apparatus used and the experimental procedure followed was as pre¬ 
viously described.! Platinum specially supplied by Messrs. Johnson and 
Matthey, and stated by them to contain over 99 * 5 per cent. Pt and to be free 
from non-platinum metals, in the form of a 22 S.W.G., 6 by 10 cm. sheet, to 
which was fused a 25 S.W.G. similar platinum wire, was employed and will be 
referred to in what follows for the sake of brevity as the surface. The charges 
were measured by means of a Lindemann quadrant electrometer. 

* ‘ Roy. Boo. Proo.,* A, vol. 116, p. 379 (1927); vol. 120, p. 236 (1928). 

f Loc. cit. (The surfaoe under investigation oocupied a comparatively small section of 
the furnace, the whole length of which had been previously explored in the usual manner 
by a thermocouple for uniformity of temperature. The temperature of the zone actually 
occupied by the platinum sheet in these experiments would not vary from the maximum 
experimental temperature of 860° C. by more than ± 15° C.) 
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Experimental Results, 

As found previously in the case of gold, silver and nickel, the charge acquired 
by the hot surface in contact with any of the gases employed was found to be 
independent of the gas pressure within wide limits (between 1 and 760 mm.)* 

In the cases of gold and silver, the surfaces on heating soon settled down to 
such a condition that the charges on the surface, whether in vacuo or in contact 
with gases, were readily reproducible in successive experiments. On the other 
hand, the nickel surface at first exhibited certain apparent irregularities in this 
respect which, however, as described in Part II, disappeared after the surface 
had been “ normalised ” by a series of successive oxidations and reductions. 
The results obtained with the platinum sheet were such as to show that the 
condition of this metal was even more influenced by its previous history of 
heat treatment than was nickel. While the full significance of the behaviour 
of the platinum sheet in our experiments is as yet not clear, nevertheless in 
what follows the results obtained are set forth in detail because it is highly 
probable that these observations may help in the future to throw light upon 
the reason for the frequently observed pronounced differences in the catalysing 
powers of various platinum surfaces. 

Series A.—Preliminary Experiments with the Platinum Sheet up to 500° C. 

The platinum sheet and wire were treated with boiling fuming nitric acid 
and then washed with distilled water, after which treatment the surface was 
suspended in the vertical quartz vessel, the necessary handling being effected 
with quartz-tipped pliers. The surface was heated in vacuo (below 10"* B mm.) 
at 500° during 7 days. No charge was exhibited by the surface at any time 
during this period. This unexpected result was repeatedly confirmed in the 
following manner:—With the insulated surface connected to the electrometer 
and exhibiting no charge at room temperature a cliarge of -j-I *019 volt above 
the earth potential was impressed upon it by means of a standard cell. 
The surface-electrometer system was found to preserve the impressed charge 
practically unimpaired during 1 hour. On earthing and reinsulating the 
system the charge fell to 0-00 volt and remained at this value. This test was 
repeated with —1*019 volt impressed on the surface-electrometer system at 
both room temperature and at 500° with a similar result, showing that the 
insulation of the system was above suspicion. 

At 500°, on admission of hydrogen* to the apparatus, a constant hydrogen 

* To a pressure of, in this oase, approximately 200 mm. It has been previously shown, 
however, and repeatedly confirmed in this investigation, that the rate of attainment and 
magnitude of the charges due to the contact of the hot surfaces with a gas are wholly 
independent of the pressure of the gas within the range of I and 760 mm. 

2 B 2 
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charge of —1*36 volt was acquired by the surface within 60 minutes. The 
corresponding charge temperature curve, recorded in fig. 1, curve H 2 (1)> 



was confirmed several times, both with rising and falling temperature. A 
remarkable feature of this curve is that, whilst above 360° the surface exhibits 
the usual negative hydrogen charge, below 360° the charge becomes slightly 
positive (+0*05 volt) and persists as such even at room temperature. It was 
at first thought that this slight but distinct positive charge might be a spurious 
one and due to a possible shift in the zero of the electrometer, but this sup¬ 
position was disproved by repeated earthings of the surface-electrometer 
system followed by reinsulation, whereupon the positive charge of 0*05 volt 
was slowly restored. 

On evacuation to below 10" 5 mm. at 500° the hydrogen charge of —1*36 
volt at first rose within 5 minutes to —1*81 volt and then fell slowly in the 
course of 5 hours to —1 • 61 volt, at which value the charge remained unchanged 
during three full days* further evacuation at 500°. Oxygen was now admitted 
to the apparatus, whereupon the charge fell slowly, attaining a constant value 
of 0*00 volt at 500° within 3 hours. After 24 hours further heating at this 
temperature, during which the charge remained unchanged and the insulation 
and shielding of the electrical circuit were frequently checked, the apparatus 
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was evacuated, whereupon the surface began to charge up negatively, a con¬ 
stant value of —1-36 volt being attained within 3 hours. The results of 
further experiments of this series during which the temperature was main¬ 
tained at 500° C. may be conveniently summarised in the order in which they 
were carried out as follows, the respective charges being in all cases constant 
values:—Hydrogen, +0*38 volt; in vacuo , —1-10; oxygen, +0*05; in 
vacuo , —1*01; oxygen, 0-00; in vacuo , —1*13; oxygen, 0*00; in vacuo , 

— 1*13; oxygen, 0*00; in vacuo, —1*13; hydrogen, +0*04; in vacuo , 
—1*11; hydrogen, +0*04; in vacuo, —1*11; oxygen, 0*00; hydrogen, 
+0*20; in vacuo , —1*19; oxygen, 0*00; hydrogen, +0*20; in vacuo , 
—1*19; oxygen, 0*00; in vacuo , -1*19; hydrogen, +0*20; in vacuo , 

— 1*19; oxygen, 0*00; in vacuo,— 1*19; hydrogen, +0 * 20 ; oxygen, 0*00 ; 
hydrogen, +0*20 ; oxygen, 0*00 ; in vacuo, —1*19. 

The time of evacuation to below 10~ 6 mm. at 500° necessary to remove the 
constant oxygen or hydrogen charge and to restore the in vacuo charge was in 
each case about 60 minutes. With hydrogen the oxygen charge could be 
burnt off and the hydrogen charge established within 5 minutes. Similarly, 
the hydrogen charge could be completely replaced by the oxygen charge, or 
the in vacuo charge by either hydrogen or oxygen, within 5 minutes. 

Thus after the treatment outlined above the in vacuo, hydrogen and oxygen 
charges at 500° C. on the platinum surface had settled down to constant and 
reproducible values of —1*19, +0*20 and 0*00 volt respectively. With the 
surface thus “ normalised ” at 500° the corresponding charge-temperature 
curves were determined and are recorded in fig. 1 curves vacuo , H 2 (2) 
and 0 2 . 

In view of the fact that the surface was now in such a condition that it 
exhibited a charge at room temperature, whether in vacuo or in contact with 
hydrogen, electrolytic gas was admitted to the apparatus with the object of 
seeing whether the surface was in such a condition as to be capable of promoting 
the combustion of this gas at room temperature. The result of this experiment 
was negative, no contraction in the volume of the electrolytic gas being noted 
during 24 hours. It is true that the gas in contact with the surface was stagnant, 
no provision having been made for adequate circulation ; furthermore, since 
the ratio of surface to weight of the platinum sheet was low, heat evolved as 
a result of any possible catalytic action would have been rapidly dissipated, 
thus preventing any marked rise in the temperature of the actual surface itself 
of the platinum sheet. We hope in the near future to repeat this experiment 
in a more suitable apparatus, in which provision will be made for adequate 
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circulation of the gases, together with removal of the product of combustion, 
and also for suitable temperature control. 

Series B.—Experiments with the Platinum Sheet up to 660° C. 

The temperature of the surface in vacuo was now raised from 500° (—1 -19 
volt) to 660°, whereupon the charge became constant at —1*00 volt. The 
corresponding charge-temperature curve was then determined and is recorded 
in fig. 2, curve vacuo (1). 



In the next experiment the hydrogen charge-temperature curve was deter¬ 
mined and is recorded in fig. 2, curve H 2 , On evacuation at 660° the in vacuo 
charge (—1*00 volt) was restored within 5 minutes. The oxygen charge- 
temperature curve was now determined and is recorded in fig. 2, curve 0 2 . 
The apparatus was then evacuated and the charge gradually became more 
negative, a constant value of —0*82 volt being attained in about 40 hours. 
Thus, the treatment of the surface with oxygen had resulted in a change of 
the value of the in vacuo charge from —1*00 to —0*82 volt. The new in 
vactw charge-temperature curve is recorded in fig. 2, curve vacuo (2), and it will 
be seen that it is similar to the curve vacuo (1) but shifted somewhat to the 
right, ix., towards the region of higher temperatures. Repeated experiments 
were now carried out with hydrogen, oxygen and in vacuo , the results of which 
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confirmed those recorded in fig. 2, curves H 2 , 0 2 , and vacuo (2), thus showing 
that the surface was now “ normalised ” at 660°, 

Series C.—Experiments with the Platinum Sheet at Temperatures up to 850° C. 

The temperature of the surface in vacuo was now raised from 660° (—0*82 
volt) to 850°. The charge gradually changed in the course of 2 days to —0*48 
volt at which value it remained constant. The corresponding charge-tempera¬ 
ture curve was then determined and is recorded in fig. 3, curve vacuo. The 



Fig. 3. 

further experiments and results of this series may be conveniently summarised 
in the order in which they were carried out as follows, the charges recorded 
being those observed at 850° Oxygen, —0*15 volt; vacuo, —0*48 ; Hydro¬ 
gen, —1*16; oxygen, —0-15 ; hydrogen, —1*16; vacuo, —0*48; argon, 
—0*74; vacuo, —0*48; nitrogen, —0*55 ; vacuo , —0*48; carbonic oxide, 
—0*69; vacuo , —0*48; carbonic oxide, —0*69; oxygen, —0*15; carbonic 
oxide, —0 * 69 ; vacuo , —0 * 48 ; carbon dioxide, —0 * 40 ; vacuo , —0 * 48. 

It will be seen from these results that the surface was now fully " normalised,” 
the results being reproducible at will, irrespective of the nature of the gas with 
which the surface had been previously in contact. The corresponding charge- 
temperature curves are recorded in fig. 3, curves vacuo , 0 2 , H 2 , Ar, N 2 , CO, 
and C0 2 . The charge due to any of the gases examined could be removed 
and the in vacuo charge restored by evacuation at 850° C. within 60 minutes. 
When the surface, previously exhibiting the in vacuo charge, was brought 
into contact with any of the above gases at 850° the corresponding charge was 
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fully established within 5 minutes. Likewise the hydrogen or carbonic oxide 
charge at 850° could be completely removed and the oxygen charge fully 
established, or vice versa , within 5 minutes after admission of oxygen to the 
surface. 

Series D. Experiments with Mixtures of Non-reacting Gases at 850° C. 

In order to obtain a comparison between the relative charging effects upon 
the surface of different non-reacting gases experiments were carried out in 
which mixtures of two such gases in varying proportions were admitted to the 
apparatus. The results are given in Table I. 


Table I.- Charges on a Platinum Surface at 850° C. 


Gas. 


Charge (volts). 


In vacuo . 

Oxygen ... 

—0*48 

“-0*15 

Hydrogen .. 

— 1*16 

Carbonic oxide.. 

-0*69 

Argon .. 

-0*74 

Nitrogen . 

-0*55 

Argon -f- 2 per cent. O a . 

-0 15 

Argon *4’ 2 percent. H a ... 

-1*18 

Nitrogen -f 2 per cent. O a . 

-0*15 

Nitrogen 4- 2 percent. H a .. 

-1*10 

Argon 4- 50 per cent. N t . 

-0*03 

Hydrogen 4* 50 per cent. 00 . 

-1*16 


Discussion of the Results , 

The results recorded in Series A show clearly that the surface of a freshly 
rolled sheet of the platinum employed is in an unstable or “ un-normalised ” 
condition until it has been heated alternatively‘in contact with hydrogen and 
oxygen. A similar effect had not been noted in the case of either gold or 
silver. This does not, however, by itself justify the conclusion being drawn 
that the latter metals differ as regards “ normalisation ” in the sense previously 
used by us from platinum; because the previous history of the gold gauze 
used for the purpose of the experiments described in Part I included several 
oxidations and reductions at temperatures up to 600°, and the gold and silver 
sheets were first heated to 850° C. before being brought into contact with gases. 
It is possible, therefore, that in the case of the gold and silver surfaces hitherto 
examined that these had been fully “ normalised ” by the heating in vacuo 
to which they had been subjected before the actual charge-temperature 
measurements with gases were carried out. It must not be overlooked, however, 
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that the results obtained with nickel (Part II) show that heating alone to 
850° C. did not suffice to “ normalise ” this surface. In connection with this we 
are carrying out with a fresh gold sheet further experiments at low tempera¬ 
tures, and the results so far to hand show no evidence of the gold behaving 
otherwise than normally. Thus it would appear that of the four metals so 
far examined by us, two, viz., platinum and nickel require alternate oxygen 
and hydrogen treatments before they become “normalised,” i.e ., exhibit 
constant and reproducible charge-temperature relationships. In connection 
with this attention may be drawn to the results obtained by Smith* in his 
studies on the sintering of metals. Smith found that the sintering temperature, 
i.e., the temperature at which the rate of conversion of the microcrystalline 
and amorphous arrangements of the atoms on the surface begins to change 
rapidly into the macroscopic variety, of gold and silver were 200 and 180° C. 
respectively; but that nickel and platinum only commenced to sinter at 
temperatures in the neighbourhood of 700° C. It would seem highly probable, 
therefore, that “ normalisation ” of a metal surface in the sense employed 
above involves a structural change in the arrangement of the surface atoms of 
the metal sheet. Further, in connection with this, reference might here be 
made to the observations of Bone and Andrewf who found that the subse¬ 
quent activity of a gold surface in promoting the union of “ detonating gas ” 
(2CO + 0 2 ) at 320° was greatly reduced if the surface was kept over a pro¬ 
longed period in vacuo at room temperature, a fact which is indicative of 
structural changes having been brought about as a result of such cooling. 

The final charge-temperature results of Series A which are recorded in fig. 1, 
and were obtained after the surface had been normalised at 500° 0. by repeated 
oxidations and reductions, are specially significant in that the surface exhibited 
a definite positive charge of 0*19 volt either in contact with hydrogen or in 
vacuo at room temperature. As has been stated above, a preliminary experi¬ 
ment carried out with the object of seeing whether the surface in this con¬ 
dition was in a vspecially active condition catalytically was carried out with a 
negative result. In connection with this we are, however, carrying out further 
experiments, and the results so far to hand aflord considerable support to the 
view that the platinum surface was, at the close of the experiments of Series 
A, in a catalytically active condition, and that such condition is associated 
with a positive in vacuo or hydrogen charge at room temperature. 

“ Normalisation ” of the surface by reduction followed by oxidation at 

♦ * J. Chem. Soc.,’ vol. 123, p. 2008 (1923). 

f ‘ Roy, Soc. Proc.,’ A, vol. 109, p. 459(1925). 
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660° left the surface at room temperature uncharged in vacuo but still exhibiting 
a positive charge in contact with hydrogen. A similar process carried out 
repeatedly at 850° completely removed all trace of such super-activity of the 
surface, which no longer showed a charge at room temperature ; the results 
obtained with platinum “ normalised ” at 850° C., resembling in character 
those obtained with the metals previously examined, and thus supporting the 
hypothesis put forward in Parts 1 and II to account for the charging up of a 
hot metal in vacuo or in contact with gases. 

The fact that the charge due to any of the gases examined in contact with 
platinum were readily removed (within 45 minutes) solely by evacuation at 
850°,shows that only types I and Hof the five possible types of adsorption* 
which we have so far been able to distinguish are met with in the erase of 
platinum. 

Results of experiments upon the charging up of hot nickel and platinum 
surfaces in contact with non-reacting gaseous mixtures are given in Part II 
(p. 240) and in the present paper (Table I). Although this particular experi¬ 
mental field has not as yet been systematically explored, nevertheless the 
results so far obtained enable the gases examined to be arranged into an order 
of increasing activity with which they charge up a hot metal surface. Thus 
at 850° the in vacuo charge is displaced, and the respective gas charge wholly 
established by a partial pressure of only 1 mm. of any of the gases so far 
examined by us. Argon (—0 • 74 volt) and nitrogen (—0 • 55 volt) are practically 
equal in their effect, since a mixture of the two gases in equal proportions 
gives a surface charge (on platinum) of — 0*63 volt, whilst argon or nitrogen 
with 2 per cent, of oxygen or hydrogen imparts to the surface the oxygen or 
hydrogen charge respectively. The charge due to an equivalent mixture of 
carbonic oxide or hydrogen and oxygen is always nearer to the oxygen charge, 
from which it may be concluded that of all gases oxygen is the most active in 
charging up the surface. Thus the above gases may be placed as follows in 
order of increasing activity in charging up a hot metal surface :— In vacuo : 

{nitrogen} ’ carbonic oxide '> hydrogen; oxygen. 

It will be noticed that when the temperature of the platinum surface, 
" normalised ” at 500°, was raised for the first time to 660° in vacuo , the corre¬ 
sponding charge was only established after about 48 hours. On first heating 
to 850° a similar period elapsed before the in vacuo charge at this temperature 
was exhibited by the surface. On subsequent occasions, howeveT, the in 

* Part II, p. 244. 
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vacuo charge was always rapidly established (within 60 minutes). These 
facts strongly support the view put forward in Part II (p. 241) that the in 
vacuo charge is probably a result of structural changes of a permanent nature 
in the arrangement of the surface atoms of the metal sheet. 

Summary . 

The electrical charging of a platinum sheet in contact with various gases 
and in vacuo has been studied at temperatures up to 850° C. The following 
facts have been established :— 

(i) The platinum sheet becomes electrically charged in contact with a gas 

or in vacuo, the temperature at which the charge is first exhibited 
depending upon its previous treatment. 

(ii) Oxidation, followed by reduction with hydrogen at 500° “ normalises ” 
the surface which then exhibits a positive charge at room temperature 
in contact with hydrogen or in vacuo. 

(iii) When heated to 660°, “ normalisation ” is again necessary whereafter 
the surface still exhibits a positive charge at room temperature when in 
contact with hydrogen but not in vacuo. 

(iv) After “ normalisation ” at 850° the surface no longer gives a charge at 
room temperature. 

(v) The charge on the “ normalised ” platinum sheet due to a gas is character¬ 
istic of the latter, and dependent on the temperature, but is independent 
of the gas pressure between i and 760 mm. 

(vi) The charge due to any of the gases examined can be rapidly removed 
by evacuation at 850°. 

(vii) The experimental results obtained with non-combining mixtures enable 
the gases examined to be placed in an order of their increasing activity 
in charging up the surface. 

From these facts, in conjunction with those previously established and set 
forth in Parts I and II of this scries, it is concluded (i) that the “ normalising ” 
of a metal surface involves a rearrangement of the surface atoms by a process 
akin to sintering, and (ii) that platinum does not combine directly and form 
chemical compounds with any of the gases examined, some adsorbed gaseous 
molecules being condensed and forming an electrically neutral layer on the 
surface, and others held thereon by weak electrical attraction whereby one 
bond between the constituent atoms of each molecule is weakened. 

One of us (J.C.S.) wishes to thank the Department of Scientific and Industrial 
Research for a personal grant which enabled him to devote his full time to* 
this work. 
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(Communicated by A. S. Eddington, F.R.S.—Received May 6, 1929.) 

L '-Introduction. 

in a recent paper* Prof. A. Einstein has proposed equations determining a 
field containing both gravitational and electromagnetic phenomena, the 
underlying geometry being of a type which admits the possibility of giving 
.any arbitrary vector in the field a displacement which conserves parallelism 
at a distance. The purpose of the present paper is to try and obtain light on 
the new theory by applying it to a special case in which an exact solution of 
the usual gravitational and electromagnetic equations of the relativity theory 
is known. 

In § II we obtain this solution, that is to say, we determine a set of values of 
the g and which exactly satisfies the recognised relativity equations. It 
is found that this solution corresponds to an electrostatic field uniform in 
direction and nearly constant but with a slight exponential change of strength 
as we go along the field. 

In § III we deduce the explicit values of Einstein’s 16 quantities which 
link the g^ v and </> M to the variables employed in his new equations. 

In § IV wo test whether the new equations proposed by Einstein are satisfied. 
It is shown that the new equations are satisfied to the first order but not 
•exactly. That is to say the new equations are not equivalent to the old beyond 
the first order. We here consider the electrical quantities as of the first order 
whilst the gravitational effects are of the second order. (Einstein himself 
always speaks of the agreement between the old and new equations being to 
the first approximation, but it was not very clear from his paper, whether this 
implied that they differed in terms of higher order, or merely that the investi¬ 
gation had not been carried beyond the first order.) W'e have also examined 
the law — 0, suggested but not actually developed as a likely field law 
by Einstein. This is also only found to be true to a first approximation. 


* * Berlin Akad. Sitzb.,’ vol, 1, p. 2 (1929). 
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II .—The Gravitational Field of an Electrostatic Field of Uniform 

Direction. 

The metric is taken to be dn 2 — g u dx A 2 — g n dx x 2 — g 22 dx 2 2 — # 33 dx£ 
where the g^ v are all positive. It is assumed that the g^ v are functions of x x 
alone and that g 22 = g S9 . The electromagnetic potential vector 

(^4? ^2? ^ 3 ) = 0) 


and <f> A is assumed to be a function of x x alone. 

If F^ v denotes the electric and magnetic force vector, all its components 
vanish in this case except 


F 


41 


v u = 


where a dash denotes differentiation with respect to x v The condition for no 
electric charge or current in the field is 


dx v 


= 0, 


where 


ft*' = F^V — ff. 

In our case this equation reduces to 


whence 


4/=-2-a /Mu. 

4 V Tt v 9v.9vi 


where u.j±\/n is a constant of integration. 

The general expression for the electromagnetic energy tensor is 


E* 


F-F Mtt + JF*F*. 


Hence in this case the non-zero components of this tensor are 


E\ - - E% - - E\ - E 4 4 - 


q g 1 
32 tc g^ffzs 


The gravitational equations are now 
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where G MV is the contracted Riemann-Christoffel tensor. The surviving 
•Christoffel symbols for this metric are :— 


{11, 1 } = i — 

{12, 2} = £-I^- 2 , 

#22 

{13, 3} = *-^, 

033 *1 

{14, 4} = i — 

044 


{ 22 , 1 } 
{33, 1} : 
{44, 1} = 


. 1 _L %22 ; 
011 ^*1 


■* 


1 <^a.i 

9u dx i ’ 

i J_ ( ISm 

9n dx i 


In virtue of the assumption g t% = < 7 38 the equations (1) reduce to three, viz.:— 

i ± JL/Sfetff-. l 1 1 ^44 | i 1 1 jgu %44 

9u9u\ d *i 1 9n #44 d x i 2 9\\9\\d x i dx x 

1 / I , 1 /d# 2a \* , 1 _1 4#n dg 22 \ _ a 2 (11) 

#u W*a # 2a 2 ^ «&i / *7n #22 *1 ' *#22 2 ' 

li. JL ^#44 ^#11 __ 1J. ^ 8 ^44 j 1 ^ ^ 

9u9n dx x dx i 9n9u ^i 2 9n9^ dx J 

— 1J- .L JL -s _— t (1.2) 

#44 #11 #22 ^*1 ^82 2 


1 JL ^#82 _ Jl _J_ 4gll _ 1 _L J- j ^22 _ _ J?L (1.3) 

#11 ^*1* ^ #11 2 ^1 #U #44 4# 2 2 


The equations (LI) and (1.2) are identical if 

JL ^82 _ 1 1. jdg^ 1 1 f d 9\l %22 1 Jj L ^#44 %22 ^ (1 4 ) 

#22 ^1* # 2 2 2 ^ t ^l #U S'22 d&i dx x g 22 $44 

whence 

= AV0aa0u044- < 1>8 ) 

where A is a constant of integration. 

Again (1.4) and (1.3) are identical if 


or 


(j~L JL^ + £-i -1- { Mn | I J. J_ dg&\d£j$ 

t #n #« #n #22 dx j # n dxj J da^ 




_£l 

W 


( 1 . 6 ) 
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Hence we may replace the three equations (1.1), (1.2), (1.3) by the equivalent 
ones (U), (1.6), (1.6). 

If now 


9i 2 = e - ** 1 , 


we have, by (1.5), if A —- 
and (1.6) now becomes 

whence 

Hence 


— a, that 
9u9 




#44 = e"* 1 . 


ffn — 


2uXj 

1 I 


and it is found on substitution that these values of the g^ v now satisfy (1.1). 

Hence finally a rigorous solution of the gravitational and electrical field 
equations is 

ds 2 = c nXl dxf — c~ 2wJtl dx i a — c"“ ,4Xl dx 2 2 — e"**** tfx 3 2 , 


^4 = 




^ ^ o, < f > 2 - 0, <£ 3 = 0. 


To show that this represents an electrostatic field uniform in direction and 
nearly constant but with an exponential increase of strength as we proceed 
down the field, we determine the electric force which would be measured by 
an observer at an arbitrary point P 5= (x, a, 6, c) in this field. We first 
transfer the origin to P by means of the transformation 

X 4 - e*- (x, - t), X x - e— (x t - a), 

X a = e~ iaa (x 2 — 6), X 3 = e~** a (x 2 — c), 


which leaves the expression for the line element unchanged in form, viz.:— 
ds 2 = e tt ' Xl dX 4 « - e~ 2 *' x 'dX* - e—'*> dX 2 2 - c wx ‘ tfX 3 2 

where 

a' = ac aa . 


We now transform to natural co-ordinates (X 4 , X v X 2 , X 3 ) at P by means of 
the transformation* 

X* == X< - } {pq, *}p X^X^ (i, p, ? = 1, 2, 3, 4), 

where {pq , %}? denotes that the value of the Christoffel symbol at P has 
been taken, 

* A. S. Eddington, 4 Math, Theory of Relat.,’ chap. HI, 
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This transformation is 


x 4 - X 4 - KX x X 4 , x 5 - X x + K*i 2 - ia'X 4 2 - Ja'X 2 2 - Ja'X,*, 
x 2 - X 2 + KXiX 2 , X 3 - X, + KXjXs. 


The electromagnetic potential vector (<f> 4i 0, 0, 0) at the point P in the x 
co-ordinates now becomes (<£ 4 , <f> v <j> %i <f>%) in the X-co-ordinates where 



The corresponding electric and magnetic force vector at P is given by 


(P\i)r — (^h)p — 



OL 

±\/ti 


cue 0 ** 
4\/tc ’ 


all the other components of this tensor being zero. 

Hence the electromagnetic force measured at P is an electric force in the 
direction of the z-axis, constant at any given point, but increasing in magnitude 
exponentially as we travel down the field. 


Ill- The Values of Einstein's Sixteen K k fl . 

We take the line element and the electromagnetic vector potential to be 
respectively. 

ds 2 = — e~ >laXl dxf —* fr aXl dx 2 i — dxf, 

& = R *, = o, >3 = o, 

where we have added the constants — and $<x to the previously obtained 

2Vjc 

values of <f> A and respectively, as may always be done. 

Prof. A. Einstein describes the field by means of 16 variables, *A M , which he 
connects with the and by means of the equations 


^ by 

<f>tL = A M „ = 


s, {x, v — 1, 2, 3, 4), 

t&K &h a \ 

, dx a <&£/ * 

(#. a, fx = 1, 2, 3, 4) 


( 2 ) 

(3) 


_ minor of *h a in | *h a | 

r*-i 


where 
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In our case the equations (2) are 

e°*‘ = S V. ~ e- 2 ** = £ V> - = £ 'A,* 

# - 1 * - l f » 1 

- c—*. = s V, 0 = £ (h# v = 1, 2, 8, 4). 

«= x ( = 1 

We obtain a particular solution of these equations if we put all the except 


4 A 4 , 3 A 3 , Vi ai 1 A a , 4 /i x , l h A equal to zero so that these 10 equations reduce to 5, 

viz.:— 



i 

13 

= V + 1 *!*. 

( 2 . 1 ) 

_ (>~ aX l 

- 2 /* 2 2 , 

( 2 . 2 ) 

_ 

- *a 3 «. 

(2.3) 

(> a *\ 

- V + %*, 

(2.4) 

0 


(2.5) 

These equations are satisfied by 



4 A 4 = e ia * 1 cosh v, 

l h 1 cosh 


4 /ij = e~ a * 1 sinh v, 

X A 4 — i e* a *» sinh t; > 

( 2 . 6 ) 

3 A 3 = ie-i**', 

a A 2 =s ie~* aZ ' 


where i — y' ~~ 1 and v is an undetermined function of x x . 

To determine t> 

we use the equations (3). 



We first calculate the sh* 1 . 



We have 

h = \%\ = a /i 3 a A a - ^‘A,) = - 


Hence 

4 A 4 = e~^ x cosh v, 

yh 1 — — i e°* % cosh v 1 


T A 4 = ie~*** 1 sinh v, 

4 ft 1 = — e ** 1 sinh v 

>. (2.7) 

3 A* = — ie* 0 * 

jA* = — 


The four equations (3) now reduce to the two, viz.:— 


wXj 

dx x ‘ 

! . (3-1) 

1 ) = 
2 V n 

= 4!!** + 4 A 1 ^. 

CuJJj flkiC'l 

(3.2) 


2 o 
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On substituting the value (2.6) and (2.7) of the and respectively, we 
find that the equation (3.1) reduces to an identity whilst the equation (3.2) 
becomes 


whence 


— 1 ) = «•**■ 
2 y7t 


dv 

<v 


- - / JL - 1 - A it Off» — 

2 \3a * 3a a r 


(3.3) 


the constant of integration being determined so that v ~ 0 when a “ 0. 

Hence the V* M and Ji* 1 given by the equations (2.6), (2.7) and (3.3) are a 
solution of the equations (2) and (3). 


IV.— Einstein's Field Equations . 

We now examine whether or not the set of 7^ and <f>^ given in the 
previous paragraph, satisfy (to a first approximation) the field laws given for 
them by Prof. A. Einstein.* 

These equations are 

®V A V = °, ( 4 ) 

0 , ( 0 ) 

where 

AV = A*„ — A%, and A* ffr = t h* iA? . 

Underlining a suffix means raising or lowering it. 

8 = h[A* k$ + fa*,). 

A semicolon denotes the “ affine derivative/’ r.g., 

A = .A A # 

A* ; „ = + A*A M a<r , 

A solidus denotes the “ affine divergence ” of a tensor, 

*"7, = A\a* + Avr", 

OXf 

where 

Xf* = hT* 

h = 

* Loc, eit., equations (10a) and (11). 


and 
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The AV which do not vanish are 

A‘n = 2y ^ <r ’* Xl ^ ~ 1J A * 21 = A3si = - £*’ 

AV--., iV_ 2 -i-(a-.-l). 

A 4 ,! = *«. 

On substitution of these values for the A\ v and the known values of 
(^ 4 » <f>v ^ 3 ) we bad that the only 33 **, which do not vanish are 
® 4 41 ^ _ ®4 U = — iae“^, 

® s »4 = - * 3 43 = - jrV e_,< ^ («*“** - 1). 

4\f7Z 

93*24 = - = - ffV ^ “ J >» 

4 S\/ 7 t 

and, of course, in our ca80 ‘ The should satisfy the 

fundamental identity 

a3*w. = ^ - A‘ tB ®*„ - A‘ ea <8% ( = 0, 


and it is verified that our values satisfy it. 

If we examine the vanishing of the other divergence, i.e., $%«/, = 0 , which 
Prof. A. Einstein seems to consider as a possible field law, we find that it is 
satisfied by our values except in the case of the following components - 


aiV. 


^Jl+2A 4 41 S 4 41 = i« 2 e-‘“', 

OX J — 


which, it is observed, can vanish only to a first approximation, i.e., provided we 
neglect the second and higher powers of a. 

We now examine the field law actually given by Prof. A. Einstein, i.e., the 
equations (4) and (5). Since all the 58“*, are zero in our case except those of 
the forms 93“ M , 93%,, the equations (4) become (the summation convention 
being suspended) 

£ 2jl + s {A%,®'„ + A* m 93‘4 = 0 (ot = 1, 2, 3, 4), (4.1) 

«-i ox, «-i — — 

and 

+ E {AV®%, + A%*®\. + 93% a (AV - A*.,)} = 0 

0 ® ,-l - - - 

(a * k = 1, 2, 3, 4). (4.2) 
2 o 2 
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On substitution, we find that the set of equations (4.1) reduce to one, viz . 

+ A^SJ 4 ^ “ (**®) 

and the set (4.2) to one, viz., 

A 1 *® 4 * - 0, (4.4) 

the rest being identities. 

On substituting our values of S3 4 4I , A x 41 , A 4 41 into (4.3) and (4.4) we find that 
the former is rigorously satisfied whilst the latter reduces to 

- 1) e-*-> = 0, 

7T 

which is satisfied to a first approximation only, ?>., if the second and higher 
powers of a are neglected. 

The equations (5) are 


where 


2 [*(&.-.- <£«;*)] + 2 A fc to [*(^ ; .-^.|)]«0 f 

a — 1 0X a ~ “ 1, a =a 1 

- ~ 1 


All the (</>*..„ — <£„.*.) are zero in our case except 


(*j: i - M = - (*i:4 ~ &:i) = e** 1 («*- ~ D- 

On substitution the equations (5) reduce to the two: 

— [A (04 ; i — &.J] + A 4 4 j [A (^«;i — 

whence it is found that the first equation is satisfied rigorously but that the 
second becomes 

- (e* 1 * 1 - l) s = 0, 

8rt 

which again is only satisfied approximately, if the third and higher powers 
of a are neglected. 

In conclusion, I should like to thank Prof. A. 8. Eddington, F.R.S., at whose 
suggestion the investigation was undertaken, for his interest throughout the 
progress of the work and his help during its preparation for publication. 
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A Collision Problem in the Wave Mechanics , 

By C. G. Darwin, F.R.S. 

(Received March 28, 1929.) 

In the present work the wave mechanics are applied to the discussion of a 
collision problem of a more complicated type than has, I think, hitherto been 
done. Though there is nothing very new in the process it is rather interesting 
to see how a wave function behaves which involves two bodieB, and is therefore 
outside our ordinary space intuitions. But the work had a much more general 
aim, as an attempt to see whether a sharper line of demarcation could be drawn 
between the particle-like and the wave-like properties of matter. Put briefly, I 
take a problem which would be regarded at first sight as irreconcilable with a 
pure wave theory, but thoroughly typical of the behaviour of particles, and 
show how in fact the correct result arises naturally from the consideration of 
waves alone. I have been led in this way to certain not very original specula¬ 
tions on the basis of the quantum theory and these are given at the end of 
the paper. These are not in the least intended to be a general formulation of 
the theory, but rather as an examination of a particular type of attempted 
formulation. I fear that the views expressed will be found partly obvious 
and perhaps partly inconsistent or even erroneous. My excuse for giving them 
is that the quantum theory seems already sufficiently developed for us to 
attempt something more than a mathematical formulation of it, and that a 
generally accepted physical understanding will be more quickly reached by 
agreement or disagreement with expressed opinions, than by waiting for the 
arrival of a full-grown theory. It has been an extraordinarily difficult task to 
express the ideas I intended, and 1 wish to thank Prof. D. R. Hartree for many 
valuable criticisms of my first attempts to do so, though he must be exonerated 
from all blame if tho final result is unintelligible or erroneous. 

1. The quantum mechanics have been expressed in a variety of ways, which 
place the emphasis differently, but it has been shown that they are all exactly 
equivalent, so that we may choose which we will, I shall use the following 
description, limiting myself to the simpler cases which do not involve con¬ 
siderations of relativity. We take a partial differential equation of the wave 
type, set down according to certain rules depending on the particular system 
considered. We solve this subject to certain boundary conditions, expressive 
of all the limitations imposed by slits, mirrors, diffraction gratings, moving 
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shutters, etc., that may occur in the proposed system, and obtain as result 
the wave function a function of all the co-ordinates of the system and of the 
time.* From this we form a set of functions, of which the simplest is | |* ; 

this process may be called taking the intensities. We next have to prepare 
for the particle aspect, by applying certain rules so as to normalise the intensities, 
a process entirely foreign to the idea of waves. Finally, we make the inter - 
pretation , in which we say that the normalised intensities measure the probability 
of the particles having such and such positions, momenta, energies, etc., and 
these are the results verified by observation. 

This procedure needs supplemeiiting in one particular which is important 
for our present purpose; without this extension it is limited to occurrences 
in which the conservation theorems hold. If for example we want to apply 
it to such a process as the passage of (3-rays through an absorbing foil, the 
method will only work if we include the atoms and electrons of the foil as 
variables in our equation, for only thus can the equation of energy hold. We 
are then forced to work out not only the motion of the (3-rays, but also the 
ionisation of the atoms of the foil, which is not observed and usually does not 
interest us. At the end, therefore, we estimate the probability for the [3-par¬ 
ticle being in any given position, etc., by taking an average over all types of 
ionisation which could be associated with that position. This is a most dis- 
couragingly complicated procedure, but still it is conceivably possible, and by 
its means we can extend the general method to occurrences which involve 
such processes as absorption. 

2. One of the most important points in the whole quantum theory, due to 
Heisenberg,| is that the observation of the partioles may only be made once, 
as it itself disturbs the Bystem in a way that is unknowable. Now in a great 
many experiments we observe a succession of events, and in order to conform 
to Heisenberg’s principle we have to regard the process as a sequence of 
experiments, each observation ending one and starting the next. Loosely 
speaking, at each observation we imagine the wave turned into a particle, and 
then for the passage to the next we turn it back into a wave. It was the main 
object of the present work to gain a clearer understanding of what happens if 
we refrain from making one of the observations which our instrument would 

♦ There is no hard and fast distinction between the conditions imposed by the boundary 
and by the form of the differential equation. Thus to represent a mirror we may either 
take the condition that yfr vanishes on its face, or we may include the other side of the 
mirror in the dynamical system, by taking a discontinuous potential field in the differential 
equation. 

t 4 Z. Physik,* vol. 48, p. 172 (1927). 
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allow, for we must then be able to carry the calculation through this stage 
of the experiment, without applying the process whioh I have called turning 
the wave into a particle and then back again. 

To make the matter more definite we had better have an example. Suppose 
that wc are observing the passage of (3-rays by means of Wilson clouds. We 
imagine the rays to be passing from a source through any system of slits, 
electric or magnetic fields, absorbing foils, crystals to produce interference, 
moving shutters, etc. Interposed at three places in their path are three cloud 
chambers whicli record their passage, and of course in doing so influence their 
motion, but we shall suppose not so as to stop it completely. The chambers 
are so disposed that all the rays that enter the second or third will have gone 
through the first. We observe the cloud tracks of the individual (3-rays in 
all three chambers, and the experiment consists in working out statistical 
relations between them—say that for every 10 particles in the first chamber 
there are 5 in the second and 3 in the third. Now the ratio 5 : 3 for the last 
two chambers will be obtained whether we observe the first chamber or not; 
but if we do not look at it, it must be legitimate to regard this chamber as one 
of the obstacles in the path of the (3-rays, on the same footing as the slits and 
absorbing foils. As it entails absorption, we must include its atoms in our 
wave equation in the manner described above. There is little doubt that the 
existing quantum theory would verify that the observations in the second and 
third chambers are the same whether we regard them as produced by a highly 
complicated “ interference pattern ” produced by the first, or whether we 
observe the actual passage of a particle through the first and regard the wave 
as restarted there. It would require almost the philosophy of the solipsist 
to believe that the first chamber gives a cloud track when it is watched and an 
interference pattern when unwatched; we have to suppose that the two 
descriptions are only different aspects of the same thing. This shows that 
what appears at first sight to be an effect which can only be attributed to 
particles may, on closer examination, and including more interactions in the 
system, prove to be explicable without going outside the consideration of 
continuous solutions of partial differential equations. 

The problem which I propose to discuss was dictated by these considerations. 
It was intended to represent what we may call an unwatched experiment, 
and to show how a discussion only involving the wave function would give 
spontaneously the results which simple intuition would suggest could only be 
due to particles. 

3. We shall first describe our ideal experiment in terms of particles, and then 



378 


C. G. Darwin. 


consider how it will appear for waves. On a small hole A in a screen (see figure) 
there is placed a film of matter composed of atoms of mass m. Incident on 

this fil m is a continuous stream of atoms 
of mass M and velocity V. The two 
types each carry an electric charge e t 
so as to repel one another—the general 
result would bo the same for any law of 
force, but this one has the advantage 
that the exact solution is known. In 
consequence of the collision both types 
of particle will be scattered away, each 
type giving rays in all directions, or at 
any rate in all forward directions. 
But that is not all, for the elementary 
principles of energy and momentum show that if M goes along AB, then m 
must go along a certain definite direction AC, and both particles must have 
prescribed velocities. We shall call such a pair of particles a coherent pair. 
If two observers watch for scintillations in the appropriately related places, 
they will always see them simultaneously.* The discussion of this coherence 
by the methods of the wave mechanics is the first half of our problem. 

Our object is next so to modify the experiment as to bring the coherence 
into evidence without directly observing it. Suppose that a mirror is put at 
any place B, so as to reflect regularly any particles which impinge on it. Some¬ 
where on the line of the reflected beam, at 0, we place a screen with a small hole, 
and at some distance beyond we observe the scintillations of the particles 
that come through according to their directions. In general we shall have 
two pencils emerging along the lines AC and BC respectively, each composed 
of both M and m, This will also be true even when the directions AB and AC 
correspond to a coherent pair, but with one exception. Suppose that the 
velocity of M along AB is greater than that of m along AC, then for one particular 
setting of the mirror the time taken by M to go along ABC will be exactly 
equal to the time taken by m to go straight from A to C, and the two particles 
will collide again, and will be scattered at C. The emerging atoms are now 
composed of a beam of M along AC and of m along BC (which do not interest 
us) but there will also be atoms of both types completely scattered in all 

* In addition to the scintillations of M at B, whioh are ooherent with m at 0, there will 
be scintillations of m at B, of which the partners do not in general fall at 0. These do not 
interest us. 
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forward directions by the seoond collision. The scintillations produced by 
these scattered atoms constitute the second part of our experiment. 1 '' 

We next consider the experiment from the point of view of waves, and shall 
see how hard it is to explain the second collision by a direct intuitive argument. 
If the incident M is a steady stream, there will be a plane sine-wave falling on 
A and on the further side there will be two sets of spherical waves, , one of 
type M and the other m, each with wave-length varying with the inclination 
to the direction of the incident wave. In the neighbourhood of the line AB 
the M wave can be represented as a certain sine-wave with amplitude varying 
inversely as the distance from A, and the reflexion will not alter its character 
as it goes along BC. When it comes to C it is in some way capable of acting 
on the m wave which has come straight from A ; for any other setting of B 
thero is no interaction. Now in wave theory we are quite familiar with cases 
where one special position produces an interaction far greater than any other, 
and find that such effects are due to interference. This cannot be invoked 
here, for a little consideration will show that the effect is totally unlike inter¬ 
ference. Suppose that we replace the mirror at B by two at E and F, arranged 
so as to reflect the beam on to the line BC in exactly the same phase, but by a 
shorter path. This wave will have the same wave-length and phase as that 
reflected at B, and yet we know by the particle theory that there will be no 
interaction at C. The only apparent difference is that the amplitude is larger, 
but it would be contrary to all experience to suppose that the amplitudes 
of two waves would affect their interference qualitatively. Moreover it may 
be noticed that there will be a second collision witli mirrors placed at E and G, 
provided that the path AEGC is equal to ABC; the angle between the two 
waves will now be changed, and yet they will interact, which again is quite 
unlike interference. The same sort of argument suggests that, whatever 
interaction there may be, it will have the wrong intensity, for we should expect 
the intensity of the scattered waves to be proportional to the product of the 
intensities of the two “ interfering ” waves, and so to the inverse fourth power 
of the distance AC, whereas with particles it is only proportional to the square. 

All this seems to show that the wave theory will find it hard to explain the 

* I cannot guarantee that the experiment is practicable, but a rough calculation shows 
that there is nothing in the orders of magnitude to prevent it. Tho holes at A and C must 
be so large that they do not themselves produce much diffraction, and yet so small that a 
large proportion of the pairs emergent at 0 have been close enough together to be markedly 
deflected by their collision. The firet condition requires the incident velocity to be largo, 
the second small; but taking the particles as electrons, there is a range over which it 
should be possible to satisfy both conditions. 
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second collision, but the argument is full of fallacies. We have been thinking 
of two superposed waves in three dimensional space, whereas it is really a 
single wave in six dimensions. We shall see that when the problem is properly 
worked out, the condition for the Becond collision is that there should be a 
considerable intensity in the wave function at a point at which the co-ordinates 
of M and m have the same value. We shall be able to show that this condition 
is only satisfied at C. 

4. In solving the problem 1 propose to use the method which I developed a 
year ago in connection with a number of problems of free motion,* In this 
method a wave function is constructed which itself fulfils all the conditions of 
the problem, by the device of building up “ wave packets ” by Fourier integrals 
out of the standard solutions of the differential equation. It is perhaps worth 
pointing out that the packets do not represent the separate atoms, they are 
merely a mathematical device for giving the macroscopic conditions of the 
problem. It is true that the conception was used by Heisenbergf in his 
discussion of the Uncertainty Principle; but this was because he was there 
concerned with such questions as the greatest precision with which a particle 
could be located, and a wave packet represents the nearest approximation to 
a point that is possible. Here the purpose is different, as we are not con¬ 
cerned with locating individual particles. We use the method merely as a 
way of putting down an expression which satisfies the differential equation for 
^ and conforms to the suitable boundary conditions. In this way we can 
constrict a stream of particles laterally to represent a slit, and if we want to 
know their velocity directly and without applying the formal quantum rules 
for the momentum, we can find it by a longitudinal restriction of the train of 
waves, because this train will be propagated with the group velocity. 

To the present writer it seems that the methods of the quantum theory now 
prevalent lay a very undue stress on the solutions of the ^ equation of the 
type called proper functions (or eigenfunctions). These functions have 
enormous practical advantages in that they are the only ones at all easy to 
discover mathematically, and being the simplest they are those we are apt to 
look for both theoretically and experimentally; but if we are to accept the full 
implications of the validity of the ip equation, we must admit that all its 
solutions are to be regarded as on an equal footing. This is, of course, nothing 
but a new aspect of two very old controversies, the first as to whether the 
general vibration of a string is represented by a function f(x — ct) or by an 

* * Roy. Soc. Proo., 1 A, voL 117, p. 268 (1927). 

t Lot. eit. 
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infinite series of harmonic terms, and the second as to whether red light is 
contained in white or is created by the spectroscope. These controversies 
were happily settled by the decision that both parties were right, and my point 
is that the present methods of the quantum theory show some tendency to 
deny this, by maintaining that the infinite series of harmonic terms is a more 
fundamentally correct aspect than the other. However that may be, there 
can be no question that by taking more general solutions of the ^ equation, 
we can reproduce the actual physical conditions of many experiments in a 
much more complete manner, often so much so that the evaluation of the 
intensities and the final interpretation become almost trivial. 

It should be quite possible to work out the solution with packets represented 
by any form of “ peak function,” but there is a practical convenience in using 
tho Gaussian function (r** 12 **, because the integrals that occur can then 
usually be evaluated explicitly at every stage, and the parameter a can be 
made to represent roughly the breadth of a slit, etc. Tho assumption of this 
particular function is, of course, a specialisation, and makes the process 
unsuitable for general theorems, but that does not matter, since we are here 
concerned with illustration, not generalisation. 

5. By virtue of the property of centres of gravity the solution for the 
collision of two free charged particles can be reduced to that of the motion of 
a single particle past a centre of force, and this has been discussed by Gordon,* 
Mottf and Temple. J I shall use a solution which is essentially the same as 
one described by Gordon and as Temple’s, but is perhaps simpler, and can be 
conveniently adapted for the present purpose. This consists in substituting 

<|i cs F (r — *). exp 

in the wave equation, for it then appears that F obeys an ordinary differential 
equation, which is easily discussed. We shall use this method, adapting it 
at once to our own problem. 

If the co-ordinates of M and m are respectively X and x (three for each) the 
wave equation for their interaction is 



* ‘ Z. Physik,’ vol. 48, p. 180 (1028). 
t ‘ Roy. Soc. Proc.,’ A, vol. 118, p. 542 (1028). 
x ‘ Roy. Soo. Proc.,’ A, vol. 121, p. 673 (1928). 
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where V x a , V* 2 are the usual operators associated with X and and r = | X — z | . 
We take two velocity vectors, U, u , and write 

C = r-(U-u,X - as)/|TJ - u\ (5.2) 

and substitute 

* i|/ = F(C) exp (t/A) {M (U, X) + m(w, 0 ) - } (MU 2 + mu 2 )/}. (5.3) 

This will, satisfy the equation (5.1), provided that F satisfies 

r <OT . dF * |U — w| Mm - dV e 2 Mm p { 

^ rfC 2 + h M + m ^ h 2 M + m 


and wc are thus led to discuss the equation 


where 

and 


dj 

' d? dt, 


i „ <IF 



6 — A (M + m)/Mm | U - u\ 


fJ s e 2 /A | U — u | . 


(5.4) 


(5.5) 


The equation is of hypergeometric type and its solution follows the usual lines 
so that we need only give the results. There are two asymptotic series 

Fi(o ~ m* {1 + wvm* + www - w •' + •••)] 

f 2 (0 ~ m-'-* {1 - wk) (*p +1) 2 + r> ( 5 - 6 ) 

+ (tA/TOP + 1) (ip + 2)P/2 ! - ... J 


and the particular combination of them which is finite at the origin is 

F (0 - v x (0 + F a (0 . fir (<p)/r (- ip). (5.7) 

If we substitute the leading terms in (5.3), then the term from Fj has exponential 
factor 

exp i (M (U, X) + m (u $ »)}/*, (5.8) 

and the other, after substituting for £ and 6, has 

exp i (rMm |U — w | + (MX -f mx , MIJ + mw)}/A (M + m). (5.9) 

Evidently the first corresponds somehow to plane waves and the second to 
emerging spherical waves, but as it stands the waves are spread all over space, 
so that the actual solution has little definite meaning. We must give it a 
meaning by olothing it with the details of our experiment. 

6. We first consider the problem without the mirror at B, so as to show that 
two suitably placed observers will always see scintillations simultaneously. 
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We have to represent m at rest near the origin, and M advancing towards it 
with velocity V, but on account of the uncertainty principle there is no such 
thing as a free particle exactly at rest in the wave theory. In nature the 
difficulty does not arise, because the particles of the film are held together by 
forces, but it would be troublesome to apply this method, since it would 
introduce a quantisation that is quite irrelevant to our problem. The alterna- 
tive is to concentrate the wave at a certain instant of time and then let it 
spread ; if the concentration is over a fairly large area the spreading will not 
be rapid. We shall suppose that the initial value of the part of the wave 
function concerned with m is y m —= e~** /2<r \ which implies a concentration 
roughly within a sphere* of radius a. By applying Fourier’s theorem we then 
take 

“ | exp — M* + i J {(«, x) — \nH) (Zm, du 2 dv 3 . (C.l) 


This can now be evaluated for any later time and (rejecting an unimportant 
outside factor) gives*)' e~** /2cr/| where o' 2 = a 2 + iht[m. 

Since m is now restricted to the neighbourhood of the origin it would be 
quite legitimate to take an infinite wave to represent the incident wave of M, 
but it will be convenient to be able to display the velocities of the two particles 
after the collision, and in order to do this we provide a “time marker/’ by 
limiting the length of the incident train. It is hardly an extra complication 
to limit the breadth as well, and makes the treatment more uniform, but we 
can conveniently mark the distinction between the forward and crosswise 
directions by shaping the packet as a spheroid instead of a sphere. We there¬ 
fore take 


= J j (U , 2 + IT,-) 


o 2 M 2 
2 A 2 


(U 3 - V) 2 


.-Mi 


+ i f {(U, X) - dV t dU 2 dV n . (6.2) 


This represents a wave, roughly concentrated inside a Bpheroid of axes t, t, u, 
advancing towards the origin along X 3 with velocity V. Like the tn wave it 
will spread with the time, and we have supposed it so adjusted that it will 
come to a “ focus ” at time zero round the origin.^ 

* It would be just as easy to work with an ellipsoid instead of a sphere, but would make 
no essential difference, and would unnecessarily increase the number of our symbols. 

f For details see my paper, loc> cit. 

J If r, v are complex it would be focussed at some other time, but still on the axis of X 3 ; 
if a factor exp — iMI^A/A is included in the integrand, it will focus at the point A, 0, 0. 
Any modifications of this kind are easily inserted, but nothing is gained by the generality. 
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It is now clear what the solution of the wave equation must be, for part of it 
must represent the product asymptotically. We therefore take 


r(0) 

^ ss d\J 1 ... diift exp 




2A 2 ' 


exp (</*) {M (U, X) + m («, a) - * (MU 2 + mu*)f} F (Q, (6.3) 


where £ is given by (5.2) and F by (5.7). This will be the sum of two terms 
corresponding to the two asymptotic series of F. These series are valid as 
long as £ is not small, that is to say, excluding from the six-space those regions 
round the forward direction, where X x =* x v X 2 = x 2 and X 3 has any value 
greater than # 3 . 

The function F contains factors which are not amenable to direct integration, 
but it is easy to see how they may be removed. The chief contribution to the 
integral is derived from the range determined by the quadratic exponentials ; 
it is roughly speaking the range for all three components of u between ± A/cww, 
for Uj and U a between ± A/tM and for U 3 between V ± A/uM. These ranges 
represent the velocities implied by the uncertainty principle, and it is evidently 
one of the conditions of the experiment that the uncertainties of velocity should 
be much less than V. We conclude that in the slowly varying factors it will 
be legitimate to replace |XI — «| by V. This applies not only to the factor 
pT («*P)/r (~ ip) in F, but also to the factors (£/6) 4 * and (£/6)~ i/J in and F 2 . 
They represent changes of phase of the approaching and receding waves, and 
will have no effect on intensity, so that (though they are strictly necessary to 
make the solution valid) we may omit them. We are not concerned in the 
present work with the absolute amount of scattering and shall therefore replace 
(JJ/6)" 1 and the other outside factors of F a by (r — X $ + aj)"" 1 . These modifica¬ 
tions and omissions are equivalent to replacing F x by unity and F a by 
e^l(r — X 3 + a 3 ), and we see that the F x term in (6.3) correctly gives the 
incident wave. It only remains to work out the scattered wave which 
depends on F 2 . In substituting (5.9) we must replace |U — u\ not by V, 
as in the slowly varying terms, but by U 3 — u z which is a better and sufficient 
approximation, since U 3 is of the magnitude of V. Then the scattered 
wave is 


< 6 > dU, ... du 


- w w + u -’> - ^ <«. - V)* -~«*. 


u a M 2 , 
2A* 


a *m 2 


= J JH 

«p i (srs r (C * - -•>+ IMX++ "* > -»(“o*+<*■> •}• 
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This can now be integrated for all six variables. We omit certain factors 
outside the exponential and write 

a' a = a 2 + ihtjm, t'* = t 2 -f ihtfM., u' 2 = u 2 + ihtfM, 
and find 


_l_, rp i / 1 | l\(/ MX, + m 

X, + *, P + Wl\ M+m 

i i _ nir.-W i iirv 


1 

’ 2a' a 


/ MX a + ?nx 3 


V + VM + m/ / 

Mr \ 2 / MX a -f mx^ -f mr — VA 2 

2o' 2 \ M 4- m / 


-f 


M -f- m _ , 

, iMV f MX a + mx 3 + mr _ , y 1 
T i l M + m 1 i 


(6.4) 


This is the asymptotic form of the scattered wave. Observe that, as we should 
expect, it only exists sensibly for positive time, because when t is negative the 
fourth quadratic factor makes ^ negligible. 

Though it is quite easy to write down the intensity from (6.4), we can see 
what it is like without doing so. In the first place the growing quantities 
<r' a , etc. (or rather the growth of the corresponding real expressions a*-\-(htlam)*, 
etc., which occur in the intensity) express the fact that with the lapse of time 
the initial uncertainty of velocity will lead to a great uncertainty of position ; 
but there will be an interval of time during which this can be disregarded. 
During this interval we may say that we should expect to find the two particles 
near the places described by 

MX! + mx i — 0 "I 


MXg + mx i — 0 
MX S -f mx 3 — Mr = 0 


(6.5) 


MX 3 + mx j + mr — (M + m)Vt = 0 . J 


These equations present the facts of collision, but in a rather unusual way; 
they are easily brought into a more familiar form. From the last two we 
derive r = Vt, and if we substitute this value in the third equation, we can 
derive the three equations of momentum by differentiating with regard to the 
time. For the equation of energy we have to make use of the value of r in 
terms of X and x. Since 

Mm (Xj - xi)* = (M + m) (MX x 2 + mx*) - (MX x + mx,)*, etc., 
we deduce that 

Mmr* = (M + m) (MX* + mr 2 ) - MV. 

Also X, x, and r are all proportional to the time, so that we may set X — X«, 
* = ju, r = V< and hence we find the energy equation 


MX 2 + mis* = MV*. 
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It is unnecessary to discuss the details further; two observers at placeB 
indicated by the elementary particle theory, will always see scintillations 
simultaneously. 

7. It is perhaps worth considering how we could have worked out the general 
characters of (6.4) without solving the wave equation in detail; for with a 
different law for the force of interaction the equation may not be soluble, and 
yet we can express the results of the collision qualitatively. Since we know 
all about the velocity of each particle for every direction, we might be tempted 
to construct a three dimensional wave for each separately and then bind 
them together by taking four quadratic exponentials of the typeB given by 
(6.5). This method breaks down at the very beginning, because there is no 
expression for a radially emergent wave of wave-length varying with 
the direction. We must proceed as follows. Assume as phase factor an 
arbitrary linear function of X, a, r, t. From this we can derive seven expres¬ 
sions, of the type ^ ^ — y j, for the momenta of the two particles and 

their joint energy. Now elementary considerations enable us to express the 
positions of the particles in terms of the time aud the direction of motion of one 
of them, and a comparison of the two sets of equations fixes the form of the 
phase factor as the same as the last line of (6.4). On this phase we must impose 
four quadratic exponentials (or some form of peak function) determined by 
linear combinations of (6.5). It is not very clear what particular choice 
should be made for these four, and probably it is in general immaterial, but by 
considering the case where the train of incident M waves is of infinite length, 
we can see that three of the four must not involve the time, and so must be the 
first three of (6.5); for the fourth it would seem that r - V< is just as valid as 
the one we obtained. 


The method of solution by wave packets makes it very easy to show a feature 
of general theory, which is by no means so easy when only proper functions 
are used. The passage of a particle past a fixed centre of force is clearly a 
limiting case of the collision of two free particles, and it should be possible to 
discuss it by taking one of the two particles as of very large mass. If we try 
to use only proper functions, the wave is spread uniformly over the whole 
six-space, and so the first step in the discussion must be equivalent to 
what we have done for all values of the masses-to concentrate the 


neavy mass in a packet. With our method we merely need to make m 
large in (6.4). Then the first three terms show that * 1( *„ * 8 stay near 
zero, the fourth gives V for the velocity of recession of M, and the phase 
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factor expresses the fact that the wave velocity is as usual half the group 
velocity. 

8. We now come to our second problem, where the coherence of the pairs of 
particles is observed indirectly by means of the second collision. It will be 
convenient to take the mirror at B as infinite in area, so that we must restate 
the problem. We keep the mirror in a fixed position and consider all the 
reflexion from it; then we have to show that associated with the fixed mirror 
there is a certain definite point C where second collisions occur. There will 
as a fact be also another place O', where reflected m collides with direct M 
instead of the converse, but this adds nothing new. It is not practically 
possible to cary out what would be the most satisfactory method of solution. 
This would consist in solving the wave equation (5.1) subject to the usual con¬ 
ditions of finiteness for ty, but now with the added condition that it should 
vanish over the plane of the mirror in both X and x. If this could be done, 
the two collisions would appear as a single effect; we should build up the wave 
packets as in the last problem, and ought to find that in the field of six-fold 
integration there were secondary parts giving perceptible contributions, which 
would correspond to the regions round C and C'. Since this method is im¬ 
practicable, we must be content with an adaptation of (6.4). 

In § 6 the incident wave of M was taken as of limited length. With this 
limitation the scattered wave groups have velocities appropriate to particles, 
and so cannot possibly come to a second collision except in the region round C. 
Now our whole object is to show that the second collision does not in the least 
depend on this particle-like property of wave groups, but will occur even 
when the incident wave is a uniform train of infinite length. We must therefore 
now take u as infinite, and it will make no further change in the form of (6.4) 
to take t as infinite also, that is to say to have the incident M-wave infinite 
in breadth as well as length. If we had chosen to do this in the first problem, 
we should have started simply with t^M = exp iMV(X s — JVt)/& and there 
would have been only three-fold, instead of six-fold integrations. We there¬ 
fore replace (6.4) by 

+- ,-x, + ., + 

+ (MX, + mzj) 2 -f (MX 3 + mx % — Mr) 2 } 

+ i {MX, + mx s + mr - * (M + m) V<}, (8.1) 

and this ia now a steady wave (apart from the slowly increasing o') and contains 
no direct indication of the velocities of the particles after the first collision. 

tot. OXXIV.—A. 2 d 
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We next have to represent the reflexion. In each of the three-spaces X and 
x of which the six-space is composed, there is a plane, expressed by the same 
numerical coefficients in both cases, and the condition is that 4 1 will vanish 
when X is on this plane, whatever x may be, and vice versa. Now for values of 
X near the mirror, the wave function practically vanishes except for values 
of x far from it, and so r is large and in this region the wave equation is practically 
satisfied with the term in c 2 /r omitted. J f we subtract from this an expression 
of the same form but with X replaced by X', its image point in the mirror, we 
shall satisfy the wave equation to the same approximation while making 
vanish on the surface. It is not, of course, an accurate solution, because the 
factor outside the exponential now involves r' -- | X' — x \ , instead of 
r = | X x | ; but it represents the reflexion of M with sufficient accuracy. 
That the error is quite negligible can be easiest seen from the analogy of 
particles ; we are neglecting the force exerted between the coherent pair m 
and M, when M has reached the mirror. There will also be a reflexion of m f 
and the whole system of waves will be 

* (X, x) - <|; (X', x) - + (X, x!) + * (X', *') (8/2) 


where 4>(X, x) is given by (8.1), and X', z! are respectively the image points 
of X, x in the mirror. 

We need only discuss the term (X', x) which represents the interaction of 
reflected M with w, since (X, z’) will merely give the similar effect with the 
roles of M and m interchanged. We have 


<MX\ 


i 


exp 


1 


.{(MX,' + **,)* 


r - X 8 ' + x a ~" r 2a' 8 (M +" mf' 

+ (MX 2 ' -f- mx j ,) 8 + (MX 3 ' -f mx 3 — Mr') 8 } 


+ 


h (M m) 


(MX/ -f mx 3 + w,r’ — i (M + m) V/}. (8.3) 


If we needed actually to work out in detail the scattering produced by the 
second collision, it would be necessary to expand this in the form 
f(8) 

J dU, ... du 3 oxp i (M (U, X) + m («., x) - \ (MU 8 + »»«»)(}/* . 0 (IT, u ), 

which is possible since (8.3) satisfies the wave equation approximately without 
the terms in e 8 /r, and then introduce P a (0 a second time to give the result of 
the second collision. But we only really want to find where the collision will 
occur, and all this is unnecessary. For we may say that the region of collision 
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is that part of the six-space where the force e 2 jr is important, and this is deter¬ 
mined by the three equations X x. Now there is only a small part of the six- 
space where the wave function does not vanish ; it is given by the quadratic 
terms in (8.3). We therefore conclude that there will be a second scattering 
of the waves at the place* whore 

MX/ + mx x = 0 
MX/ + mx 2 = 0 
MX/ + mx 3 — Mr' = 0 

Xj "= Xj, Xg Xg. Xg ~ Xg 

In order to see that this corresponds with the result of the particle theory, 
it is only necessary to introduce an auxiliary variable, conveniently called V/, 
and defined by the equation 

MX a ' + mx z "f mr ' “ (M + m ) V/. 

It is then obvious that we have exactly the equations that we should have in 
the particle theory, but there with t signifying the time, and so shall determine 
exactly the same place for the second collision. A simple calculation shows 
that if 

X! sin 7} -f* X 8 cos vj = p 

is the plane of the mirror, the point C is at 

X t = x x = — 2pM sin rj{ M (2 cos 7) — 1) 4- mj 
X 2 “ x 2 0 

Xg = 2pM (1 — COS >])/{M(2 COS 7) — 1) 4 * »*}. 

* 

9. We have seen by tlie discussion of our problem that whereas crude 
intuition would suggest that the occurrence of the second collision must be a 
definite property of particles, yet it can be fully explained without the invocation 
of particle properties. There is of course no suggestion that we can dispense 
with the idea of particles altogether, but only that we can postpone thinking 
about them until the next stage of the experiment when they produce scintil¬ 
lations. Though for practical reasons the example was chosen in a specially 
simple way, yet it does not seem to have any very specialised features which 
would make it exceptional, and so we are led to speculate that the possibility 
of this postponement is general. We will then assume that the ^ equation 

* The same argument applied in § 0 of course gives the origin as the place of first 
scattering. 
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is competent to yield all particle-like properties, whenever we infer them 
indirectly without actual observation* This is entirely in accordance with the 
present state of the mathematical theory, but is equally contrary to our habita 
of thought about quantum problems, and so it may be well to illustrate it 
further. 

Consider for example one of the most striking manifestations of particle 
characters, the ray tracks of a-particles in a Wilson cloud chamber. We have 
to connect this in some way with the theory of radioactive disintegration as 
presented by Gamow. In that theory the radium nucleus contains what we 
may call an a-wave which is slowly and continuously leaking out as a spherical 
wave. It would seem at first sight that we must regard Gamow’s calculation 
as determining only the probability of disintegration, and that when this has 
taken place, we start the next stage by assigning a definite direction for the 
motion of the a-partiele ; after which we reconvert it into a wave, but now on a 
narrow front, so as to find its subsequent history. Before seeing why this 
assumption is unnecessary in explaining the track, we may notice that it 
introduces severe difficulty in another aspect of the matter. It should cer¬ 
tainly be possible to make a-rays exhibit diffraction (though it has not been 
verified experimentally), say, by sending them through a crystal and observing 
scintillations beyond—the appropriate distance is about a kilometre, but that 
does not affect the argument. This shows that we have got to be prepared 
to consider the spherical wave of Gamow as having an existence outside the 
nucleus. Turning now to the cloud track, what we have to explain is this. 
Suppose that we are looking at the track, but with its earlier half covered up. 
We see the later part, and our principle of postponement tells us that it must 
be possible to represent the earlier part by means of without a mention of 
the track, though we know that if we took away the cover we should see it; 
the <|j has got to be spherically symmetrical about the radium, and so it seems 
impossible that it can represent the anisotropy of the track. In view of what 
has gone before we can see how the answer is to be given. The wave is not 
a spherical wave, because it must contain factors corresponding to all the 
ionisable atoms in the unseen part of the chamber. Before the very first 
collision it can be represented as the product of a spherical wave for the 
a-particle, by a set of more or less stationary waves for the atoms. But the 
first collision changes this product into a function in which the two types of 
co-ordinate are inextricably mixed, and every subsequent collision makes it 
worse. In the multiple space the exponent of the phase factor, as indicated 
by (6.4), will be a sura of linear terms composed partly of the co-ordinates 
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associated with the particles, and partly of their mutual distances. Without 
*m the least seeing the details, it looks quite natural to expect that this phase 
factor will have some special character, such as vanishing, when the various 
co-ordinates satisfy a condition of oollinearity. So without pretending to have 
mastered the details, we can understand how it is possible for the function, 
so to speak, not to know in what direction the track is to be, but yet to insist 
that it shall be a straight line. The decision as to the actual track can be 
postponed until the wave reaches the uncovered part, where the observations 
are made. 

In some such way as this we can see how it is possible to postpone speaking 
of particles, in cases where intuition indicated that it was unavoidable to 
invoke them. The important question arises as to whether this is always so ; 
for if there are cases of failure, there is some defect in our mathematical theory, 
and it must be one of our chief objects to delimit when and where it occurs. 
There is no indication of any such failure at present, though perhaps a slight 
doubt may attach to the relationship between matter and radiation, because 
Dirac’s theory* presents the equation in a rather different form from that 
used for material particles; but it would seem legitimate to dismiss this 
doubt in view of the great general similarity of radiation and matter. It 
thus seems legitimate to suppose that it is always admissible to postpone the 
stage, at which we are forced to think of particles, right up to the point at 
which they are actually observed. 

10 . In the present section I propose to discuss certain fundamental questions 
of the quantum theory. One of the most unexpected things about the new 
discoveries was that it is possible to present the theory so that some of its main 
features are very nearly identical with those of the classical theory of sound. 
Of course the analogy must not be pushed too far, but as our habits of thought 
are always much dependent on analogies, it seemed to me that it would be of 
interest to examine in more detail the form the theory would take when this 
aspect is emphasised at the expense of the customary dynamical one. 

We shall therefore take the wave function <j* as the central feature of the 
quantum theory, recognising that tltis is in some respects a retrograde step to 
make, for it is a chief doctrine of the philosophy of modern physics that our 
theories should only contain observable quantities. Against this objection 
it may be urged that it is doubtful whether we should ever have had a 
theory of relativity or a statistical theory of thermodynamics, if the condition 
of observability had been imposed when scientists first began to study 
• ‘ Roy. Soc. Proc., 1 A, voL 114, p. 243 (1927). 
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dynamics or the theory of gases. Underlying all the earlier developments 
of the statistical theory was the idea that we could, if only we had the 
patience, work out in detail the motions of all the molecules; no one 
ever pretended that it was possible to do so, but the ideal possibility gave 
confidence in those consequences of the theory that were attainable. If we 
had been required to dispense with this underlying assumption, we should 
have had to develop thermodynamics without a fundamental absolute basis 
of dynamics, a task that no one has attempted, In a final formulation of the 
quantum theory, we should have to acknowledge the failure of the analogy 
between the practically unknowable motions of molecules, and the theoretically 
unknowable but it may help to harden the outline of our incomplete theory 
to imagine that there is a definite quantity ^ oven though a second postulate 
immediately asserts that it is unknowable. From the practical point 
of view the great advantage of thinking in terms of is that it forces on 
our attention the diffractive effects of matter and treats them as an even 
more fundamental property than the ray-like properties which suffice for 
the description of most ordinary events. Our method of thought will be 
analogous to the principle that geometrical optics is a special case of physical 
optics, not that the framework of geometrical optics is to be extended so as 
to include physical as an exceptional case. I shall omit altogether from con¬ 
sideration some of the most interesting aspects of the quantum theory, in 
particular the relativity conception of time, and also all questions connected 
with the individuality of particles as typified by the Exclusion Principle. 

The preceding sections go to show how it comes about that there is no need 
to invoke particle-like properties in the unobserved parts of any occurrence, 
since the wave function will give all the necessary effects. It must therefore 
also be possible to divide the component parts of an observing chamber into 
two halves, of which one half is included under *]>, and the observed result is 
given by interpreting the effect of the original system and this half together on 
the other. For example if we are observing the scintillations of a-particlee, 
we usually think of the stopping of the a-particle as the observation. The 
scintillation is due to the bursting of a small zinc sulphide crystal, and we might 
include the atoms of this crystal in our ^ along with the oc-wave. We might go 
further by including the emitted radiation and take as the observation the 
intensity of light in the retina of the eye. Even this is not all, for we might 
include the photoelectrons emitted from the retina, and the optic nerve also, 
but somewhere in the brain we are absolutely compelled to stop. We can say 
that all the occurrences right up to the brain are non-committal, in that they 
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contain no definite implication of where and when the a-particle came; it is 
only after our consciousness has animated the proceedings that it is possible 
to infer back and describe what actually happened in the familiar language of 
particles. If these ideas are admissible, wc can put the inexplicable feature 
of the quantum theory, the irreconcilability of wave and particle, in exactly 
the place where we have got in any case to have an inexplicability, in the 
transfer from objective to subjective. 

Following this line of argument, we are led to the conception of a sub-world 
which contains no mention of observation at all. In this sul>-world y is an 
unthinkably complicated function of all the variables associated with all the 
particles of the world ; nothing definite is happening at all, but it expresses 
simultaneously everything that could possibly happen. The form of ^ may be 
pictured as like the strains of a many-dimensioned continuum. It: bears a 
rather close resemblance to the Gibbsian ensemble of a set of systems, though 
it is composed not of an infinite set of representative points ” but of a single 
u representative continuum.” In this last respect it is a more complicated 
conception than that of Gibbs, but in another it is simpler, for Gibbs had to 
consider a large number of systems all at once, whereas here we only have a 
single system which describes the whole world, embodying in itself the whole of 
the ensemble.* It is troublesome to have to think about a “ representative 
continuum,” and for some purposes we shall find it useful to replace the idea. 
The function has a definite value for all the vahies of all the variables which 
correspond to all the particles of the world. We split up each variable by 
taking each of the infinite number of values in its range as a co-ordinate in a 
new space, and in this space we mark a single point so that it records the 
magnitude of ^ for all the new co-ordinates. In this multi-infinite ” space 
a single point then represents the state of the world and a single line its history. 
It is interesting to observe that the quantum itself plays no part at all in the 
sub-world, except as a dimensional constant which can be incorporated with 
the other dimensional constants of the system. It should also be noted that 
there is no need to allow for the phase factors introduced by each particle of 
the assembly, for they merely contribute to a general arbitrary constant 
affecting vp. 

The sub-woTld of expresses in its own way everything that happens ; but 
it is a dead world, not involving definite events, but instead the potentiality 
for all possible events. It becomes animated by our consciousness, which so 

* Quite apart from the special point of view discussed here, it is a good characterisation 
of the quantum theory to say that every assembly is its own ensemble. 
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to speak cuts sections of it when it makes observations. These observations 
are described in a language and by means of a set of rules which are quite 
foreign to the sub-world ; the quantum itself enters for the first time, and the 
characteristic feature is the normalisation of etc., whereby we can talk 
of atoms, electrons and light-quanta. Provided that we retain the accurate 
form of the mathematical rules of the interpretation suffice for a complete 
verification of tlxe theorems of conservation of energy, etc.; the trouble with 
them in the quantum theory has only arisen through attempts to work with an 
incomplete Every observation enables us to obtain information about ty, 
but it is partial information, because something, if it is only ourselves, has been 
omitted from the observation. Observations can never tell us all about the 
position of the world-point in the “ multi-infinite ” space, but merely indicate 
a region near which it must lie. In many cases the courses of all the possible 
world-lines in the region are so similar that we can forecast the future with great 
certainty, as in macroscopic dynamics ; but in atomic motions we should 
regard the successive observations as strung out in the neighbliourhood of the 
line, all correlated with it but not directly with one another. Their irregular 
positions round the line give rise to the apparent discontinuities which are bound 
to occur when we use the language of particles. We see why all the theorems 
about observed particles have the validity of thermodynamics, and not the 
absolute validity which we have imputed to the sub-world of y. 

To conclude, it was not intended that these speculations should represent 
anything more than a description of what one possible formulation of the 
quantum theory would yield. The result is perhaps not very favourable to it; 
but I think that, if the matter is considered critically, it will be seen that at 
any rate some of its difficulties are not to be attributed to the particular 
formulation adopted here, but are inherent in the nature of things. 

Summary. 

In the quantum theory one method of procedure is to regard the motion of 
matter as a wave motion, but this motion must be interpreted in terms of 
particles in order to describe what is observed. Motions can be imagined 
which seem to imply particles in cases where they are not directly observed. 
An ideal experiment of this kind is devised, depending on collisions between 
two free bodies, and it is shown that the particle-like behaviour is given just 
as successfully by the wave theory. This implies that the interpretation can 
sometimes be postponed, and there follow speculations as to the consequences 
of this postponement in the general theory. 
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A Photoelectric Method of Measuring the Light of the Night Sky 
with Studies of the Course of Variation through the Night . 

By Lord Rayleigh, F.R.S. 

(Received April 3, 1929.) 

The investigations already published on the intensity of the light of the 
night sky* have been made by means of visual photometry, using a convenient 
instrument with a self-contained luminous source of radioactive origin. Nothing 
could rival this for simplicity and portability; it is always ready and requires 
no attention. On the other hand visual photometry is not a very satisfactory 
process even for ordinary light, and with this faint light it is far from giving 
the desirable degree of accuracy. I have therefore spent much effort in trying 
to replace it by some photoelectric method of measurement. A satisfactory 
method has now been evolved, and will be described, together with the results. 

A preliminary notice of the earlier results was given in a paper written at 
the request of Prof. S. Chapman, F.R.S., Chairman of the International 
Committee on Terrestrial and Solar Relationships, the receipt of which was 
acknowledged by him on June 19, 1928.f The relevant passage is 

Most of the difficulties have been overcome and preliminary observations 
have been in progress for some months past. I have been able to follow 
the changes of intensity from hour to hour on clear nights. Some 
evidence has been found suggesting diurnal periodicity. The observed 
intensity nearly always increases between nightfall and midnight, 
beyond which the observations have not usually been carried.” 

The first efforts were made with selenium cells of various patterns. The 
necessary deflection could be obtained, but only with long exposures to the 

♦ 4 Roy, Soo. Proc.,’ A, vol. 100, p. 117 (1924); ibid., vol. 109, p. 428 (1925); ibid., vol. 
119, p. 11 (1928). 

t The paper was afterwards published in 4 Nature,’ September 8, 1928. I have thought 
it well to emphasise the date at which it was sent in to Prof. Chapman, because it was 
before the date of McLennan’s Bakerian lecture of June 28th (abstract circulated June 
27). Prof. McLennan was, of course, unaware of this ; nor is it important, exoept to 
show that the conclusions were formulated independently for publication. At the same 
time it is not strictly correct to say, as he does, that the experiments made by him and by 
H. J. C. Ireton in April, 1928, were the first to give evidence of the existence of a diurnal 
variation. 
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light. After trials (in more senses than one) lasting over some weeks, this 
method was abandoned. 

A t-halofide cell was tried, using a sensitive IVArsonval galvanometer. The 
deflections , though detectable, were insufficient. 

Much time was spent in attempting to amplify the continuous current of a 
photoelectric cell with a three or four electrode valve. Some experimenters 
have reported great photometric sensitivity obtained in this way, but I was 
not successful in getting the sensitivity quite up to the necessary standard for 
the present purpose. I then fell back on the use of electrometer and photo¬ 
electric cell. My experience of electrometers dated from many years ago, 
when no convenient patterns were available, so that I had wished to avoid 
this method, but on trying a Lindemami quartz fibre electrometer, success 
was at once obtained. 

The electrometer was used as a highly sensitive galvanometer by means of 
an alcohol-xylol resistance tube establishing a leak to earth. The resistance 
of the tube was probably about 10 10 ohms, though its value was not determined. 

The method of measurement was, in brief, to equalise the controlled artificial 
illumination of a white screen to the brightness of the sky. The whole apparatus 
was set up in a dark room, and the sky was seen through a small aperture 
measuring 90 x 150 mm. This aperture faced nearly to the north. It was 
approximately focussed onto the photoelectric cell by means of a lantern 
condenser of the ordinary pattern, 4 inches in diameter and about 3 inches 
equivalent focal length. The optic axis of the condenser was elevated at 45°, 
and the photoelectric cell took in a cone of sky of about 24° () 2° either side of 
axis). The patch of sky was seen through an oblong aperture in a broad 
black velvet frame, placed vertically in a shutter and therefore oblique to the 
optic axis of the condenser but capable of transmitting the full beam. At the 
option of the observer this aperture could be opened, or closed, with a white 
card which entirely filled it (see fig. 1). The card was carried on a light arm 
of bamboo, 50 cm. in length, and capable of rotation about a fixed axis. The 
arm was, in fact, attached to the rotating part of a bicycle hub, the fixed 
axle of the latter coming out perpendicular from the wall. The rotating hub 
which carried the arm was prolonged axially into a handle which came con¬ 
venient to the observer’s hand. By a turn of the wrist the wooden arm could 
be rotated, between fixed stops, which caused the white card either to come 
into view and fill the aperture, or to retreat behind the black velvet frame, 
leaving the aperture open to the sky. Owing to the small moment of inertia, 
and the easy rotation, this change could be carried out instantaneously. 
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Small pieces of rubber sponge served as convenient shock absorbers, and pre¬ 
vented any shaking of the electrometer. 

A small incandescent lamp with a ground glass diffusing screen was placed 
high up on the wall behind the observer, at a distance of about 5*5 metres 
trom the white card, which was illuminated by it, the rays passing just over 



Fig. 1. 

ABCD, black velvet frame, 
EFGH, aperture in 
same. JKLM, white 
card, below the frame, 
movable in its own 
plane. LN, bamboo rod 
carrying the white card. 
N, bicycle hub, about 
which LN can rotate. 
Pj, P 2 , stops of rubber 
sponge, to absorb shook. 
The alternative position 
of rod and card is seen 
to the right, dotted in. 


the observer’s head. The mutual arrangement of the parts is shown in fig. 2, 
which is not, of course, to scale. The brightness was controlled by a resistance 
in the lamp circuit, which was placed conveniently to the observer’s hand, 
and the measurement consisted in equalising the electrometer deflection with 
(1) the aperture open to the sky, (2) the aperture closed by the illuminated 
card. When this adjustment was satisfactory, the voltage across the lamp was 
read and recorded. This voltage was a measure of the intensity of the sky 
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illumination. The definiteness and reproducibility of this measure depends, 
of course, for one thing upon the constancy of behaviour of the lamp under a 

given voltage. The lamp was " aged ” by 
running it at normal voltage (4 volts) for a 
considerable number of hours before taking it 
into use. In use it was run very much below 
this voltage at values not more than about 
2*2 volts, which was enough to give the faint 
light required. As an additional precaution, it 
was not left on longer than necessary. Under 
these circumstances, and in view of known 
photometric experience, it was thought safe to 
rely on the constancy of illumination under 
given voltage.* 

It will be observed that this method of 
measurement does not require that the zero 
of the electrometer or its sensibility should remain constant over long 
periods. All that is required is that its behaviour should be satisfactory for a 
minute or so while the equalisation is being obtained. When the needle is 
unsteady, this usually arises from failure of the dry batteries used to maintain 
the potential of the electrometer quadrants, or those used on the photoelectric 
cell. If even one cell in either of these batteries is beginning to fail, unsteadi¬ 
ness is introduced. 

The method does not require that the photoelectric cell should be of constant 
sensitivity, but does require that the spectral distribution of sensitivity should 
not change. This is necessary, because the incandescent lamp, run much below 
its rated voltage, is far redder than the night skyf and the relative values will 
be altered if the quality of the cell alters. This is liable to occur if a discharge 
passes through the cell, for such treatment does not in general affect the yellow 
and blue sensitivities to the same extent. I have reason to believe that, in 
fact, this did occur, owing to the cell being accidentally exposed to the daylight 
while a voltage, quite Bafe under night conditions but unsafe for day ones, was 
left on it. This probably happened more than once, before its importance 
was realised. Owing to this I cannot regard the series of definitive experiments, 

* It was found unsatisfactory to rely on the usual lamp sockets with spring oontaots. 
The voltmeter contacts were soldered to the wires coming through the lamp bulb. 

f Former experiments made visually showed that a gaa-filled lamp at its normal voltage 
is nearly comparable with the night sky, * Hoy. Soc. Proc.,’ A, vol. 106, p. 134 (1M4). 


B 



Fig. 2.—A, inoandeaoent lamp. 

B, aperture in shutter, backed 
by the sky, or alternatively 
filled in by a white screen. 

C, condensing lens. D, photo¬ 
electric cell. 
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presently to be described, as being of any value for comparing month with 
month, or determining the annual periodicity. They can only be fully relied on 
for determining the diurnal variation. In designing future work it will be 
important to bear this source of error in mind. 

The photoelectric cell was used near its maximum voltage, which is conditioned 
to some extent by the intensity of the light. As is well known, excessive 
voltage leads to intermittent passage of a current, causing jerks of the electro¬ 
meter needle. 

The voltage on the lamp was read to O’01 volt on a medium sized Weston 
voltmeter. It is in general possible to rely on the reading as really giving 
the sky intensity (as modified by the prevailing atmospheric conditions) 
to the accuracy aimed at, i.e., ± 0*005 volt. It would probably not be 
difficult with a little further elaboration of detail to reduce the error to half 
this amount. But the advance already made on the visual method is very 
great, since the error of reading has been reduced about ten times. This 
improvement makes it possible to record the hourly changes of intensity, and 
opens up a wide field of investigation. 

The’photoelectric cells used have been various. They were all gas-filled. 
In the visual photometric work already published and in progress, three 
spectral regions are contemplated, viz., the region of the green auroral line 
(X 5577) and the red and blue regions*on either side of this line, not including 
the line itself. The red and auroral regions have shown the largest variation 
visually, and are therefore of most interest; but, unfortunately, the ordinary 
potassium or rubidium photoelectric cells which have been most readily 
obtainable are not sensitive to these regions. For them we must have recourse 
either to caesium cells or to the special red sensitive cells described by N. R. 
Campbell* and supplied by the Research Laboratory of the General Electric 
Company, Wembley, Middlesex. 

I was furnished with caesium cells by the kindness of Prof. F. A. Lindemann, 
F.R.S., and also of the Wembley laboratories. They were tried under a deep 
yellow screen (Wratten 21), such as to transmit the auroral green line, but to 
cut off the blue. Unfortunately, however, the sensitiveness proved in¬ 
sufficient to allow of satisfactory measurements of sky intensity. 

Using one of Campbell’s red sensitive cells with a Wratten No. 21 filter, a 
number of preliminary measurements were made. The results are shown on 
the graph, fig. 3. They established definitely the feasibility of the method, 
and showed that the course of change could be followed from hour to hour. 

* 4 Phil. Mag.,’ vol. 6, p. 633 (1928). 
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Moreover, all of the four graphs give an indication of the general tendency 
to rise towards midnight. Owing to the failure of the cell, this series could 



Time, hours 
Fig. 3. 


not be continued long enough to establish definitely the reality of this 
tendency* 

I then had recourse to a rubidium cell, also made by the Wembley Labora¬ 
tories. This has remained in use for the definitive work so far accomplished. 
The sensitivity is practically nil for the green auroral line, and is limited to 
shorter waves than this. It was possible, however, to use it either with a 
Wratten pale yellow screen No. 9, or a blue screen No. 47, dividing, what in 
the visual work I have called the blue region, into two portions. In all cases 
the variation of intensity in these subdivisions of the blue region were found to 
proceed pari passu. For further work, therefore, the filters were discarded, 
and the cel] used without them. 

It has been thought best to give the results in full (Table I), omitting only a 
few readings taken shortly before or after those which are recorded, and showing 
no change. The intensities are recorded in volts, and vary over a range of 
1*80 to 2*14 volts. 

To determine the ratio of intensities corresponding to this, the voltage was 
set at 1*80 volts, and the electrometer reading taken. A neutral glass of 
known opacity, selected from the series used for visual photometric work, 

* This failure was duo to gradual absorption of the hydrogen filling by the metal as 

described by Campbell. Later a cell was supplied fitted with a palladium tube for admitting 
hydrogen. But its arrival was delayed by various circumstances and at that stage it 
appeared undesirable to interrupt the routine work in progress. 
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was then placed in front of the lamp, The glass found suitable by a preliminary 
trial was No. 4 on the scale, having a density of 0-4, and an opacity equal to 
the antilogarithm of this, or 2 *51. It was found in a series of concordant 
experiments that to compensate for the interposition of this glass it was 
necessary to increase the voltage from 1*80 to 2*14, which, by a coincidence, 
is exactly the range over which the lamp has been used in measuring the night 
sky intensity. 

The effective intensity varies therefore as (V) 4 * 7 , where V is the voltage on 
the lamp. One step on the (geometric) scale used in the visual work is equiva¬ 
lent to 0 * 085 volts. ± d * 005 volts (the limit of accuracy to which the readings 
were recorded) is equal to 0*059 on the visual scale. 

This standardisation applies to the condition of the cell at the end of the 
series of readings. As already emphasised it probably does not apply to the 
earlier part of the series owing to the change in the condition of the cell due 
to the accidental passage of a discharge. Unfortunately I have no record of 
the exact date when this was suspected to have occurred, as its importance 
was not realised until much later. 

Table I. 


Date. 


1928. 

Wednesday, February 22.! 

Saturday, February 25 j 

Monday, April 9 

Wednesday, April 18 .. 

Thursday, Ootober 11 . 

Friday, October 12.1 

Saturday, October 13 . 

Wednesday, October 17 . 

j 

Thursday, October 18 .! 


Hour. 

Volta. 

Sky 

11.20 p.m. 

1*80 

Fairly clear. 

11.12 „ 

1*82 

Very clear. 

10.3 

1*82 

Fairly clear. 

11.30 „ 

1*89 

Clear. 

11.40 „ 

— 

Moon rises. 

11.5 „ 

1-80 

Fairly cloar. 

11.8 

1-81 

,, 

11.13 .. 

1*82 

»» 

7.0 „ 

1*92 

Clear. 

7.20 ,, 

1*87 


9,22 ,, 

1*86 

* * 

7.10 „ 

1*88 


7.35 „ 

1*88 


10.51 „ 

1*89 


8.26 „ 

1 -84 


u.o „ | 

! 1-86 


7.50 | 

1*93 


10.15 „ 

! 1*93 


11.20 j 

1*93 


9.25 „ | 

1*96 


11.12 | 

2*03 

»> 

11.22 „ 

2*06 


9.15 „ 

1*97 

»* 

10.33 „ 

2*01 

*» 

11.37 „ 

2*03 


12.10 „ 

2*06 

»• 

12.55 „ 

2*07 

'T 



Saturday, Ootober 20 
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1928. 

Sunday, October 21 


Saturday, December 15 
Monday, December 17 .. 
Saturday, December 29 


1929. 
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Table I—(continued). 


Monday, October 22 

Tuesday, November 0 
Wednesday, November 7 

Thursday, November 8. 
Friday, November 9 . 

Saturday, November 10 
Thursday, November 15 

Friday, November 16 
Monday, November 19 

Tuesday, November 20 
Wednesday, December 5 
Thursday, December 6 .. 


Friday, December 7 
Friday, December 14 


Hour. 

Volts. 

Sky. 

1.3 a.m. 

2-08 

Clear. 

10.7 p.m. 

2*05 

Very clear after rain 

10.22 „ 

2 05 

,, 

10.25 „ 

2*04 

»» 

11.25 „ 

2*05 

»> »» 

11.57 „ 

2 04 

♦* 

1.50 a.m. 

2*05 

») l * 

1.52 „ 

2 06 

* * 

11.10 p.m. 

1-92 

Clear. 

6.18 „ 

1-95 

M 

7.9 „ 

1*92 

** 

9.14 „ 

1*91 


7.54 „ 

1*91 

M 

6.55 „ 

1*89 

M 

8.4 ,, 

1*89 

f » 

10.6 „ 

1*90 

♦ * 

12.0 „ 

1*94 

ft 

3.50 a.m. 

1*94 

Fairly clear. 

6.12 p.m. 

1*90 

tt 

9.50 „ 

1*97 

tt 

11.59 „ 

2*04 

Very clear. 

3.22 a.m. 

2 00 

Very clear indeed. 

10.2 p.m. 

1*98 

Very clear. 

10.47 „ 

1*98 

»f 

11.55 ,, 

2*06 

tt 

11.52 „ 

1*94 

Clear. 

11.26 „ 

1*98 

»t 

9.8 „ 

1*87 

Fairly clear. 

9.20 „ 

1*89 

Clear. 

10.49 

1*93 

Fairly clear. 

11.9 „ 

1*93 

Clear. 

11.55 „ 

1*95 

Very clear. 

1.40 a.nu 

1*96 

t> 

2.10 „ 

1*96 

Clear. 

6.12 p.m. 

1*97 

»t 

6.28 „ 

1*97 

*t 

7.17 „ 

2*00 

tt 

8.3 „ 

2*06 

*t 

9.45 „ 

2*12 

tt 

10.58 „ 

2*14 

tt 

11.57 ,, 

2*12 

tt 

2.55 a.m. 

2*09 

Fairly clear. 

11.15 p.m. 

1*98 

Clear. 

6.24 „ 

1*91 

Fairly clear. 

6.55 p.m. 

1*93 

Clear. 

7.12 „ 

1*91 

Very dear. 

7.19 „ 

1*92 

tt 

7.34 „ 

1*93 

>1 

8.11 „ 

1*93 

tt 

9.21 

1*92 

1 $ 

10.15 „ 

1*93 

tt 

11.8 „ 

1*95 

tt 


Monday, January 1 .. 
Saturday, January 12 
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Table I—(continued). 


Date. 

Hour. 

Volts. 

Sky. 

1021). 

Sunday, January 13 . 

0.2 a.m. 

107 

Clear. 


1.13 „ 

1-94 

Fairly clear. 


2.45 „ 

1 *94 

Very clear. 

Tuesday, January 15 . 

9.27 p,m. 

202 

Fairly clear. 

Wednesday, January 10 . 

10.33 „ 

194 

Very clear. 


10.53 „ 

1 *94 


11.40 „ 

1-98 


Thursday, January 17 . 

0.6 a.m. 

1-98 



2.16 „ 

1 -92 


Sunday, February 3 . 

8.10 p.m. 

1 • 87 

f 9 


9.10 „ 

1-86 

»» 


10.20 „ 

1*84 



11.40 

1*88 

M 


32.0 „ 

1*88 


Monday, February 4. 

0.55 a.ra. 

1*88 

»* 


1.28 

1*88 

f 1 


2.5 „ 

1*87 



2.30 „ 

1-87 



6.37 p.m. 

1*90 

Clear. 


6.45 „ 

1*88 

it 


0.57 „ 

187 



7,55 „ 

1-84 

t» 


9.20 „ 

1*86 

Very clear. 


10.17 „ 

1*87 



11.15 „ 

1-85 

Fairly clear. 

Friday, February 8 . 

7.0 „ 

1*89 

Very clear. 


7.32 „ 

1*88 

II 


8.7 „ 

1*90 

ft 


11.25 „ 

1*84 

Fairly clear. 

Monday, February 11 . 

7.55 „ 

1*91 

Very clear. 


9.38 „ 

1*93 

II 


11.31 „ 

J *93 

Fairly clear. 

Tuesday, February 12 . 

10.21 „ 

1*99 

Very clear. 

Wednesday, February 13. 

9.51 „ 

2*01 

Very clear (frosty). 

M *» 

10.4 „ 

2*03 


10.37 „ 

2*04 j 

It M 


11.57 „ 

2*11 

I1 »» 

Thursday, February 14 . 

1.50 a.m. 

2*01 

M II 

11.1 p.m. 

2*00 

»» 1, 


11.14 „ 

2*01 

II f, 


11.56 „ 

2*02 

»» II 

Friday, February 15. 

3.20 a.m. 

2*02 

Very clear. 

Saturday, March 2 . 

7.33 p.m. 

1*96 

Very clear (frosty). 

8.0 >, 

1*96 

ii n 


9.15 „ 

1*96 

n ii 


10.20 ,, 

1*98 

n H 


11.12 „ 

1 *07 

ii ii 

Sunday, March 3 . 

0-6 a.m. 

1*97 


0.45 „ 

1*97 

ii ii 

Monday, March 4 . 

7.35 p.m. 

1*94 

M |, 

8.15 „ 

1*93 

It IP 


9.5 

1*93 

f» II 


10.3 „ 

1*93 

II I* 


11.12 „ 

1*92 

II *1 

Tuesday, March 5 . 

12.0 „ 

1*93 

If II 

1.34 a.m. 

1-89 

II II 

VOL. CXXIV.—A. 
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Table I—'(continued). 


Da to. 

Hours. 

Volts. 

Sky., 

1920 

Thursday, March 7. 

8.2 p.m. 

1*96 

Very dear. 

9.10 ,, 

1*95 

t • 


10.7 „ 

1*04 

91 


11.3 ,, 

1*94 

11 


12.0 „ 

1 -93 

M 

Friday, March 8. 

9.43 „ 

1-84 

»» 

10.18 ,, 

194 

>» 


11.13 „ 

1*92 

»» 


11.67 „ 

1*96 

99 

Saturday, March 9 . 

1 2.32 a.m. 

1*90 

5* 

7.39 p.m. 

1*97 

9 » 


7.66 „ 

1*96 

9 f 


8.66 „ 

1*97 

99 


10.3 „ 

1*96 



11.11 „ 

1*93 

Clear. 


12.2 „ 

1*92 

Very clear. 


1.2ft « .m. j 

1*91 

>» 

Sunday, March 10 . 

8.3 p.m. 

1*92 

Very clear. 

8.68 „ j 

1*88 ! 

Clear. 


9.68 ,, 

1*88 I 

Vory clear. 


11.4 „ 

1*92 ! 

** 


12.0 „ 

1-94 


Monday, March 11 . 

2.32 a.m. 

( 

1*91 

»* 


The observations above tabulated show the same kind of variability as is 
observed in visual photometry. 

They do not indicate very distinctly the annual periodicity which I have 
observed for several years in the visual intensities. This is attributed to 
the changes in colour sensitivity of the cell which occurred owing to the 
accidental passage of discharges on one or two occasions, which prevent the 
readings being comparable with one another throughout the entire series. 

Table II refers only to those nights of the final series on which a midnight 
measurement was obtained. The value at midnight is taken as zero, and the 
departure from this value at other hours is tabulated. The unit is 0*01 volt 
on the incandescent lamp. When the observations actually taken did not 
fall near enough to the hour, interpolations over fractions of an hour are 
made, though the adjustments thus introduced are insignificant. 

If the variation were quite irregular, then departures at hours other than 
midnight would be as often positive as negative. On the other hand, with an 
undisturbed regular periodicity culminating at midnight, only negative values 
would occur at other hours. The actual case is intermediate. Negative 
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Hour. 


Date. 



6 

7 

S 

9 

10 

n 

12 

1 

2 

3 

4 

5 

6 

Oct. 20*21.... 




-9 


-4 

0 

-fl 






21-22.... 





-fl 

+i 

0 


-HI 





Nov. 0-1(1.... 


—5 

—5 


-4 


0 




0 



16-16.... 

-14 




— 7 


0 



—4 




10-20 , . 





-8 

— 8 

0 







Dec. 0-7 .... 




-6 


—2 

0 


•fl 





l4-ir>.... 

-15 

-12 

-7 


0 

f 2 

0 



-3 




Jan, 12-13.... 


-0 

— 4 

-5 

—4 

-2 

0 

-3 


-3 




10-17.... 






-4 

0 







Peb, 3-4 .... 



-1 

-3 

-4 


0 

0 

-1 





13-14 ... 





— 9 

—6 

0 


-10 

1 




14-16..., 






-2 

0 



0 




March 2 3 .... 



-1 

1 

■fl 

0 

0 

0 






4-5 .... 



0 

0 

-1 

-l 

0 


-4 





7-8 .... 



+8 j 

i 2 

+ 1 

+ 1 

0 







8-9 .... 




-2 

—2 

-4 

0 



-0 




9-10... 



+ 4 

I 6 

-f 4 

+4 

0 

-1 






10-11 .... 



-2 

-6 

-6 

-2 

0 


-3 





Mean . 

-14 

-7*7 

-1*4 

—2*5 

-2*7 

--2 

0 

-00 

-31 

_ 1 

-3*2 

0 




and positive 
departures 


values occur, but the former preponderate greatly. 
48 arc negative, 


15 are positive, 

8 are undetermined sign (nearly zero). 


Of all 


Disregarding the departures which are appreciably zero, the ratio of the 
number of negative to the number of positive departures is— 

8 * 1 before midnight, 

8*7 after midnight. 


It is pretty evident even without calculation that this great preponderance of 
negative values could hardly be the result of chance. But, to put the matter 
on a more definite basis, we may calculate the probability that the preponderance 
of negative departures would be at least as high as this if positive departures 
were as likely as negative ones. 

If in n trials negative departures occur r times, the required probability is 
(see Todhuntet’s Algebra, § 728) the sum of n — r + 1 terms of the series 


(ir ~ 


1 -)- n ■ 


w (n 


1.2 


1) | w(h 


llfe-H 


1.2.3 




For the present case » = 63, and 16 terms are to be taken. 

The numerical result is that the probability is 2 x 10~ 6 or 1 in 50,000. 

2 E 2 
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Lord Rayleigh. 

This method of calculation is possibly open to objection, in that the “ trials,” 
unlike separate tossings of a coin, are not all independent of one another. 
To avoid this objection, we may take the sign of the departure of the first 
observation after dark, and of the last before dawn (midnight = 0). We find 
that of 30 cases which gave a definite result— 

24 are negative, 

G are positive. 

Calculating as before, we find the chance of so high a result being accidental 
is only about 7 X 10“ 4 } or 1 in 1300. 

It appears then that the reality of the midnight maximum is well established. 
This naturally raises the question of what is the normal course of the variation 
during the 24 hours. But here we are met with the impossibility of tracing 
what happens during daylight. Prom this point of view it is evidently 
important to examine closely what happens as night conditions set in. Table 
III gives the observations of intensity on three favourable occasions, with the 
distances of the sun below the horizon.* Night values are attained when the 


Table III. 


► Pate. 

G.M.T. j 

Sun below horizon. 

Intensity. 

10211. 

hr. 

min. 

0 

! 

volts. 

March 2 . 

7 

6 

_ 

— 

2* 32 


7 

16 

- 

- 

2*07 


7 

21 

16 

33 

201 


7 

25 

17 

10 

1*98 


7 

28 

17 

37 

1-97 


7 

33 

18 

22 

1*90 


9 

15 

- 

- 

1*96 

Maroh 4 . 

7 

21 

16 

1 

2*04 


7 

23 

10 

19 1 

2*02 


7 

26 

16 

47* 

2*00 


i 7 

27 

16 

56 

1*98 


7 

35 

18 

9 

1*94 


7 

40 

19 

26 

1*94 

March 9 . 

7 

l 

22 

„ 

— 

2*17 


7 

28 

15 

43 

2*14 


7 

33 

16 

10 

2*01 


7 

35 

16 

46 

2*00 


7 

38 

17 

13 

1*98 


7 

39 1 

17 

22 

% 1-97 


7 

42 

17 

49 

1*96 


7 

44 

18 

7 

1*97 


7 

55 


“ 

1*96 


* The Astronomer Koyal kindly had these calculated for me by Mr. W. H. M. Greaves. 
I have interpolated for intermediate tiineu with sufficient accuracy. 
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sun is more than 17° but less than 18° below the horizon. 18° is usually taken 
as marking the disappearance of all daylight in the west. According to 
Table III night conditions observed at a greater altitude in the northern 
sky set in perceptibly before this. There can be no lag amounting to more 
than a few minutes between the disappearance of daylight and the night sky 
illumination attaining its normal value. 

The observations which I have? been able to secure are not enough to give 
statistical regularity. The mean for each hour has been given at the bottom 
of Table II, but it is premature at this stage to attempt to fit them to a periodic 
function. All that can well be said is that the lowest values generally tend to 
occur immediately after dark, and probably also immediately before dawn. 
The evidence on the latter point is less complete, the reason being that I have 
been obliged to carry out the observing work single banded, and that having 
observed up till midnight, and with other occupations in the daytime, I could 
hardly undertake more than one observation in the small hours. 

The greatest range of variation has been observed at midwinter, when 
observation can be begun about fi p.m., given favourable weather near the 
time of new moon. Unfortunately this condition was not often fulfilled, 
and one or two favourable chances were missed by absence. From the general 
trend of the means for successive hours given at the bottom of Table II we 
may estimate the mean value at 0 p.m. to be from 0 ■ 1 to 0 * 14 volts lower than 
at midnight. This would make the mean intensity at G p.m. 0*8 or 0*7 of 
the mean intensity at midnight. 

All the definitive work given in Table I applies to the region on the blue 
side of the auroral line, carried out as it was with a photoelectric cell only 
sensitive in this region. As already mentioned, to select part of this region 
by means of pale yellow or blue colour filters makes no difference to the 
character of the variations observed. They are the same as when we make no 
such selection. 

The preliminary work using the red and yellow sensitive cell under a deep 
yellow filter suggest a similar variation for the region including the auroral 
line, though, owing to the failure of the cell, it could not be sufficiently com¬ 
pleted. The results of McLennan and Ireton* by the photographic method 
are much more definite on this point. Their method differs from that here 
used not only in being photographic but also in using the radiation of the 
entire hemisphere. Owing to the poor transmission near the horizon, such a 


* 1 Roy. Soc. Proo,,’ A, vol. 120, p, 853, 
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method would rarely he satisfactory under the atmospheric conditions of this 
country. 

So far as comparison is at present possible, the results of the two investiga¬ 
tions seem to be in general harmony. 

Further and more regular observing work throughout the night can hardly 
be undertaken except at a regular observatory with assistants on night duty 
at all times. 

It would be very desirable to make observations in a high northern latitude, 
so as to cover a much larger fraction or even the whole of the 24 hours. An 
estimate should also be made of the minimum brightness of the sky during 
total eclipse of the sun. 

Summary. 

A method of observing the intensity of the night sky is described, using a 
photoelectric cell and an electrometer with leakage resistance. The intensity 
of a patch of sky is matched with the intensity of a white screen illuminated by 
an incandescent lamp. The latter is controlled by a resistance, and measured 
by the voltage across the lamp. 

The work refers chiefly to that part of the light of the night sky which lies 
on the blue side of the*auroral line* Part of the observed variation is irregular. 
Superposed upon this there is a regular diurnal variation with maximum at 
midnight. The evidence is discussed statistically and is found to be ample to 
warrant these conclusions. Aside from irregular variations, the value at 
6 p.m. in winter is believed to be 0*7 or 0*8 of the value at midnight. 

Night conditions are observed immediately within a very small number of 
minutes, on the disappearance of daylight in the west. In all probability 
the two phenomena are simply superposed like daylight and moonlight. 
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The Quantum Theory of Dispersion in Metallic Conductors . 

By R. de L. Kronig, Physisch Laboratorium der Rijks-Universiteit, 

Utrecht. 

(Communicated by R, H. Fowler, F.R.8.—Received April 12, 1929.) 

1. Formulation of the Problem .—The propagation of electromagnetic waves 
in a homogeneous isotropic medium showing metallic conductivity has been 
treated phenomenologically on the basis of classical electrodynamics.* If 
in Maxwell’s equations for the electromagnetic field 

curl E = — - ^, curl H = - 4* 4rcl) , 

c ot c\ ot / 

div D — 4-Tcpf div B = 0, 

we assume that 

D = eE, B — pH, I = oE, (1) 

where e is the dielectric constant, p the permeability and a the electrical con¬ 
ductivity, we get 

curl E = —^ ^, curl H = - (s ~ + 4 tcoe) , 

c ot c\ ot / 

divE = ^£. div H — 0. 

e 

These equations are satisfied by 

2 trvxZ r~ / - _ 

E* == ¥e~ • cos I 2 tcv \t — ~) + yj> 

H v = F'e” • cob[2wv(/-”)+y'J 

and all the other components of E and H as well as p equal to zero, provided 
n, k, F, F', y, y'. obey the relations 

= pt /2 (Ve* T 4 o*/v* + e), ( 3 ) 

k* = (i /2 (V e s -f 4 a s /v® — e), ( 4 ) 

F' = 2 %/«“ + **» tan (y — y') = */»> 

r 

* See e.g. Drude, ‘ Lohrbuoh der Optik ’; Abraham und Fdppl, 1 Theories der Elek- 
tridt&V L 
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where v, ¥ and y are arbitrary real constants. (2) represents a plane electro¬ 
magnetic wave of frequency v, linearly polarised in the direction x and travelling 
in the direction 2 with a phase velocity corresponding to an index of refraction 
n and a decrease in its amplitude corresponding to an extinction coefficient 
k. By considering the boundary conditions at a plane surface of the medium 
adjacent to vacuum one finds for the coefficient of reflection in the case of 
perpendicular incidence 


(n — M-) 2 + k 

(»+ 


For non-ferromagnetic substances |x can be put equal to unity without 
appreciable error. For ferromagnotic substances in the region of long Hertzian 
waves (X is not a constant so that the preceding considerations do not apply, 
while for higher frequencies it seems to approach unity. Throughout what 
follows we shall hence put p. = 1 so that (3), (4), (5) now become 


n 2 — \(y/ e 2 + 4<r*/v 2 + e), 

k 2 — \{\f c 2 -j- 4 <t 2 /v 2 — e), 

_ ( W - 1)2 + k 2 
(n+1) 2 +K2 * 


( 0 ) 

(7) 

( 8 ) 


4<T^ (7 - 

If further — > e and also 1, we obtain by developing 

n ™ /c = \/ ct / v , (9) 

R — 1 — 2 Vv/o. ( 10 ) 

The experiments of Hagen and Rubens* in the far infra-red have confirmed 
(10) for various metals at room temperature up to frequencies of about 3.10 18 , 
corresponding to a wave-length of 10 |x. For higher frequencies deviations 
become noticeable, and in the optical region (10) fails entirely. Evidently the 
indiscriminate use at high frequencies of the constants e and a in (1) giving the 

displacement current ^ and the conduction current a£ for slowly vary¬ 
ing fields, is to be blamed for this. 

Until recently it appeared difficult to improve the theory, no satisfactory 
interpretation of metallic conduction being available* This gap has now been 


* * Ann. Physik, 1 vol* 11, p. 873 (1903), 
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filled through the work of Bloch,* who shows how the conducting properties 
of a crystal lattice under a constant electric field can be understood by con¬ 
sidering the simultaneous influence of the field and the thermal vibrations of 
the lattice on the distribution of the electrons in the crystal over their various 
stationary states. The ideas which lie has developed we shall use as a basis 
of the subsequent discussion, in which for simplicity we confine ourselves to 
studying the propagation in a cubic lattice of a plane monochromatic wave 
travelling in the direction of one of the crystallographic axes and linearly 
polarised parallel to one of the other two. The principal objects of our 
investigation will be 

(1) A determination of the accuracy with which the phenomenological 

theory can be expected to hold for different frequencies and tempera¬ 
tures. 

(2) The nature of the deviations from the phenomenological theory and 
their connection with the properties of the crystal. 

2. The General Properties of the System .—In studying the influence of an 
electromagnetic wave on a crystal lattice it seems at first that we are con¬ 
fronted with the same difficulties which stand in the way of a satisfactory 
formulation of quantum electrodynamics. Nevertheless it is possible to proceed 
if it be remembered that in order to compute the coherent radiation scattered 
by a system of charged particles, which alone is of importance in determining 
the refraction and extinction of the incident wave, the quantization of the 
electromagnetic field may be disregarded. Correct results are obtained in 
this case by calculating that part of the current distribution induced in the 
system which vibrates with the same frequency as the incident wave, and in 
considering it as giving rise to the coherent scattered radiation according to 
the laws of classical electrodynamics.f 

We shall later consider the current flowing inside a cube in the crystal lattice, 
the basic cube, whose edges, of length L, are parallel to the co-ordinate axes, 
if a plane electromagnetic wave of frequency v, polarised in the direction * 
and travelling in the direction z, is falling on it. If L be chosen small compared 
to the wave-length and to the distance in which the amplitude of the wave 
decreases appreciably on account of absorption, then the vector potential A 

* 4 Z. Physik/ vol. 52, p. 555 (1928). 

t Gordon, * Z . Physik,* vol. 40, p. 117 (1927); Klein, ibid., vol. 41, p. 407 (1927); Waller, 

* Phil. Mag./ vol. 4, p. 1228 (1927). For a rigorous justification of the results obtained see 
Dirac, ‘ Roy, Soc. Proc./ A, vol. 114, p. 248, 710 (1927). 
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of the wave at every instant may be considered the same for all points of the 
cube and given by 

A* = —— sin 2A v — A, = 0, (11) 

271V 

while its scalar potential vanishes. The electric field in the cube due to the 
radiation will then be 

E. - P cos 2 tcv/, E v - E a - 0. (12) 

We must further discuss the stationary states of the crystal. Following 
Bloch we shall regard the lattice in its action on one of the conduction electrons 
in first approximation as an electric field in which the potential energy V of 
the electron is periodic with a period a, the lattice constant, in the direction 
of each of the three co-ordinate axes. We shall assume that the edge L of 
the basic cube is a large integral multiple G a of a, which for radiation whose 
wave-length is sufficiently long, as in the optical and infra-red region, is not 
in conflict with the restrictions previously imposed upon the value of L. 
Then according to Bloch (see his equation (6a)) the eigenfunctions of the 
electron, obeying the wave equation 

^ (w — V) «|> — o, 

are given by 

u iUi {xyz), (13) 

4 

if we restrict ourselves to those which are periodic in the directions x y y , z 
with a period L. l v 1 2 , Z 3 are integers, while u is a function periodic with a period 
a in each of the directions of the three co-ordinate axes. The ip’s we assume 
normalised. 

The energy of the stationary state belonging to the eigenfunction 
we shall denote by W(i 1 ? 2 ? 3 ). In case its explicit value is required, we shall, 
just as Bloch in his calculation of the conductivity (see his equation (63c)) 
assume it given by 

w(W,) - to [(2^/0)* + (2 nlJG)* + (2(14) 
For free electrons this formula is exact with 

to = htl&rftm*, 

a quantity of the order of magnitude 5.10“« but even if the binding effect of 
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the lattice makes itself felt, it has still an approximate validity with a smaller 
value of o>, Introducing in place of l v l ti l 3 the new variables 

i » 2tcIj/Q, 7 j =* 2 tcZ 2 /G, C - 27tf a /G, (IB) 

and the quantity 

p = VP + 7) 2 + P, (16) 

we can write (14) 

W(&]C) - cups. (17) 

When there is temperature equilibrium, the distribution of the electrons 
over the various stationary states will be governed by the statistics of Dirac 
and Fermi,* the number in the state l lt 1 2) l 3 being equal to 

/o((Ag = 2/{« e w "-W/« + 1 } , (18) 

since for each combination there will be two possible orientations of the 
electron in a magnetic field. If W (Z^Zg) is given by (14), then for large G 
the stationary states will lie close together. Inside a parallolepipedon d £ dy] dt, 

Q3 

there will be — dy\ dZ, combinations Z^Zg, and therefore 

OTi 

G 3 

f 0 (y 2 / 3 ) — d? dri dX, electrons. (19) 

OTTT 

If the electron gas is almost degenerate, which will be the case at ordinary 
temperatures, then (see Bloch, loc. cit.) the constant a in (18) is given by 

a = 

where _ 

Po = yerc*K, (20) 

and 2K is the number of conduction electrons per cell and also per atom if for 
simplicity we assume that there is one atom in each cell of the cubic lattice. 
With (17) and the abbreviation 

8 = w (p*-p 0 *)/*T (21) 

we get hence 

/o(W=/o(p) = 2/(c 4 -fl). (22) 

3. The Validity of the Phenomemlogical Theory. —If a constant electric 
field is applied to the crystal lattice considered in the previous section, it will 
cause an electron in a given state to make transitions to other states 
fjZglj and disturb the distribution (22). A current will begin to flow and 
would increase beyond limits if there were no other influences coming into 

* Dirac, ■ Roy, Boo. Pros.,’ A, vol. 112, p. 661 (1926); Fermi, ‘ Z. Phyaik,’ yol. 86, 
p. 90S (1926). 
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play. Already in the absence of an electric field, however, an electron will 
not stay in its state indefinitely, but will undergo transitions to other 
states on account of its interaction with the thermal vibrations of the lattice* 
It is just this agency which establishes the equilibrium distribution (22) in 
the absence of a field, and which sees to it that a new equilibrium distribution 
is finally reached if an electric; field is present. 

As Bloch has shown (see his equation (70)) this new equilibrium distribution 
will have the form 

/(5tf)=/o< p)-Kx(p). (23) 

and the total current per cubic centimetre corresponding to it is then given 

t>y 

*■-a? iw «■*<'> s*** m 

if it is assumed that the momentum associated with a state l x l 2 h ^ as ^ Ui 
components t£, tt], t£. This is rigorously true for free electrons with 


t = hflna, 

which is about lO”' 10 , and will still have approximate validity with a smaller 
value of t for electrons not too firmly bound. But /(p) according to Bloch 
(see his equation (83)) is given by 


4PeMa 2 p 2 c«)V /8tc 2 m\ 2 / hv \ a 3/ 0 0 

QWA \ A 2 / \ak&' Sp T’ 


(25) 


F denoting the strength of the field, M the mass of the basic cube, v the velocity 
of propagation of elastic waves in the lattice, which is assumed to be the same 
for longitudinal and transversal waves, C a constant determined by the firmness 
of binding and 0 the characteristic temperature entering in Debye’s theory 
of the specific heat of solids. It is also presupposed in the derivation of (25) 
that T > 0. By dividing the current calculated from (24) and (25) by the 
field strength Bloch obtains the conductivity (see his equation (85)) which in 
our notation has the value 

_ 4 (6tt*K)* eWruv / hv \* 0 

° = -JJ- (as) f |36) 


The relation (24), giving the current for constant fields, will not apply 
accurately for variable fields since it takes some time before the equilibrium 
distribution (23) is attained when the strength of the electric field is changed. 
To get an estimate of this time of relaxation we inquire for the rate of change 
of the current when the electric field which has established the distribution 
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(23) is suddenly turned off. For this purpose it is only necessary to know 
how many more electrons are leaving a state ^han are entering per 
second on account of the impacts with the lattice if the distribution is given 
by (23). Calling this number n we get 

But accordingly Bloch (see the equation following his equation (7G)) 

n(&)Z) = -— (28) 

ft dp p 

Substituting (25) in (24) and (28) in (27) and remembering that according 
to (21) and (22) 3/ 0 /3p'is different from zero only in the immediate neighbour¬ 
hood of p p 0 bo that p may be replaced by p 0 in the factors with which 
3/ 0 /3p is multiplied, wc find with the help of (26) 

i* - - pi* 

with 

P — ItcK tfaj/imcflc. (29) 

K is of the order of magnitude 1, a about 10~ 8 , while for good conductors the 
value of t may be put equal to 1 /10 the value of r for free electrons, i.e ., 1CT 20 , 
and a is of the order 10 18 at room temperature. Then p lies between 10 1S 
and iO u , and 1/p will have to be regarded as the time of relaxation.* 

One must expect hence that the phenomenological theory of dispersion in 
metallic conductors, using in the relation (1) the value of cr for constant fields, 
will for an alternating field given by (12) be in error by amounts of the order 
eT^ v . These errors become serious at ordinary temperatures for frequencies 
between 10 13 and 10 u in agreement with experiment. For increasing tempera¬ 
tures the region of validity extends towards larger frequencies, since p changes 
proportional to T on account of the factor l/a. Unfortunately no experi¬ 
mental data are available showing the influence of temperature on the applica¬ 
bility of the formulae (9) and (10), and new material with the above predictions 
in mind would be very desirablc.f 

* Hie time of relaxation thus calculated is solely due to tho finite intervals between the 
impacts of the electrons with the lattice and distinct from the effects of self-induction. 
These become negligible for systems of small dimensions, as our basic cube, and are 
implicitly contained in Maxwell’s equations when we consider the distribution of current 
for the lattice as a whole. 

f [Note added in proof .—It is of interest to compare our result with that which can be 
obtained by an analogous consideration on the basis of the older picture where the 
electrons were regarded as forming an ideal gas (see Lorentz, • The Theory of Electrons,’ 
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4. The Region of High Frequencies .—When the frequency v of the incident 
wave becomes large compared to (3, the impacts of the electrons with the 
lattice will cease to play an important part. We may then apply the dis¬ 
persion theory to the system whose eigenfunctions and energy values are given 
by (13) and (14) respectively.f If the electron is in the state l t l a / 3 , which 
for brevity we denote by r, while s is any of the other states, then that part 
of the current density due to it which vibrates with frequency v is 


lx (?) 


(*F 


2Tc»tvL a 


, 2y Vjfl.(w)l« - 
hm « v„ 2 — v 2 


sin 2nvl 


(30) 


if the vector potential of the, wave is given by (11 )/p x is the ^-component of 
the momentum and p x (rs) hence given by 

Px (' ») -■ ~~ f +*r 3^ <iy ok, (31) 

Ira J ax 


the integration extending over the basic cube. 

The integrand in (31) for two states l x l 2 and // l 2 l 3 ' will be according to 
(13) 



Integration over the first of the two terms gives zero on account of the ortho¬ 
gonality of the eigenfunctions. Furthermore the u* s have the period a in the 
direction of each of the co-ordinate axes so that we may write them as Fourier’s 
series 

00 

W w» — 2 

OiOtff 3 ~ **** 00 

For free electrons only the constant term 6 000 is present, while for weakly 
bound electrons also the higher terms will occur with coefficients b tiras small 




0T 


m 




2nd edition, p. 267, tt seq.). By troating the interaction of the electrons and the atoms 
or ions ol the metal as impacts between perfectly elastic spheres one finds 


P 


3 

2 A 



where A is the mean free path of an electron between two impacts with an atom. With 
the experimental value of p one gets for A at room temperature about 10~ a cm. Note 
also that here p is proportional to \ZT, while the new theory gives proportionality with T 
on account of the factor l/«r]* 
f Klein, loc. oU .; Waller, he. ciL 
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compared to 6 000 , of which again 6 J00 , fc 010 and b 00l will in general be the biggest* 
We will hence have with good approximation 




dx 


2rc i 
a 


^*omi ^ 9 $ pm 

PjPiffs — “ ® 


2ri /CiS + w + «£\ 

g \ a a a / 


Substituting this in the integrand of (31) we see that (r#) will be different 
from zero only if, 

l\ i 6» ?2 “ ^2> ^3 “ ^3> (32) 

h — dt: 26, ^2 ^ ^3 (33) 

W - *! ± 6, V - <1 ± 6, V = *a> (34) 


and will in general be largest for the transitions (32). Moreover since accord¬ 
ing to (21) and (22) practically all the electrons in the crystal have values {;, 
7), Z which lie within a sphere of radius p 0 , given by (20), in the ^TjC-space, it 
is easily seen with the help of (17) that the frequencies of the transitions (33), 
(34), etc., will for most electrons be much bigger than the frequencies of the 
transitions (32). For frequencies adjacent to the region in which the phe¬ 
nomenological theory holds the latter will be predominant, and in the following 
discussion we shall hence consider only them. If we presuppose that 
does not depend essentially on l 2 , 1 3 , an assumption which Bloch justifies 
and uses in his paper (see the equation preceding his equation (01)), we find 

\vAhJ»h\ J*. h) I* = pa > 

a constant independent of l v / 2 , J 8 . Introducing yj } £ from (15) we may write 
this 

(35) 

The associated frequencies are according to (16) and (17) 

v&i),?; 5±2n,ij,0 = -^(TC±0- (36) 

The classical analogue of these frequencies is the fundamental in the oscillatory 
motion which is superimposed upon the uniform motion of a sufficiently swift 
particle travelling through the field with the periodic potential V. Assuming 
complete degeneracy of the electron gas so that according to (22) we have a 
uniform density of electrons corresponding to / 0 = 2 within a sphere of radius 
p 0 in the ijijC-space, there will be according to (19) 

f? <*■-«« 

electrons between £ and \ + d\. 


(37) 
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Using (35), (36) and (37) we get from (30) the total current density* 


S P 


X 1 


dt (p „ 2 - ?) 


lfatO (ff + g) P 2 
hhn 


[~ (« + «]* - v a 


sin 2 


In the frequency region 
4ttcl> 


h fa — p 0 ) < v < fa +Po) 


the integral has no definite value, the denominator in the second term becoming 
zero for a certain £. As is well known), however,f we get that part of the current 
which is 90° out of phase with the electric field of the incident w T ave, the dis¬ 
placement current, by taking the principal value of the integral: 


e — 1 3E* (e — l) vF . i e a F sin 2nvt 

--- = ---- Sin Z 7 TVC = —“——--- 

4 iz hi 2 87 rtftva 3 


S Po 

-pi 


dl (Po 2 - £ 2 ) 


1 


1 __ Iftrco (tc + £) P 2 ___ 

hhn [1^(^ + 5)] 2 _v 2 

from which we obtain 

* “ 1 - ? + £i [ v >’ - v ‘* + i <« + '■,)( v + v.) log (^r?)' 


+ K»-v,)(»-v,)log(i—^)’] (38) 


with 


Also from the connection between absorption and dispersion^: we get the part 


* In this expression no account has been taken of the exclusion principle of Pauli in 
case a transition of a certain oloctron considered leads to a state already occupied by another 
electron. That this omission does not introduce an error has been shown in a paper by 
H. Kramers and the author, 1 Z. Phyaik,' vol. 48, p. 174 (1928). 
f Kramers, 1 Proceedings of the Volta Congress, 1927,’ vol. 2. 

% Kramers, he . cU. 
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of the current in phase with the electric field, the conduction current. If 
both Vj and are positive 

orE* = aF cos 2rcv t = (—-) ( v 2 ” v ) ( v — v i) cos 27tvt, 

hnrvar Airm/ 

from which 

CT = ^-ni(v 2 — v)(v - v t ) (v 1 <v<v 2 ), (40) 

2 v 

while a — 0 for all other values of v. The values (38) and (40) of t and a 
must then be substituted in (0), (7) and (8) to get the optical constants n, k 
and R * 

Although on account of the simplifying assumptions made in the course of 
our derivations the results thus obtained cannot be expected to check quantita¬ 
tively with the experimental data, a number of features of the dispersion of 
light in metallic conductors can be qualitatively understood. Since v must be 
large compared to (3, given by (29), in order that the considerations of this 
paragraph may apply, and since (3, as we have seen, lies between I0 13 and 10 14 
at ordinary temperature's, we must confine ourselves here to the optical 
behaviour of metals in the visible and ultra-violet region of the spectrum. At 
lower temperatures the limit of validity of the theory will lie further toward 
low frequencies. It may be mentioned in this connection that according to 
measurements of de SGlincourtf lowering the temperature has only a small 
effect on the coefficient of reflection of silver in the ultra-violet region, probably 
entirely due to the change in the lattice constant resulting from temperature? 
contraction. From this we may conclude that already at ordinary tempera¬ 
tures the impacts of the electrons with the lattice play a negligible role in this 

* [Ante added in proof :—At the point of the preceding considerations where < and <r are 
first introduced, the question arises if a correction should not be made analogous to the 
replacing of (»* — 1) by 3 (w 1 - !)/(»“ -f 2) in the classical theory of dispersion in 
transparent media. There the reason for this change is the appearance in the electro¬ 
magnetic field of an oscillating dipole of terms decreasing as 1/r* and 1/r 3 besides those 
decreasing as 1 /r, which alone are of importance at large distances r (in the wave zone). 
In the classical theory a very general investigation of the problem by Darwin (‘ Trans. 
Camb. Phil. Soc.f vol. 23, p. 137 (1924)) makes the substitution plausible for absorbing 
media too. In the quantum theory the terms in 1/r* and 1/r 1 have never been 
considered, and it appears that it will not be possible to fit them into the theory before 
the artificial distinction between static and wave fields has been removed. For that 
reason we have decided not to make* the correction at present (which would be quite 
considerable), and it may hence become necessary later to revise the comparison with 
the experiment given below.] 

t * Boy. Soo. Proc., 1 A, vol. 107, p. 247 (1925), 

VOL, CXXIV,—A. 2 F 
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region, while marked changes in the reflection at higher temperatures indicate 
that the influence of the impacts becomes noticeable. 

In fig. 1 we have given a graphical representation of e and c as calculated 
from (38) and (40) with 

5.10 30 , v, = 5.10 14 , v 2 = 2.10 16 . 

3tcW 1 



That these vahies are reasonable we see as follows : p 0 3 /37t 2 is of the order of 
magnitude 1 according to (20). 1 /a 3 , the number of atoms per cubic centi¬ 

metre, is for metals like Ag and An, which we later shall use for comparison, 
about 6.10 22 , From this we get a justification of the first equation above. 
The assumption for and v 2 gives us to, since according to (39) 47c?o>/h is the 
arithmetic mean of Vj and v 2 , o> becoming thus 2*10“ 18 , a value as we should 
expect according to a previous remark. For £2 we have chosen two values, 
0 = 2*2 (curves A) and £2 = 3*2 (curves B). According to the definition 
(39) of £2 this signifies that I >2 /m is of the same order of magnitude as <o, which 
is sensible, since P is an element of the matrix representing the momentum 
and to is of the order of magnitude of the mean energy of an electron. Fig. 2 
shows the values of e and a for Ag and Au obtained from (6) and (7) by using 
for n and k the values determined by Minor* and Meier.f One sees that the 
theory accounts satisfactorily for the empirical type of curves and the order of 

* * Ann. Physik,* vol 10, p. 583 (1903); Di*#, Gottingen, 1903. 

t * Ann. d. Physik,* vo), 31, p. 1017 (1910); Dins. Gottingen, 1910. 
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magnitude of c and a with one kind of electrons only, no distinction being made 
for them any more between free and bound electrons. 



It may be mentioned here that it seems difficult to set up a theory of^dis- 
persion in metallic conductors in the frequency region where v is neither'small 
nor large compared to p. 


Summary, 

1. On the basis of the notions developed by Bloch in order to interpret 
metallic conduction and under certain simplifying assumptions it is shown 
that the equilibrium distribution of the conduction electrons in a crystal over 
their various stationary states, established by the joint influence of the applied 
electric field and the impacts with the lattice due to thermal agitation, has a 
time of relaxation 1/p, where p is given by (29). 

2. The classical phenomenological theory of the dispersion of light in metallic 

conductors, in which it is presupposed that current density and electric field 
are connected in the same way for variable and for constant fields, will fail 
when the frequency v of the light becomes comparable to p, a measure of the 
accuracy being For ordinary temperatures p lies between 10 13 and 10 w , 

in agreement with experiment, and changes proportional to the absolute 
temperature. 

3. A dispersion theory is developed for the region of high frequencies, v < p, 

2 F 2 
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which gives a satisfactory qualitative account of the optical behaviour of 
metals in the visible and ultra-violet part of the spectrum. 

1 wish to take this opportunity of acknowledging my indebtedness to the 
Lorentz Fonds, at whose invitation 1 have been conducting research at the 
University of Utrecht. 


On the Interpretation of the Relativity Wave Equation for 

Two Electrons. 

By N. F. Mott, B.A., St. Johns College. 

(Communicated by R. H. Fowler, F.R.S.—Received April 12, 1929.) 

In the general non-relativity quantum dynamics that has been developed 
by Dirac and others, the motion of a dynamical system is described by a wave 
function ^ (5i £n» 0; one interprets this wave function by postu¬ 
lating that 

is the probability that, at time t 

V<lr<V + dir' (r = 1 ... »). 

The relativity wave function for a single electron can be interpreted in a similar 
manner. If* (xyzt) be the wave function, and $ the conjugate function, 
then <fr\> (xyzt) dx dy dz is the probability that the electron will be found, at 
time t , in the volume element dx dy dz. 

It is, of course, necessary that the wave function should be normalised, 
».e., that 

| <jr\>dxdydz = 1, 

because the probability that the electron is to be found somewhere in the whole 
of space is unity. It is also necessary for the consistency of the theory that 
the normalisation should persist through time, i.e. 9 that 

d f 

•g* I <fr\) dx dy dz =* 0. (1) 

* ^ has of oourae four component! t-o be taken &« an abbreviation for 

x fair a - 

k m l 
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Relativity Wave Equation for Two Electrons , 

This, as is well known, follows at once from the so-called equations of motion 
of the quantum theory. We use the symbolic matrix notation of Dirac, where 

is written for | <f>ty dx dy dz. The wave equations of motion are 

xh !* = H4/, 

*H. 

We have to prove that, 

5 <«>-“■ 

that is, that 

+ 4 * U = 0> 

a result which follows at once from the wave equation, whether relativistic 
or not. 

Now, in the relativity wave equation for two electrons,* there occur two 
times, one for each electron. The wave function 4 i 8 a function of eight 
variables—as well as the spin variables ; we have 

4 4 * 

The two times must refer to two separate experiments. To fix our ideas, let 
us consider a definite occurrence, the collision between two electrons. Two 
wave packets are moving towards each other, and they are going to hit “ dead 
on ” in such a way that they get mixed up. Then after the collision, the 
probability that we shall find one electron in the volume element dx i dy A dz x 
at time and the other in the volume element dx 2 dy 2 dz 2 at time ( 2 is 

<f>i> (x x y x z x t ,; x 2 y 2 z 2 t 2 ) dx i d Vx (lz i dx 2 d y* dz r 
* Now, in order that this interpretation may be consistent we need something 
more than a mere normalisation of For suppose we only wish to observe 
one electron. Suppose we have, say, a Geiger counter at the point x x y x z lt and 
we wish to know the probability that an electron will be found there in a 
volume element dx x dy x dz x at the time t v This probability must dearly be| 

dx, | M (x,<,; x 2 < 2 ) dx 2 . 

* Eddington, ‘Roy. Soc. Proc.,’ vol. 122, p, 358 (1929), Gaunt, ‘Roy. Soc, Proc.,’ 
vol. 122, p. 513 (1929). 
f Writing x for x t y t z. 

dx for dx dy dz. 
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W© have integrated over all possible places where the second electron might 
be found, should we, at time t 2J make an experiment to find it. But the prob¬ 
ability of an electron entering our Geiger counter at time t x must clearly be 
independent of the time t % at which our second experiment might be made— 
seeing that it never is or need be made. Therefore, if our interpretation of 
the wave equation is to make sense, we must have 

| ^ ( x i^i > X 2^) (2) 

The equality (2) is not, as far as one can see, a general property of the wave 
functions, but it is true in the only case in which it seems possible to give any 
physical meaning to a wave function with two times. Let us consider first 
the value of (2) when t t is equal to t r Then the equality (2) is true if, at the 
moment t 19 there is no appreciable probability that both electrons are in the 
neighbourhood of x v By “ neighbourhood ” we mean, within a distance r 
such that e 2 /r is comparable with the kinetic energy of the electrons. In other 
words, (2) is satisfied as long as the experimental conditions are such that we 
may be sure that no col lision is taking place at the point x x at the time t v This 
would be the case in almost any actual experiment; and also we should 
probably expect the interpretation to go wrong if the electrons might be 
engaged in a collision at the moment of the experiment, because it would be 
impossible to do an experiment on the one electron, without some risk of 
upsetting the other. 

If t % is not equal to but some later time, then (2) is true if vanishes in 
the “ neighbourhood ” of the set of points for which 

c 2 (/ a l\Y “ (x«a Xj) 2 . 

That is to say that, if (2) is to be satisfied, we must be sure not only that no 
collision is taking place at x x at time t v but also that the second electron is so 
far away from x y that it could not be disturbed, at time t 2t by a disturbance 
that has started out from x, at time t v and which travelled with the velocity 
of light. This, I think, also, is what we might expect. The detection of the 
first electron at x x at time t x might very well set up an electromagnetic dis¬ 
turbance, which would affect the (imaginary) second experiment at if 
it got there in time. 

The proof that equation (2) is satisfied under these conditions is almost 
obvious. If 


R 12 = V(x s - *,)• - - f,)* 
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then the conditions imply that tp shall vanish unless 

r— < [Kinetic energy of the electrons]. 

K 12 

It is clear, therefore, that over all that part of x 2 space which contributes any¬ 
thing to the integral in (2), must satisfy the wave equation for two electrons 
in free space with no interaction. The equation (2) follows in the same way 
as the equation (1) for one electron. 

It appears, therefore, that the interpretation of the two-electron equation is 
consistent, and further that all results of physical importance can be obtained 
by using one time only, putting t x — in the wave equation. It would, how¬ 
ever, be of interest to obtain a solution of the wave equation containing the 
two times, so that we could see what happens in the case excluded above, when 
one experiment is in the absolute future of the other, and so may be affected 
by it. 


The Scattering of Fast Electrons by Atomic Nuclei. 

By N. P. Mott, B.A., St. John’s College, Cambridge. 

(Communicated by N. Bohr, For. Mem. R.S.—Received April 25, 1929.) 

Section 1.—The hypothesis that the electron has a magnetic moment was, 
as is well known, first introduced to account for the duplexity phenomena of 
atomic Rpectra. More recently, however, Dirac has succeeded in accounting 
for these same phenomena by the introduction of a modified wave equation, 
which conforms both to the principle of relativity and to the general trans¬ 
formation theory. Formally, at least, on the new theory also, the electron 
has a magnetic moment of efe/wc, but when the electron is in an atom we 
cannot observe this magnetic moment directly ; we can only observe the 
moment of the whole atom, or, of course, the splitting of the spectral lines, 
which we may say is “ caused ” by this moment. The question arises, has 
the free electron “ really ” got a magnetic moment, a magnetic moment that 
we can by any conceivable experiment observe ? The question is not so simple 
as it might seem, became a magnetic moment zhjmc can never be observed 
directly, e.g., with a magnetometer; there is always an uncertainty in the 
external electromagnetic field, due to the uncertainty in the position and 
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velocity of the electron, and this uncertainty is greater than the effect of the 
electron magnet which we are trying to observe.* Our only hope of observing 
the moment of a free electron is to obtain a “ polarised ” beam, in which all 
the spin axes are pointing in the same direction, or at any rate more in one 
direction than another. The obvious method of obtaining such a polarised 
beam is a Stern-Gerlach experiment, but here again the Uncertainty Principle 
shows that this is impossible* ; in fact, it appears certain that no experiment 
based on the classical idea of an electron magnet can ever detect the magnetic 
moment of the electron. 

We are, however, unwilling to give up altogether the idea of the direction 
of the spin axis of the free electron, because of the form that the solution of 
the wave equation has for this case. Whether we consider an infinite plane 
wave, or a wave packet, there are, in the solution, two arbitrary constants A, 
B, which are just enough to determine a “spin ” direction. Further, it has 
been shown by Darwinf that the electromagnetic field due to a wave packet 
can be separated formally into two parts, the one due to the charge and current, 
and the other due to the magnetic moment of the electron, which points in a 
definite direction and is determined by A, B. As we have pointed out, this 
second part cannot be observed, because it is less than the uncertainty in the 
first; but nevertheless, we can associate formally a direction of the spin axis 
with any given solution of the wave equation. 

Now, have these constants A, B, this direction of the spin axis, any physical 
meaning ? Suppose, for example, a wave packet were to fall on a nucleus ; 
would the scattered intensity depend on the A and B of the initial wave packet ? 
This can only be decided by a mathematical investigation, to which the greater 
part of this paper is devoted. If the scattered intensity does not depend on 
A, B, that would be very satisfactory ; we should consider A and B to be 
constants used in the mathematics, but with no physical meaning, and the spin 
of a free electron to be something non-existent. However, we shall find that 
the scattered intensity does depend on A and B, so that the spin direction has 
some meaning after all. Suppose an electron, about whose spin direction we 
know nothing, fails on a nucleus and is scattered through a given angle ; we 
now know that its spin axis is more likely to be in one direction than another. 
Suppose an unpolarised beam, in which the spin axes are pointing in all 
directions at random, falls on a target and is scattered ; the scattered beam is 
partly polarised ; more spin axes point in one direction than another ; and this 

♦ These arguments are due to Prof. Niels Bohr, and are discussed further in an appendix. 

t C. G. Darwin, * Roy. Soc. Proc., 1 A, vol. 120, p. 031 (1028). 
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polarisation could be detected by letting the scattered beam fall on a second 
target. Since the beam is polarised it will not be scattered in the same way 
as an unpolarised beam ; actually we shall find that the scattering is asym¬ 
metrical about the direction in which the beam falls on the second target, and 
this could be detected experimentally. 

In this paper we shall investigate the scattering of fast electrons by atomic 
nuclei, using the wave equation of Dirac. As well as investigating the polarisa¬ 
tion, we shall obtain a formula* for the scattering of an unpolarised beam, 
which is to replace the Rutherford formula for fast electrons. In Section 2 
we shall obtain certain general results for scattering by a field of force V(r). 
In Section 5 we shall investigate the scattering by a Coulombian field of force, 
and determine the scattering law and the polarisation to be expected. The 
mathematics can be interpreted without difficulty, since the energy is an 
integral of the equations of mot ion, and we are not troubled by transitions to 
negative energy. We may emphasise once again that we do not want to know 
how the spin axis is turned when the electron is deflected, so much as how the 
direction of the spin axis affects the probability of the electron being scattered 
in a given direction, as it is this last that will be observable experimentally. 

Section 2..We consider the scattering of an infinite plane wave by a centre 

of force V (r). If we were working with Schrodinger electrons, the wave 
equation would be 

+ 2z£2(w + V) * = 0, (1) 

and we should have to find a solution such that for large r 

* ~ I+ 8.11(8*), (1.1) 

where 1 is written for exp (2mpzjh) and represents the incident wave, and S for 
exp (2iziprlh)Ir to represent the scattered wave. Then, if a beam of electrons 
were to fall on a foil, say, of thickness t and containing n nuclei per unit volume, 
the proportion of the original beam scattered in a given solid angle will be 

nt | u (0 *)| 2 sin 0 d§d<f>. 

With Dirac electrons, we have, of course, four components of the wave 
function, 4**i 4^ 4 ^ 4 * The wave equation is the familiar wave equation of 
Dirac.f 

[Po + V (r)/c — 2 t rih (a, grad) -f p 3 me] — 0, (2) 

* This formula, of course, includes “ Relativity correction ” as well as ** spin correction,” 
but does not include the effect of radiative force. 

t * Roy. Soc. Proc., 1 A, vol. 117, p. 610 (1928). 
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and, as before, we want a solution representing an incident plane wave falling 
on the nucleus and a scattered wave- -a solution therefore, such that, for 
large r 

+ ~ciJ + S«a(0*). (3) 

The a A are constants, but not all arbitrary constants, for if any two are given, 
the other two are known.f We set 

a 3 =« A, (4 B, 

where A and B are arbitrary complex constants. Then we have 
a t = — Ap/(p 0 -f me), a 2 = R pftp 0 + me). 

4 

The current represented by the incident wave is equal to 51 \a k | 2 , which is pro- 

\« i 

portional to AA* + BB*. In the same way, the current scattered depends 
on // 3 , only. 

To interpret our formula*, therefore, we clioose A, B in such a way that 

A A* +• BB* — 1. 

Then, if nt P sin 0 d6 d<f> is the proportion of the original beam scattered in a 
given solid angle, we have 

PHMW + IMW. (4) 

The constants A, B determine also the polarisation, or direction of the spin 
axis, of the incident electrons. When we speak of the direction of the spin, 
we shall mean the direction referred to axes with respect to which the electron 
is at rest; it is this that will be distributed equally in all#directions in an 
unpolarised beam. If y, ca are the spherical polar angles of the spin direction, 
thenj 

-l-ootte.* (5) 

In the same way, u^ju z will determine the polarisation of the electrons scattered 
in any direction. To determine the proportion scattered from an unpolarised 
beam, we must average P of equation (4) over all values of y, co. 

If we find and 4 1 * for the two cases A ~~ 1, B ~ 0 and A = 0, B = 1, 

t Darwin, * Boy. Soc. Proc.,’ A, vol. 118, p. 664 (1038). 

t Darwin, ‘ Roy. Soc. Proo./ A, vol. 120, p. 631 (1028). 
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then we can form the general solution (3) by superposition of these two. We 
shall show in the next section that these two solutions are of the form 

^3 ~ f + Sjf (0) 1 

s*(0)€* y 

and 

-$g(0)<n+ -I 

^ ~ 1 + 8/(8) J ' 

where/(0), $r(0) are functions of 0 (not <f>) which depend on the form of V(r). 

By superposition of these two, we have at once the general solution of the 
form (3), with 

u. d = A f — Br/tT 4 *, 

«4 (°<£) = B / + A;/C*+. 

Hence we have 

|w 8 l a + !«*!* = (|A|* + |B|*) (!/!*+ I//! 3 ) 

+ (fg* — f* 9 ) (- ABV* + (7) 

so, if P sin 0 d0 d(f> is the proportion of the beam scattered in the solid angle 
sin 0d0d<j>, then we see from (4), (5) that 

P = I/I 2 ■)“ l^l 2 + H sinx sin (to — <£), (8) 

where 

D (0) - Hfg*-f*9) 

and x» «*> determine the direction of the spin axis of the incident electrons. 

To obtain the number P scattered from an unpolarised beam, we must 
average over all directions of the spin axis ; we obtain 

p-l/i 2 + l'/l 2 * (9) 

Unless, however, 1) (0) = 0 for the angle of scattering considered, the function 
P will depend on the polarisation of the incident beam; and if the incident 
beam is unpolarised, the scattered beam will not be. We shall be able to 
detect this polarisation by scattering the beam again by a second nucleus. 

Before considering this double scattering in detail, it will be well to point 
out an obvious trap. On the old Quantum Theory, one used to say that a 
magnet, such as an electron magnet, must orientate itself either parallel or 
anti-parallel to a magnetic field. Such an assumption would in our case lead 
to inconsistent results. For from equation (8) we see that electrons whose 
spin axes lie parallel and anti-parallel to the direction of motion are scattered 


( 6 . 1 ) 

(6.2) 
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in the same way as an unpolarised beam. Suppose then we always had a weak 
magnetic field in the direction of motion, before and after scattering ; then the 
scattering would always be normal, and the double scattering experiment would 
give a null result, which is contrary to the result of the following calculation. 
The fallacy is probably this, that we must not think of the axes of the electron 
magnets as lying parallel and anti-parallel to the field, but as preceding 
round it. 

We shall now consider the double scattering experiment. A beam of 

electrons falls on a target T x and is 
scattered. A second target is placed at 
T 2 so that the electrons scattered 
through an angle 0, in-the plane of the 
paper (for which <f> = 0) undergo a second 
scattering. We observe the number 
m' of electrons scattered by T 2 at a given 
angle 0 2 . If the beam T X T 2 is polarised, 
the second scattering will not be 
symmetrical about T X T 2 ; the number scattered in the directions T 2 M, T 2 M' 
will not be the same. 

Suppose we represent the initial beam LTj by 

= AJ - BI. 

We shall, of course, have to average over all spin directions later. The 
direction of the spin axis of the scattered beam T X T 2 is determined, according 
to (5), by the ratio of the amplitudes of the two components of the wave 
function of the scattered beam, namely* 

A /i Ajfj + B/ r 

We now rotate our axes through an angle 0 3 so that T 3 T 2 becomes the axis of 
z and we can represent the beam of electrons T X T 2 by 



withf 


4^3 A 11 4*4 “ 


A 1 — ( A /i ~ %i) cos £0, 4- {Ag x + B f x ) sin £0, 

®1 = (Affi + B/i) cos £01 — (A/, — B g } ) sin £6 r 
We can now obtain the number of electrons scattered by the second target 
T 2 in a given direction 0 2 <£ 2 ; we must insert these values of A 3 , B x for A, B, 


*/i is written for / (£,)> etc, 

t Darwin, 1 Roy. Soc. Proc.,’ A, vol. 118, p. 654 (1928). 
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in (7) and average over all directions of the spin axis of the initial beam LT,. 
We are interested primarily iD the asymmetry in the scattering about the line 
TjTj. For given 0 1? 6 2 , therefore, but variable </> 2 , a straightforward calcula¬ 
tion shows that the number scattered per unit solid angle is proportional to 


where 


£ 


1 — 8 cos </> 2 , 

- f 1*91) (fiff 2* " / 2 V 2 ) 
(/,/,* + 9i9i*) (/*/,* + 94**)' 


( 10 ) 


The greatest asymmetry, therefore, will be found in the directions TM, TJVF, 
in the plane of the paper. In the plane through TjT 2 perpendicular to the 
plane of the paper, the scattering is symmetrical about T/Tg. It was in this 
plane that asymmetry was looked for by Cox, Mcll wraith and Kurrelmeyer,J 
and the asymmetry found by them must be due to some other cause. 

We must now r show that we can obtain solutions of the wave equation of the 
form (6.1), (6/2), and obtain expressions for / and g. We shall first consider 
Schrodinger electrons. § The general solution of (1) is 

2 <** P* (cos 0) L k (r) 


where L k is the bounded solution of 


<PL 2rfL 

dr 1 r dr 


8k 2 m 

h* 


( E + V) - 


= 0 . 


mi 


For large r, L fc has the form 

U ~ 1- 1 cos (2 t xpr/h + V)- 

Remembering that 

^ rt " = (£-')* 2 (2k + 1) i‘P* (cos d) J i+t (r) 

'2r. x-s=o 

we see that the solution of (1) of the form (2) is 

i £ (2k + 1) e il ' k '+ ikv P* (cos 6) L k (r) 

*2*U 

with 

u (6 <j>) ~ 7T~ 2 (* + i) + 1 ] p* (COS 6). 

The general solution in spherical harmonics of Dirac's wave equation (2) 
t 1 Proo. Nat. Ac. 8ci.,’ vol, 14, p. 545 (1928). 

X Cf t Faxen and Holtmark, ‘Z. Physik,’ vol. 45, p. 307 (1927); Mott, * Roy. Soe. 
Proc.,* A, vol. 118, p. M2 (1928); Gordon, 4 Z. Physik/ vol 48, p. 187 (1928), 
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has been given by Darwin for the case of discrete energy values, and his 


immediately applicable to our case. 

A set of solutions are 

(«) 

't's — (i + 1) FjfcGjt 

+4 

II 

1 

& 

% 

(P) 


+4 

- G_ Jfe _ 1 P* 1 

(Y) 

4-s - IV G* 

\ 

— (k -{- 1) Gj.Pj, 

(*) 

+3 = — G_t_! IV 

+4 

- G-S-! *V 


Here P* is the ordinary Legendre coefficient P* (cos 6) (not Darwin’s notation) 
P t (cos 0) G* (r) is the bounded solution of the 


d 


and P* 1 is sin 0 ■ ... 

d (cos 0) 

pair of equations 


2jt 

h 


eV 


c 


dG 


p 0 4 - +- - G = 0 . 


dr 

d¥ 


+ , 0+ S7 + 

Now, G* has the asymptotic form 


G 0. 


(13) 


G* ~ r" 1 cos (2 tt prjh + T ik) 


(14) 


Hence, in the same way as for Schrodinger electrons, we can form a solution 
representing an incident wave and a scattered wave. From (a) and (p) we 
see that a solution with the asymptotic form (6.1) is 


<!», = » S {(* + 1) e 1 ®* G* + G_*_,} (-)* p* (cos 0) 

dn = % S {- c 4 ’* G* + e 4 ”-*-i G^i-J (-)* P* 1 (cos 6) e*+, 

k~Q 

and that 


> m 


/(0) = _L . J £ * {(* + 1) (e**+«- + 1) + k + 1)) P* (cos 0) ' 

2tc p o 

> 

o(0) = — 1 a i { - (e ti ' k+Hn - 1) + (e 24 ’’-*-! 4 * 4 ' - 1)} P* 1 (cos 0) 

2np o J 

( 16 ) 


In an exactly similar way from (v) and (8), we can construct a solution of the 
form (6.2), with the same / and g. 

There is no difficulty in justifying these processes mathematically, provided 
that the series (12), (16) converge absolutely. And they do converge absolutely, 
if V (r) -+•0 faster than 1/r®, as may be seen by solving equation (11) for very 
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large k i when Y may be considered as a perturbation. We shall consider the 
case of a Coulombian held in the next section. 

Section 3.—We shall now consider the case that is of greatest interest, namely* 
the scattering by an atomic nucleus with inverse square law field, such that 

V (r) = Z«*/r. 


We know that, for Sehrodinger electrons, with neglect of relativity and spin, 
the scattering obeys the Rutherford law. It is interesting to compare the 
second order wave equation for Dirac electrons* with the Sehrodinger equation, 
and to see what are the order of the deviations to be expected from Rutherford 
scattering. This second order equation is 



4r: 2 /i 2 Y 2 + m 2 c 2 ~f 




Pi (<* r) 



where ep 0 is equal to the energy E of the electron, including the rest mass. 

The order of magnitude of the various terms is best seen if we take for our 
unit of length l/2rc times the de Broglie wave-length in free space, namely 

-«*<*.*-- S5v(' - £)*• 

The wave equation then becomes 

V 2 + 1 + ^2 + 5L* - i £ Pl (or) | y = 0, (17) 

where 

2ttZe 2 Z _ p Q „ c 

a= " he 137 ’ [L ~Vp ( ?- ™W «’ 

The last three terms inside the square bracket may be said to “ causesthe 
scattering. For small velocities of the incident electron, it is clear that the 
term 2 jjux/r is much larger than the other terms, and therefore the scattering 
is approximately inverse square. But for velocities comparable with the 
velocity of light, g. tend to unity, and so the effect of the '‘spin” term, ta/r 3 . p x 
(err), will be of the same order as the effect of the inverse square law term. For 
light nuclei, a is very much smaller than unity, and therefore the “ relativity ” 
term ot*/r 2 , which is “ responsible ” for the fine structure of atomic* spectral 
lines, has only a small effect on the scattering. 

We can obtain a solution of equation (17) of the form (6.1) by the method of 
Bornf and Wentzel.J The method yields a solution of the form 

<|*«» + olV v + a 2 + <2) + , 

* Dirac, 4 Roy. Soo. Proo.,’ vol. 117, p. 610 (1928). 

t ‘ Z. Physik/ vol. 38, p. 803 (1926). 

X ‘ Z. Physik,’ vol, 40, p. 590 (1927). We should have to use an 4 Abachirmungsfeld.* 
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with (|/ U} representing the incident wave, and the other terms the scattered 
wave. Such a method is only convenient for the evaluation of I the author 
has actually evaluated ^ U) by this method, and the calculation provides a 
useful check upon the subsequent work. For light nuclei, for which a is small, 
this first approximation would probably he sufficient; but the interest of 
<J/ a) lies in this, that to the first order of approximation/and g turn out to be 
real, and there is therefore no polarisation to this order. We shall therefore 
return to formula (15) and from it evaluate ^ far as 4 ,(2) - 

In our subsequent work we shall take the unit of length to be hj%rzp. 

The equations (13) have been solved for F A . and G k by Darwin, and by 
Gordon* ; for continuous energy values Gordon's solution is more suitable. 
We introduce the following notation 

— aE I me 1 _ 27T£ a 

q ~ wm - 1 hv 

, __ _a__ 27te 2 1 1 __ f£\* 

q ~ V(K !»,<■*)* - I ~ hv \ cV 


p ~ \/k? — a 2 , 


27iZg 2 
a = — 


v is the classical “ velocity ” of the particle defined by 


B - 



( 18 ) 


With the usual notation for generalised hypergeometric series, we write 
F( “' + 

The asymptotic expansion of this function for large x is well known.f We 
require the first term only ; for pure imaginary x we have 


or 


F (« ; P ; *) ^ X) ~ *’ ^ 

*(«; P; *) - 

"(«) 


( 19 ) 


I (— ®)| < it | arg x | < n 
according as the real part of — 2a + P is greater or less than zero. 

* Darwin, ‘ Roy. Soc. Proc.,’ A, vol. 118 , p. 664 (1928); Gordon, ‘ Z. Physik,’ vol. 48, 
p. 11 (1928). 

t Cf. for example, Gordon, ‘ Z. Physik,’ vol. 48, p. 187 (1928). 
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With this notation we have* for G*, 


Q-k- 


k-l 


N " 


r(p + 1 +iq) 


+ 


CkXk ] 

r (p + 1 — t?)J’ 


where 

L- 


T(p + 1 + ig) 
T(2p + 1) 


+ lif! + (L 

e 2 2 F (p + 1 + iq ; 2p + 1; 2»r)J (2r) p e -lf /r. 


r/o 4- 1 — -2& + L 

V : - r(2^ + ' i) c * 2F (P + *y; 2p + l; ‘Mr)\ (2 \r)> e^/r, 

and 

c*/c*' = — (k — iq')l( p — ij) 


and N is a normalising factor. 

From formulae (19) we have at once 


^ i (2r) <f . e^/r, 

?'* - i(2r)" M . e-* f /n 

and 

G-t-i - '■~ 1 cos (r + q log 2 r + rj_ ifc _ J ) 

with r\ k given by 

= - k -=JsL e-+ £l £ -±lni2 ) 

p- n r (p + i + iq) 

= B* say. 

The asymptotic expansion of G k is not quite of the form (14), differing from 
it by the logarithmic term ; as has been pointed out by various authors, for 
an inverse square law field the incident wave is not quite plane. We can, 
however, construct the solution of the form (6.1) without difficulty. This 
solution is 


+3 = ^ [(2* + 1) Cfc' + + (k + 1) B.*^} U (-)* P* (cos 6) 

k » 0 

+ 4 = i S [B, - & (-)* P* 1 (cob 0) e** 

A m 0 


h- (21) 


These series oonvorge absolutely for given r. A method previously given by 
the present authorf can be used to prove that, for large r 


i S {2k + 1) C* (>•) (-)* (cos 6) — c <rco.»-i, logr(l- oo.« 

k BSf 0 

This represents the incident wave. The remaining terms represent outgoing 

* Gordon, he. tit., p. 13, equation (10). If we put Gordon’s f equal to our 1c, then his 
is equal to our rG-.j-j. 
t Mott, 4 Roy. Soo. Proc.,’ A, vol. 118, p, 543. 

VOL# CXXIV.—A. 2 O 
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waves only. We cannot, however, obtain the form of the wave for large r 
by inserting the asymptotic solution (20) for because the series so obtained 
do not converge. They can, however, be summed as the limit of a power 
series on its radius of convergence.* If we express the functions as the con¬ 
tour integrals from which the asymptotic expansion is obtained, it is easy to 
see that these sums do in fact give the asymptotic form of (21). The method 
is the same as that used in the author’s previous paper. We see, therefore, 
that (21) is a solution of the wave equation with the asymptotic form (6.1) 


with 


and 


J __ gir cos e — iq log r (l — cos 6) 

S — + iq l0 * af /r, 

m - ¥ £ [&Bfc + (k + 1) P* (cos 6) 


9 (9) - it 2 [B k - (-)* P* 1 (cos 6), 


the summation of each series being carried out as the limit of a power series on 
its radius of convergence. 

We can express / and g in terms of series which do not contain q r . If we 
write 

C* = — (p — iq)IV (1 + P + *?) 

and 

F(0) = JiS (-)* {*C fc + (ft + 1) C k+l } P* (cos 6). 

0 


G(0) = l (-)*= (re s -(* + l) 2 C k+] } P*(«08 0), 

0 

we obtain 

f=~~iq'F + G 1 

g = [%q f (1 + cos 0) F + (1 — cos 0) G]/sin 0 ) 


(23) 


F and G are functions of 0, a 2 and q. It has not been found possible to sum 
, the series in terms of known functions ; we can, however, write q = ocp and 
expand F and G as power series in a. We shall obtain the first two terms of the 
expansion, a has, of course, any value from 1 /137 for hydrogen up to about 
3/4 for the heavy nuclei; and for fast electrons p will be about 3, though for 
slow electrons it will be greater. Our approximation is best , therefore , for fast 
electrons and for light nuclei. 


* Whittaker and Wataon, 4 Modem Analysis,' p. 155, 
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If we refer to the series (22), and put q~q' and a 2 = 0, we obtain 

/(6) =r — 2 (21c + 1) r jfe -i p (cos 0) 

J 2 v ' T (k + 1 + iq) v ’ 

*(0) = 0 

This corresponds to a neglect of relativity and spin. Since g = 0 we see that 
the direction of the spin axis is unchanged on collision. The series (24) occurs 
in the investigation of the scattering of Schrodinger electrons; it can be 
summed by the method of the author’s previous paper,* the sum being 



where 


R cosec 2 — , 
2 


R — jr q exp 


2iq log sin — + 


Hi - iq) 

r(l + ^q) 



The scattering is therefore classical, as it should be. 

Now, a occurs in F and 6 only as a 2 , so that as a first approximation we can 
neglect a altogether. Let F 0> G 0 be the values of F and G to this approxima¬ 
tion. Since we know/ 0 and when q = q\ and q' does not occur in F and G, 
we have at once from (23) 

iq F 0 ~-R, 

G 0 = R cot a |. 

Hence 



These are the first order scattering formula that we should obtain by the 
Born method. The ratio of / 0 and g 0 is real; it follows that to this order 
there is no polarisation. It is therefore of interest to evaluate / and g to the 
next power of a, 

Expanding C* in powers of a we have 


( -)*r(*-i g ) o 2 
* r (I + * + **) 2t* v 


-)‘[«r+|]. k* 0 

+ terms a a j, etc. 


♦Mott, *Roy. Soc. Proc./ vol. 118, p, 543 (1928). The result given there can be 
simplified to that given above. Cf, Whittaker and Watson, p, 240. 


2o-2 



488 


N. F. Mott. 


' Neglecting terms of the order a z q we obtainf 
iq¥ = iq¥ 0 , 

G = G 0 + ~ J^tc cosec 2 ^ — i log cosec 2 , 

whence from (23), (24) we can obtain at once formula* for/ and g . 

To this order, we find that /'jg is not real; we have therefore some polarisation 
on a collision ; the constant that determines the polarisation is 


fg* — f*g = ^L2_ cosec 0 log cosec «• + terms of order a 4 . 


To the same order 

I/I 2 + \g \ 2 


i 


o 0 

ft '2_o 2 C08 ‘7 

9 2 cosec 4 - + 2—-—2Tcosec 2 - + . a + terms of order a 4 

2 4 2 x * q u 

smV 


We shall now return to the ordinary unit of length ; our formula are most 
conveniently expressed in terms of v, the velocity of the electron, defined by 
(18). We have then 




cosec 


i 4 e_f 

' 2 c 2 


cosec* 


0 


a v 

COS* — 

, v 27iZe 2 2 , A t 

H— 7r —-— . . + terms of order a* 

c he . o 0 
sin 8 • ■ 


and 


Z 2 e 4 /, v 2 \ 8 / 2 t;,. 0 

- 4ta cosec 0 logcosec-. 


, (25) 


(26) 


The formulae (25) and (26) determine the total scattering and the polarisation 
of the scattered beam. They are, of course, calculated with neglect of radiative 


t We use the formulae 


« P>(ooe 6) f 1 

o *+r-j. 


dx 


0 s/l — 2x oob 6 -f 


' log (l + <M#w 


i ^ - f (-=■■ 1 -!) * - 1*. 

i * J 0 Wv 7 1 — 2* oos 6 + a; 8 **v j 


cosec* =; 


+ cosec - 



439 


Scattering of Fast Electron$ by Atomic Nuclei. 


forces, which, for fast electrons, is a serious matter. An electron deflected 
through 90° by a nucleus of charge Ze would, on the classical theory, lose an 
amount of energy equal to * 

||(2tc + 3) Jwv 2 j. 


This formula is calculated with neglect of relativity, but it shows that for 
light nuclei, an electron with a velocity approaching that of light is acted on 
by forces comparable with the electrostatic field of the nucleus. For heavy 
nuclei, however, the radiative forces are less important, but for heavy nuclei 
our approximations are less good—though there would be no difficulty in 
pushing them to any degree of accuracy required. The author hopes, in a 
later paper, to consider in greater detail the effect of radiative forces on the 
scattering. 

From (25) and (26) we can see the order of magnitude of the effect that may 
be expected in the double scattering experiment considered in Section 2. In 
equation (10), we suppose that both 0 X and 0 2 are 90° ; then we have approxi¬ 
mately 


8 = 11-2 X 


(1 — V 2 1 c 2 ) v*jc 2 2 
2 - i^/e* J 


8 has a maximum when vjc = 0*764 so there is an optimum value of the 
velocity of the incident electrons. With this value of vjc we have 

* - (Z/96) 2 , 


Z being the atomic number of scattering nucleus. 

For light elements, therefore, the effect is very small, and, indeed, may not 
exist, since the radiative forces are so considerable. For heavy elements, 
however, the effect of the radiative forces falls off inversely as the atomic 
number, whereas the polarisation effect increases with Z 3 , and so it seems certain 
that the Dirac theory of the electron does predict a polarisation on collision. 
Whether the effect could be observed experimentally is more doubtful; the 
K electrons of heavy atoms have themselves velocities of the order of 0*7 c, 
and would interfere with the nuclear scattering. 

The proportion of an unpolarised beam scattered in a given solid angle is 
given by (9), so that for the scattering of fast electrons (25) is to replace 

Rutherford’s formula Z*e 4 /4mV cosec 4 ~. Our formula bears no resemblance 

£t 


* Kramers, 1 Phil. Mag.,’ vol. 46, p. 846 (1923). 



440 


N. F. Mott. 


to Darwin’s* classical relativity correction ; this is not surprising in view of 
the fact that we are dealing with a case where the wave-length is long compared 
to the classical distance of closest approach. There is therefore no possibility 
of forming a wave packet that must follow the classical orbit. 

Nothing occurs in the wave mechanics at all analogous to the spiral orbits 
of the classical theory. 

The formula does not agree very well with the available experimental 
evidence, giving in all cases too little scattering. Chadwick and Mercier, for 
instance, have investigated the scattering of (1 particles from Ra C by aluminium. 
At angles from 10°~20° our formula gives 2/3 of the observed scattering. It 
is possible that the radiative forces may be sufficient to account for this 
divergence. Without a fuller investigation nothing can be said on this point. 

In conclusion, the author would like to express his thanks to Prof. Niels 
Bohr for the opportunity to work at his Institute, and for constant help and 
discussion. 

Summary . 

The scattering of a beam of fast electrons by an atomic nucleus is investigated, 
using the wave equation of Dirac. A scattering formula is obtained, and it is 
found that the scattered beam is polarised. A method by which this polarisa¬ 
tion could be detected is discussed. 


Appendix. 


Suppose we wish to observe the spin of a free electron directly, with a 
magnetometer. We will suppose the electron to be at a distance R from the 
magnetometer, so that the order of magnitude of the magnetic field due to 
the spin is 


eh 2 
me * R 8 ’ 


(1) 


Now, there may also be a magnetic field due to the motion of the electron ; 
the order of magnitude of this field is 


Now, by the Uncertainty Principle, R and v cannot both be known at the same 
time ; if AR, Av are the uncertainties in our knowledge of R and v, then 

AR . Av > him. 

* C. G. Darwin, ‘Phil. Mag.,’ vol, 25, p. 201 (1925). 


(3) 
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Now, in order that (1), the effect of the spin, shall be observable, it must be 
greater than the uncertainty in (2). That is to say 

h 1 ^ A 


Hence from (3) 


m * R 


> Av . 


AR> R. 


The experiment will therefore be impossible, since the uncertainty in the 
position of the electron would have to be greater than the distance of the 
electron from the magnetometer ; the uncertainty in 
(1) would be greater than the held (1) that we want |Hy 

to measure. 

Stern Gerlach Experiment.—A beam of electrons / 
travels along the z axis with velocity v t in an unhomo- / 
geneous magnetic field H. We shall suppose that p 1G ^ 

H* is everywhere zero, and that in the plane 0 yx 

is also zero. The force on the electron magnets tending to split the beam is 

eh 3H, 

“5 * » 
me oy 

and in the plane Oyz this is the only force in y direction. However, the beam 
must be of finite breadth, and since 

3IL rOlL 


Fig. 2 . 


it is clear that H* is only zero in the plane Oyz. In general 

H.=r^fe 

J 0 OX 


Jo dx 
f* 9H„ 


by (2) 


Electrons, therefore, travelling at a distance A* from the plane Oyz will he 
subject to a force 

cvjH, (3) 


in the direction Oy due to their motion through the field, and we see that (3) 
is equal to 

ev, 
c 

This force is in different directions according as Ax is positive or negative, 


Ax. (4) 

oy 
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and will therefore cause a spreading of the beam, which will mask the Stem- 
Gerlach splitting, unless (4) is less than (1), i.c., unless 

mv. Ax <Ch. (5) 

Now the uncertainty principle states that 

Av x . m Ax ^ A. <«) 

That is to say, that the slit that we use to limit our beam to the dimensions of 
Ax will introduce an uncertainty in the velocity Av xi given by (6). Inequality 
(5) therefore leads to the inequality 

Ar„> v t . 

That is to say, the slit must be so narrow (of the order of the de Broglie wave¬ 
length) that we have not got a beam at all, but a cylindrical wave emerging 
from it. 


Infra-Red Investigations of Molecular Structure.*—Part I. 
Apparatus and Technique . 

By C. P. Snow (Keddey Fletcher-Warr Student) and A. M. Taylor 
(Ramsay Memorial Research Fellow). 

(Communicated by T. M. Lowry, F.R.S.—Received March 14, 1929.) 

In what is by far the most exhaustive description of practical work in the 
infra-red, Robertson and Foxf have deplored the lack of detail given in most 

* It is the aim of this series of papers to extend knowledge of the structure of mole¬ 
cules by work in the infra-red. There are three obvious lines of development. The 
first is the study of the spectra of diatomic gases and the deductions whioh follow 
according to the classical quantum theory ; this has already been done with success by 
lines (Sleator, * Astrophys. J.,’ vol. 48, p. 125 (1918); Imes, ibid,, vol. 60, p. 261 (1919)) 
for the hydrogen halides. Comparisons will be made of the molecular constants from 
the infra-red bands with those obtained from electronic band spectra. 

As a second development there is the use of the infra-red results in the light of the 
newer quantum theory. Dennison’s prediction (* Phys. Rev.,’ vol. 31, p. 603 (1923)) 
of the shape of absorption bands needs confirmation by experiment ; and, if absolute 
intensities of absorption bands can be measured, the wave-meohanics is ready with an 
interpretation. Thirdly, the problems offered by triatomio molecules will be attempted. 
—E. K. Rideal, C. P. Snow, F. I. G. Rawlins, A. M. Taylor. 

f ‘ Roy. Soc. Proc.,* A, vol. 120, p. 128 (1928). 
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papers on the subject. Their work has removed most of the uncertainty which 
hinders such researches as this; but sinoe they do not discuss the use of 
gratings, and Bince we have found by experience that it is impossible to make a 
technique too clear, it has seemed desirable that the construction and use of an 
instrument should be described. 

The objects of the investigation determined the type of instrument to be 
made. It was to be designed to give dispersion and resolution sufficient 
to analyse a fine structure witli a frequency difference of one or two wave 
numbers ; it was to be efficient from 2 g. to 6 (x and it was to be used for the 
determination of absolute coefficients of absorption. 

There were the alternatives of a grating or a prism instrument. The dis¬ 
persion of a prism is given by 

^ = 2^±sec£(A + e). 
rfX dX -r i 

For rock salt with an angle A of 60° the quantity is of the numerical order of 
100. For a reflection grating used at angles of incidence and diffraction both 
equal to 0 

dfi n n ( . n nX\ 

dX la V4a 2 — X 2 n 2 \ 2a/ 

where n is the order of the spectrum and a the grating constant. If a is 1 /945 
cm. and n “ 1, dftjdX is of the order of 500. Accordingly, we were led to 
the choice of a grating spectrometer similar to that used by Sleator and Imes 
( loc . cit.) but modified in plan in order to give greater spectral intensity. This 
was made necessary by the small separations in the fine structure with which 
we planned to deal. Small separations make necessary narrow spectrometer 
slits, and hence for reasonably large deflections of the galvanometer great 
intensity of the spectral image is essential. 

The Optical System, 

The use of a combination of a grating and a rock salt prism in series depends 
upon the selection by the prism of radiation consisting of a band of frequencies 
less than one octave in length, and the analysis of this band by the grating. 
The first order spectrum is convenient. The rock salt prism is of the nature 
of a filter, and need only be of large enough dispersion to restrict the band 
within the limits of an octave. Like Sleator and Imes, we used an 18° prism 
backed by a plane silver mirror. The effective angle is of course doubled. 
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The method of using prism and grating in order to obtain the shortest air 
path is shown in fig. 1. 



N — Source (Nemst glower). 

A = Gas absorption tubes. 

Mj M a M 6 M 7 = Concave mirrors. 
M :t M 4 M # M 8 — Plane mirrors. 
Position of screens shown thus - - 


« 2 *8 ** slits, 

P ~ Rock-salt prism. 

G » Grating. 

T » Thermopile. 

Path of rays shown thus 


The Base Plate . 

The apparatus was set up on a plane slab of slate, 180 cm. X 76 cm., which 
was supported on brick piers built directly into the earth. Each part of the 
spectrometer was mounted on a stand with the appropriate motions, in every 
case with an adjustment for height. The greatest care was taken that the 
centre of each mirror was at exactly the same height, and that the axis of the 
mirror (whether plane or concave) was accurately horizontal. If these pre¬ 
cautions were not exactly observed the images of the slit were found to be 
slanted, and it was impossible to obtain a pure spectrum. When the optical 
system was in adjustment the stands were securely waxed down to the slate 
slab. 

The Source of Radiation . 

The source of radiation was a Nernst glower N, run off a 220-volt constant 
supply battery; a 100-volt lamp, an iron wire resistance lamp, and a small 
rheostat were used in series. The current was read by an ammeter, and was 
maintained constant throughout any series of readings. It was usually about 
0-8 amperes. 

In order to have parallel rays through the tubes we made use of ft device 
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mentioned by Robertson and Fox (be. cit.). The Nernst filament was placed 
at the principal focus of a concave mirror M x of 5 cm. focal length and 3 cm. 
aperture. The mirror was of glass, silvered and polished on the front surface, 
and held in a circular mount by a small wire spring. This holder was adjust¬ 
able in any direction by means of three screws at the back. The Nernst glower 
had vertical and horizontal movements so that its middle point could be 
accurately brought to the principal focus of Mj. The whole system had a 
mounting which permitted of rotation about a vertical axis. 

The Absorption of the Radiation . 

The parallel beam of radiation so produced was directed axially through the 
gas absorption tubes, which were 45 cm. long and which had rock salt end 
plates of 2*5 cm. aperture. The gas tubes were mounted on a rotating 
holder, so that first one and then the other tube could be put in the path of the 
beam. The radiation energy from the gas tubes was collected by a second 
concave mirror M 2 of 15 cm. focal length and directed into the first slit 8 1 
off a small plane mirror M a . 

In setting this up there were three essentials. The angles of incidence and 
reflection had to be small in order to minimise the astigmatism of the image 
produced at 8 V The focal length of M 2 had to be short enough to enable the 
radiation diverging from the slit 8 X to fill the large mirror M 6 . The diameter 
of the end plates of the gas tubes was 2*5 cm. The diameter of M & was 10 
cm., and its focal length 52*5 cm. Consideration of vertically opposite 
angles showed that the focal length of M 2 had to be about 15 cm. The third 
requirement was the filling of the whole length of the slit Sj by the image, in 
order to get the maximum amount of energy into the spectrometer. This 
meant that rays proceeding from opposite ends of the Nernst glower, after 
crossing each other at the mid-point of the tubes, must fall upon the edge of 
the mirror M 2 and be reflected on to the ends of the slit. The aperture of M 2 
must be at least great enough, therefore, to deal with the cone of radiation 
AOB in fig. 2, This necessitates a mirror of 5*0 cm. aperture. 



Fia. 2. 

The Selection of the Required Portion of the Spectrum. 

The mirror M$ was so placed as to be at a distance equal to its focal length 
from the image of Sj in M 4 . The height of the pole of M 5 was made the same 
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as the standard height of the centres of the other members of the optical 
system, and the axis was made horizontal. When the slit S 2 had been set at 
the standard height, the prism, backed with a plane silvered mirror Me and 
with its mid-point similarly set to the same height, was placed in the path of the 
parallel beam from M s . It was rotated about horizontal and vertical axes 
until the spectrum formed was accurately focussed upon the slit S A . The 
prism was then removed, and the white light from the mirror M 0 was made 
to pass between M 4 and S x by slight rotation of the prism table. 

The second slit S 2 was placed at the sharply focussed image of S x and was 
set to the standard height. If all the adjustments were accurately made the 
image of Sj falling upon S 2 was truly vertical. 

The prism was gripped upon a brass plate having three legs which registered 
with three grooves cut in the face of a plane horizontal turntable. The brass 
plate bore an upright carrying a small mirror, the mirror was centred over the 
centre of rotation of the turntable. By means of a telescope and illuminated 
scale, this mirror could be used for determining the rotation of the prism. 
The prism was 12 cm. X 11 *5 cm., had an angle of 18°, and was 6 mm. thick 
at the thin edge. 

It may be noted that the position of the second slit S 2 is somewhat unusual, 
for the radiation crosses its own path. This arrangement enables the angles of 
incidence and reflection at the mirrors M 6 and to be as small as possible, 
and minimises astigmatism of the image. 


The Analysis of the Radiation . 

The mirror M 7 was a duplicate of M 5 , was similarly adjusted, and was placed 
so as to be filled by radiation proceeding from the latter through the slit S 8 . 
S 2 was itself at the principal focus of both mirrors. The beam, which was 
made parallel after reflection from M 7 , was allowed to fall upon the grating G. 
The angle GM 7 8 2 was as small as possible to minimise astigmatism. 

The grating was held in a frame which had three levelling screws (with locking 
nuts) which registered with three radial grooves cut in the face of a horizontal 
turntable. The turntable was provided with verniers which travelled upon a 
graduated circle, the plane of which was accurately parallel to the face of the 
turntable. 

The circle was of brass, graduated on an inlaid band of gold, and by its use 
the rotation of the table could be read to 10 seconds of arc with an error of less 
than 5 seconds. A fine adjustment screw was provided for rotating the table. 
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The grating was ruled on a gold blank welded to a brass block 10 cm. x 
10 cm. x 1 cm. The number of lines to the centimetre was 945. It was 
ruled by the N.P.L. with a special form of tool to give maximum intensity at 
angles of diffraction which correspond to .wave-lengths 2*7 pu and 4 * 4 (i. 

In setting up the grating the first care was to arrange its centre at the standard 
height. The next was to alter the levelling screws of the turntable until an 
accurate level gauge showed it to be horizontal. This ensured that the axis 
of rotation was vertical. 

The grating frame had three levelling screws ; the heads of two lay on a line 
parallel to the grating. The next step was to set these screws in such a way 
that the lines of ruling were truly vertical. Finally, by the use of the third 
levelling screw, the grating was set perpendicular to the incident radiation 
coming from M?. When this had been done, the beam was reflected back 
along its own path and the geometrical image of the slit S 2 was sharply 
focussed on the slit itself. The small mirror M 8 was placed with its axis of 
rotation vertical, and it was arranged so that radiation falling on it from the 
grating was reflected into the thermopile slit S 8 . To make the geometrical image 
of the slit S 2 to fall upon S 3 , the grating had to be rotated through a small 
angle <f >. By further rotation the spectral images could be made to pass in 
succession over the slit S 3 . The thermopile T was carried on a slotted arm in 
order that the slit could be placed at the sharpest focus of the image of S 2 . 

Detection and Measurement of Intensity of the Spectral Image . 

The thermopile T was a Moll linear pile mounted in a brass container with 
polished rock salt window ; the leads were taken through ebonite plugs and 
the vessel was absolutely airtight. It was necessary to work the pile in an 
airtight casing in order to eliminate unsteadiness due to minute changes of 
pressure in the atmosphere. As these changes are adiabiatic, they cause 
unequal heating and cooling of the two sets of thermo-junctions.* Measure¬ 
ment showed that an increase of sensitivity of only 20 per cent, was obtained by 
evacuation of the thermopile container. In view of the extra complication 
involved in having a vacuum pump always connected to the vessel, it was not 
considered advisable to utilise this increase. The pile was worked at atmo¬ 
spheric pressure. 

The thermopile had a resistance of 20 ohms and was in series with a Super- 
Paschen galvanometer made by the Cambridge Instrument Company. This 
had a figure of merit of 25000, a resistance of 12 ohms, and at a period of swing 
* Taylor, * Nature/ vol. 117, p. 892 (1920). 
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of 10 seconds a current sensitivity of 1 mm, deflection at 1 metre scale distance 
for a current of 2 X 10*“ u amperes. The relation between current and deflection 
was for reasonable deflections approximately linear. 

The magnetic shielding of the galvanometer was by a closed Mu-metal 
cylinder, and a surrounding soft iron sheath also closed top and bottom. The 
shielding was tolerably efficient. The magnetic system was controlled by 
two small magnets mounted inside the shield and adjusted from outside by 
two milled wheels. The galvanometer had to be protected from mechanical 
disturbance; after trial of many different methods, the one finally adopted 
was of the crudest, but it has proved nevertheless most effective. A wooden 
shelf was screwed to iron brackets fixed into the corner formed between two 
solid brick walls which were virtually the main structural walls of the building. 
The galvanometer was placed directly upon this shelf and it was found that, 
when the period of swing of the suspended magnetic system was long, the 
mechanical disturbances were inappreciable. The galvanometer was sur¬ 
rounded by thick layers of cotton wool in order to minimise drifting of the 
zero caused by temperature variations of the controlling magnets. 

Despite precautions, all accurate work had to be done at night or, at the best, 
after the University Electrical Power Station, which was only 20 yards distant 
from the apparatus, had closed down for the evening. No particular care was 
taken with the leads from the thermopile and galvanometer, however, save 
that copper terminals were used. A single piece of ordinary double wire, 
multistrand copper, silk covered electric lighting flex was used. No thermo¬ 
electric effects were observed to arise either in the flex or the terminals. 

Thenml Shielding , 

The whole spectrometer was enclosed in shields made of galvanised sheet 
iron ; the system of shields made a complete case. The Nernst glower was 
enclosed in a small case of asbestos board ; a large shield of asbestos, with a 
hole for the transmission of the parallel beam from M lf separated the Nernst 
glower case from the spectrometer case. The spectrometer was further 
divided into parts by internal walls of sheet iron. The rock salt prism and 
mirror M 6 was in one part, the grating and mirror M 7 was in another; the 
arrangement of mirrors M 2> M a , M 4 and the two slits S x and S 8 were in a third, 
and the thermopile contained was in a separate sheet iron case which was packed 
with cotton wool. Holes for transmission of the radiation were of the smallest 
possible size in order to cut out all stray radiation effects. Fig. 1 gives a sketch 
of the shields. 
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The Experimental Procedure . 

The Prism ,—The first step was to calibrate the prism. The angle was 18° 
and as the ray traversed the prism twice the effective angle was 36°. The 
total effective deviation was twice the angle made by the incident beam with 
the back surface of the prism. The change in effective deviation was equal 
to twice the angle through which the prism was turned. From the formula 
for minimum deviation, p = sin A + D/2/sin |A, the deviation corresponding 
to any value of [i could be found. With p. plotted as a function of the wave¬ 
length X from the tables of Coblentz,* it was possible to calculate the change 
in deviation, and hence the angle through which it was necessary to turn the 
prism in order to pass from the yellow light of sodium X — 0*589 p, to any other 
wave-length. For example, when the prism was set so that the slit S 2 was 
illuminated by yellow light, and was then further rotated through 31' of arc, 
the slit was then filled with radiation of which the mean wave-length was 5 • 3 p,. 
Actually the dispersion was so small that quite a large range of wave-length 
was thrown upon the slit 8 r This was a great advantage. It was not 
necessary to re-set the prism frequently during progress along the spectrum, 
and no errors were introduced by rapid variations of intensity with wave-length 
of the radiation transmitted through S 2 . A variation of this kind would have 
been brought about if the slit had been filled with radiation of a narrow band 
of wave-length. 

The Grating. 

From the method the grating equation was 

a {sin 0 + sin (0 + 2^)} = wX, 

where n is the order of the spectrum, X the wave-length of the radiation, a 
the grating constant, 0 the angle of incidence and (0 + 2 ^) the angle of 
diffraction. Rewritten, this becomes 

2a sin (0 + <f>) cos <f> = nX, 

2<f> is the angle between the incident and diffracted beams, and is found by 
setting the grating so that the reflected geometrical image fell upon the slit 
S 2 , and by measuring the angle through which the grating had to be turned 
in order to cause the image to fall up the thermopile slit S 3 . This angle is <j >, 
and was found to be 23' 40", so that cos <f> = 0*99998 and could be neglected. 

The equation then became for the first order spectrum 

X =*= 2a sin a 

* ‘ Diet. Applied Physios,’ vol. 4, p. 130 (1923)* 
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where a = 0 -f <£• Here a is the angle through which the grating has been 
turned in order to cause, firstly, the geometrical image, and, secondly, the 
diffracted image to fall upon the thermopile slit S 3 . The zero position when 
the geometrical image fell upon S 8 was determined visually; and this was 
checked by plotting galvanometer deflections in the infra-red region of the 
spectrum, and by taking the zero point as the position of maximum deflection. 
The results agreed within 5 seconds of arc. As a second check the position of 
maximum absorption of C0 2 in the atmosphere was measured and found to 
agree with that found by E. F, Barker* at 4 *23 p (the doublet is unsyrametrical 
and has its centre at 4 • 25 p). 

The Gas Tubes. 

The gas tubes were tested carefully for equality of transmission in the 
spectral region in which work was to be done. When the rock-salt end plates 
were well polished (upon an almost dry pitch-plate slightly rough) and 
with accurate centring of the axes of the tubes along the path of the parallel 
beam, no difficulty was experienced in obtaining exact equality of trans¬ 
mission of both tubes in the region 4*3-6 p. Of course, it was necessary 
to ensure that each of the tubes occupied identical positions in the path of 
thf3 radiation, and that they returned accurately to this position. 

The tubes were vacuum tight; the rock salt plates were held in contact by 
screw caps with rubber rings carried in grooved recesses at the ends of the 
tubes. The tube to be filled with the gas under examination was evacuated 
and washed out three or four times with dry nitrogen before the gas was admitted. 
After the tube had been again evacuated the gas was admitted slowly, and the 
tube again evacuated. This was repeated twice, and finally the gas was 
reduced to a suitable pressure, usually less than 10 cm. of mercury.f The 
gases were dried with phosphoric oxide before admission. 

Observations . 

With sufficiently narrow slits the galvanometer deflections usually obtained 
were of the order of 10 to 40 mm. Readings were taken, the radiation passing 
through each gas tube alternately, until a constant value for I ( /I 0 , the ratio 
of the transmitted intensity to incident intensity, was obtained. So great a 
number of readings was always taken that deviations from the mean could 

* 4 Astrophys. J.,' vol. 65, p. 391 (1908). 

t It has been found that, with strongly absorbing gases, sharp fine structure bands are 
obtained at a pressure of 7-16 cm. The optimum percentage absorption is 20-60 per 
cent. 
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be discarded* and only those results used which were concordant. This 
method, though very laborious, reduced experimental error to a minimum. 
The angular settings of the grating were converted into wave numbers, and the 
percentage absorption was plotted against the wave number. The fact that 
the curves so obtained (see Part II of the paper) were not in any way smoothed 
out, but show the actual experimental results untouched, is a good criterion of 
the accuracy of the technique. It must be remembered that most other curves 
shown for absorption measurements are subjected to idealisation in the pre¬ 
paration of the illustrations. Such idealisation is unnecessary in the case of 
measurements with an apparatus sufficiently accurate for the work. 

The reproducibility of the observations was particularly remarkable. It was 
usually impossible to detect any break in the curves between readings on 
successive nights, the value for the measured absorption at any point being 
quite independent of external factors. The temperature of the room was 
sufficiently constant to make unnecessary any correction of the grating*constant 
with temperature. It is fair to interpret the results obtained with the apparatus 
as giving a measure of the absolute coefficients of absorption. The curves 
shown in Part II are, however, drawn without correction for slit width. 

The most important detail of all was that concerning density of points of 
observation and the slit widths. The slits S 2 and S 3 were kept equal, and 
their width had to be calculated. The angular size of the slit is measured by 
the fraction, width of slit /length of optical path from the grating. Half the angle 
is then the angle through which it is necessary to turn the grating in order that 
the diffracted image shall be displaced through a distance equal to 1 slit width. 
Half this angle therefore substituted in the formula for dispersion of a grating 
dQ/dX = tt/V4a 2 — n 8 X 2 gives the minimum wave-length separation of two 
sharp lines which should theoretically be capable of resolution by the instrument. 

The angular width of the slits (whose mechanical width was 0*3-0-4 mm.) 
used in Part II of this paper was about 0*0005 radian or about 100 seconds of 
arc. The wave-length was about 5*3 fx, so the minimum distance between two 
lines in the fine structure which could have been resolved was dX = 0*005 fx 
or 1 • 7 wave numbers. This is then the actual width of the slit. The broaden¬ 
ing of the spectral image due to diffraction has been neglected. For infinitely* 
narrow slits the broadening of a sharp line iB given by dX = 2X/Nn, where N 
is the total number of lines in the grating and n the order of the spectrum. 
As N ™ 7560, then for n « 1 the broadening is of the order of 0*0014 p. or 
0*50 wave numbers. This increases the effective slit width to 0*0064 fx or 
2 • 2 wave numbers, with a corresponding increase of the limit of resolution in 
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this region of the spectrum. As the angular range through which the grating 
must be turned in order to displace the spectral image by a distance equal to 
a slit width is half the angular size of the slit, this sets a limit to the useful 
density of points of observation. Four or at most six readings per slit width 
is the maximum. In the experiments to be described in Part II the angular 
size of the slit was 100 seconds of arc and readings were taken every 10 seconds 
of rotation of the grating. That is to say, five readings were taken per slit 
width. 

Reduction of slit width to this size meant reducing the galvanometer de¬ 
flection to 20 mm. at moBt in the region of 6 * 3 p, and it was only by the exercise 
of scrupulous care that the necessary accuracy has been achieved. 

In the diatomic molecules resolved before this, the separations have been of 
the order of 10-20 cm."" 1 . With the instrument described the wave-number 
separation of the fine structure of the NO band at 5*3 p has been measured 
and found to be 3 * 35 cm. -1 , 0 * 05 ernr 1 error. With this work the second part 
of the paper has to deal. One wave-number is probably the smallest separation 
which could be resolved by the spectrometer in its present form. 

Since the writing of the second part, one of us (C.P.S.) has begun measure¬ 
ment of the band of carbon monoxide at 4*66 p. A fine structure has been 
revealed. This is gratifying when it is remembered that E. F. Lowry* was 
unable to find any trace of structure in the band, a result contrary to all 
theoretical expectations. This point is referred to in the introduction to Part 
II; the work on carbon monoxide will form Part III of the series. 

This paper would not be complete without a number of acknowledgments. 
We owe much to Mr. F. I. G. Rawlins, whose knowledge of the literature of 
the subject has been a great help ; to Sir Robert Robertson, for encouragement 
and advice ; to the Imperial Chemical Industries, who have provided much of 
the money necessary for the apparatus; to the Ramsay Memorial Research 
Trust and the Keddey Fletcher-Warr Studentship Board, who have made it 
possible for us to carry out the work. Finally, we are glad to pay a special 
tribute to Dr. E. K. Rideal, for his vision, unfailing interest and 
encouragement. 


* 4 J. Opt. Soi. Ann.,’ vol. 8, p. 647 (1924). 



453 


Infra-Red Investigations of Molecular Structure. Pari II. — The 
Molecule of Nitric Oxide. 

By C. P. Snow (Keddey Fletcher-Warr Student), F. I. G. Rawlins, and 

E. K. Rideal. 

(Communicated by T. M. Lowry, F.R.S.—Received March 10, 1929.) 

Introduction. 

There have been few attempts at the resolution of the vibration-rotation 
bands of a diatomic molecule. In 1919 Imes was successful with the bands of 
three of the hydrogen halides, work which was later extended by Colby and 
Meyer ; Czerny proved the existence of a doublet due to HI, but the weakness 
of the absorption prevented more detailed study ; E. F. Lowry in 1924 failed 
to analyse the structureless doublets of carbon monoxide, although his apparatus 
was similar to that used by Imes.* It does not seem possible that the carbon 
monoxide bands are really continuous, and it is suggested that the fine-structure 
would reveal itself if a lower pressure of the gas were usedf (E. F. Lowry 
worked at one atmosphere pressure). The molecule of CO, like those of the 
hydrogen halides, has a permanent electric moment, and its bands must be 
similar in kind. 

Apart from HF, IIC1, HBr, HI and CO, NO is the only other diatomic 
molecule with a permanent electric moment, and its choice as the sxibject of 
this research was natural. It is more definitely homopolar than the hydrogen 
halides, although the distinction is almost certainly one of degree ; there was 
the interest of establishing the self-evident proposition that there is no funda¬ 
mental difference in the bands of NO and the bands of HC1. There was also 
the advantage of knowledge of the electronic band spectrum of the molecule 
acquired by Guillery, Jenkins, Barton and Mulliken, and summarised by 
Mulliken.}: The thoroughness of this work makes NO one of the best-known 
of molecules to the spectroscopist. It has been mentioned in the introduction 

* Imes, ‘ Astrophys. J.,’ vol. 50, p. 251 (1919) ; Colby and Meyer, ibid., vol. 63, p. 300 
(1921) > Caemy, ‘ Z. Physlk,’ vol. 44, p. 235 (1927); Lowry, ‘ J. Opt. Sol Am.,’ vol. 8, 
p. 647 (1924). 

f Indications of the fine-structure of the band at 4*66 /* have now been obtained* 
It is hoped to publish this work shortly. 

% Guillery, ‘ Z. Physik,* vol. 42, p. 121 (1927); Jenkins, Barton and Mulliken, * Phys. 
Bev./ vol. 30, p. 160 (1927); Mulliken, ‘ Phys. Rev./ vol. 32, pp. 186, 761 (1928), 

2 H 2 
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to Part I that throughout this series of papers there will be maintained the 
deal of correlation between infra-red and electronic band spectra. Accord¬ 
ingly, it became our aim to compare the constants of the molecule in the normal 
state as derived from electronic band spectra and as obtained from the direct 
measurements of the infra-red. The unexcited electronic state of the molecule 
is, of course, the only one with which infra-red observations are concerned. 

Another reason lay in a peculiarity of the molecule itself. It is the only 
common diatomic molecule which has an odd number of electrons. This made 
it probable that it would be the most favourable, if not the only, case for the 
detection of a gyroscopic motion in a diatomic molecule. The full argument is 
developed later, and here it is enough to say that a Q branch was predicted 
and observed. 

History. 

There has been one study before this of the infra-red spectrum of nitric 
oxide. In 1908, Warburg and Leithauser* gave the coarse structure of the 
bands of four oxides of nitrogen. They plotted one band due to NO, with its 
centre at 5*302 jx, and resolved it into a structureless doublet. The value of 
this knowledge as a guide was considerable, and we have been able to confirm 
the main features of their outline. 

Experimental. 

The general methods for the use of the instrumente have already been 
discussed in Part I, and it remains to describe those details which concern 
nitric oxide specifically. 

Preparation and Storage. 

The nitric oxide was prepared from a mixture of saturated solutions of 
ferrous sulphate and sodium nitrite by acidification with dilute sulphuric acid. 
It was washed through water and sodium hydrate solution. 

The gas was Btored over distilled water which had been made air-free by 
boiling, and was led to the observation tube through a series of tubes filled 
with phosphoric oxide. The stream of gas was made to pass very slowly. 

There was no sign of bands due to nitrogen peroxide or water at any time 
during the work. The absence of nitrogen peroxide bands, which were care¬ 
fully looked for, was taken as a proof of the purity of the gas and the adequacy 
of the vacuum circuit. 


* ‘ Ber. D. Chem, Ges.,* voL 1, p, 148 11908), 
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Observations . 

The observations fell naturally into three divisions:— 

( 1 ) An exploration of the band found by Warburg and Leithauser. The 
effective slit-width was fairly wide, and readings were taken every minute of 
the divided circle. The general outlines of the band were established and 
conclusive evidence of fine-structure obtained. For this survey, the gas was 
kept at a pressure of £ atmosphere. 

(2) A general semi-detailed study of the whole band was next achieved. 
It was found by trial and error that the optimum pressure was | atmosphere, 
and this was used in all subsequent work. At this pressure the percentage of 
absorptidn is reasonable (10-40 per cent.) and the bands have their greatest 
sharpness. Readings were taken at intervals of 30 seconds of arc (corre¬ 
sponding approximately to a reading each wave number). 

A satisfactory idea of the fine-structure was obtained, but the separation 
is so small that many of the bands were misshapen, and some appeared to be 
missing. 

(3) From ( 2 ) it was clear that it was necessary to narrow the slits so much 
that readings could profitably be taken every 10 seconds of arc. This meant 
a mechanical slit-width of 0 • 3-0 • 4 mm. The unavoidable reduction in intensity 
was met by working at night with the galvanometer at its maximum useful 
sensibility. 

The whole central portion of the band was mapped in the course of this 
refined analysis. 

Graphs corresponding to stages ( 2 ) and (3) show how far it has been found 
possible to improve the precision of the observations. 

Before we began the work described under ( 1 ) and again before that under 
(3), the tubes were carefully compared in order to ensure that relative readings 
of intensity were not vitiated by inequalities in the rock-salt plates. For 
(2) a linear correction was needed, but for (3), after repolishing and re-setting 
of the plates, the tubes transmitted equally. 

Accuracy of Reading. 

Each reading involves (a) a setting of the circle, and ( 6 ) the reading of the 
galvanometer deflection. 

The error in (a) probably amounts to not more than ± 2 seconds of arc, 
or ±0*0002 \i or ±0-06 of a wave number. Taken in conjunction with (6), 
this is practically negligible; the difference in wave-lengths measured are 
therefore taken as accurate. 

Upon (6) the whole accuracy depends. 
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During the stage (2), the slit-widths were such as to give galvanometer throws 
of 40 mm. at 1 metre scale distance. Although it is not claimed that any 
one deflection was read to greater accuracy than 1 *0 mm., yet the taking of a 
number of throws showed the possibility of making a final judgment to a 
considerably higher accuracy than this. 

On graph (A), [stage (2)], a curve rounded oft* between the actual observa¬ 
tions is given. 
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For stage (3), it was obvious that small deflections would have to be faced 
if the slit-widths were to be reduced to less than six times the finest interval 
between readings. Since stage (2) showed that the fine-structure bands were 
of the order 3 wave numbers apart, readings at 0-3 wave numbers (i.e. y 10 
seconds of arc) were a theoretical and practical necessity. 

The very narrow slit-width corresponding to this wave number difference 
brought the deflections down to the order of lfi mm. (at 1 metre scale distance). 
Working entirely at night, and taking a large number of throws for each observed 
point (often as many as 8 or 10 for each tube, and repeating until satisfactory 
constancy was obtained), we were able greatly to reduce the actual error of 
0*5 mm. in any one reading. If it is borne in mind that the readings were 
separated by very small intervals, it will be seen that it was possible to detect 
changes in the percentage absorption which would have been outside the limit 
of accuracy for any one point, even though taken with the above precautions. 
The pragmatic test is the smoothness of the curves [g ra ph B] : these are part 
of the refined analysis, and represent actual observed points connected by 
straight lines. 

Finally, the following considerations satisfied us of the soundness of the 
results :. 

(i) A comparison of the curves (A) and (B), which were obtained at an interval 

of six weeks from each other, shows the chief features preserved 
unchanged. The coarseness of wave number settings in (A) meant less 
sharpness and occasionally the missing of a head ; but the characteris¬ 
tics of the fine-structure can be recognised. 

(ii) On starting work each night for stage (3), wc found almost without 
exception no difficulty in recapturing the intensity and gradient of 
the curve under analysis. As the alteration in sensibility of the galvano¬ 
meter is apt to be appreciable from night to night, this gave a final 
confidence. 

(iii) The constancy of wave number separation of the band heads (see 
below) in both R and P branches was remarkable. 

We give a small specimen table of actual readings obtained in the course of 
stage (3). 



458 


C. P. Snow, F. I. G. Rawlins and E. K. Bideal. 


Circle 

reading. 

Air tube 
(mm. throw). 

Gas tube 
(mm. throw). 

Percentage 

transmission. 

Notes. 

1&2 50 l'6 

13*6 

, (5 throws) 

8*6 

(average of 8) 

64 

These readings are towards 
higher wave-lengths, and the 
deflection tends to get smaller. 

20 

13 5 

(4 throws) 

8-25 

(average of 8) 

61 


30 

13*6 

(7 throws) 

| 8*0 

1 (6 identical 

thro tvb) 

69 

The large number of air throws 
was made necessary by an 
anomalous one which was at 
length discarded. 

162 60 40 

i 

I 

135 

(3 throws) 

i 

8*5 

(3 throws) 

63 

Air deflection was so constant 
that 3 good throws estab¬ 
lished it. Great care neces¬ 
sary to obtain head of band. 

50 | 

13*5 

(4 throws) 

8-75 

(average of 8) 

66 

*— 

51 0 

1 

17*0 

(7 throws) 

i 

11*75 

(average of 8) 

69 

Sensibility of galvanometer al¬ 
tered. Good readings but 

period so slow that the night's 
work was finished on the 
lowered sensibility shown in 
the next three points. 

The drop is sudden, and the 
galvanometer changes moke 
it sharper than is really the 
case. 

10 

12*76 

(average of 8) 

9-75 

(average of 8) 

77 

20 

12*76 

(average of 8) 

9*9 

(average of 10) 

79 

— 

30 

12*75 

(average of 6) 

9*9 

(average of 8) 

79 

The flattening after the sudden 
drop is noteworthy. 


Results, 

There are 42 bands on each side of the Q branch. Intensity of absorption 
is so small beyond about the 30th member that it was not profitable to explore 
further. There is a definite Q branch with its head at the wave number 
1882*9. The wave number separations of the six bands on each side of this 
were averaged as below in order to obtain values for the molecular constants. 


K. 

cm.* 1 . 

P. 

cm.- 1 . 

Average. 

1 

•Q-.1 

1 

3*15 

*q -* r 
r-*2' 

3%50 

3*32 

1 -► 2 

332 

3-50 

3*37 

2 3 

3*20 

2' 3' 

3*60 

3*35 

3 4 

3*25 

3'->4' 

3*50 

3*37 

4 —> 6 

3*20 

4 ' -+ 5' 

3*46 

3*33 

6 

3*25 

5' -*tt' 

3*50 

3*37 




«= 8um of borage « 




l 6 



• There are irregularities in intensity of absorption near the centre of the band, and these 
figures have not the aoouraoy of the other. Further theoretical treatment of the central lines 
will be given later. 


We take the value 8v ~ 3*35 cm. rl . 
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From this it follows that I = A/47r*8v = 1*64 X 10” 3# gm. cm. 2 , where I 
is the moment of inertia ; it is doubtful whether the second place is significant. 
The inter-nuclear distance r = 1*15 X 10~ 8 . 

It may be mentioned that the separations with which stage (3) is concerned 
are much smaller than those which have previously been resolved in the spectra 
of diatomic molecules. Consequently, there would have been no justification 
for an averaging process over the separations of the bands of the P or R branches, 
for any error—even of our smallest reading (0*3 wave number)—would have 
made a serious disturbance. The regularity in both branches was so great 
that the average taken as above was the obvious course. 

Electronic Bands of NO. 

From the research of M. Guillery {lor. cit .) on the y bands, and Jenkins, 
Barton and Mulliken on the (3 bands of nitric oxide, the electronic band spec¬ 
trum has become among the best known of molecular spectra. The early 
formal analogy to Al, suggested by Mulliken 111 at the beginning of his analysis 
proved the clue to the assignment of the following energy levels :— 


X . 2 P normal 

A . *8 

B . 2 P 

C . 2 S 

T) . 


The state X occurs in all the known bands of NO (X **—* A, X *—► B, 
X *—*■ C, X ■*—* D), and is consequently regarded as the normal state. It 
may be represented, according to Mulliken *s nomenclature, as : 

(outer electrons only) (2s*) 2 (3 s v f (2p p ) 4 (3 s'? 3 f. 

The presence of the 3p p electron with large promotion energy explains the 
fact that the first excited state has r 0 smaller than in the normal 2 P state. All 
the excited levels correspond to excitations of the 3p p electron. The molecular 
constants for some of the electronic states, and the corresponding data from 
the infra-red measurements, are given in the table:— 



Infra-red 

normal 

state. 

R.S.M. 

i 

»S 

(first excited) 
R.S.M. 

*P 

(second excited) 
R.S.M. 

Vibration frequency . 

1883 

1892 

2352 

1030 

r 0 . 

1 *15 X 10- 1 

1 * 15 X 10“® 

107 x 10-» 

1*42 X 10"* 

i. . 

1*64 X 10-* 

1*63 X 10-** 


— 


* 4 Phys. Rev., 1 vol. 26, p. 561 (1925). 
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The agreement with the figures of the normal state derived from the elec¬ 
tronic bands is more than satisfactory. The only point of difference is the 
vibration frequency, and the explanation of this is obvious. The electronic 
data give a frequency o 0 which can only apply if the displacements of the 
nuclei are infinitely small ; the infra-red band is caused by an oscillator which 
is slightly but perceptibly anharmonic, and whose vibration frequency is 
Wn (l _ .. to a first approximation—where x is a small constant. 

The molecular constants of the normal state of NO would appear to be 
established definitely. 



Thk Fundamental of NO. 


The Q branch . 

As was mentioned in the introduction to this paper, the molecule of NO 
stands in a class by itself as the only common diatomic molecule with an odd 
number of electrons. Many of its uncommon physical properties— its para¬ 
magnetism, for instance—are directly due to the odd electron ; it has already 
been mentioned that spectroscopic evidence describes the state of this electron. 
The presence of a Q branch is another eccentricity imposed by an unshared 
electron. 

For an infra-red band, these are the three possible branches :— 

R (m) = v 0 +f(m -f I) —f(m) 

QW = v o +/(*») —/(») 

P (m) = v ft + f(m - 1) — /(m). 
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The Q branch was noticed first in the methane and ammonia spectra, and 
was attributed to a gyroscopic motion of the molecule, although Kratzer* 
pointed out that the condition was not rigid. It can be said that a vector a 
(representing an angular momentum) parhllel to the nuclear axis, and accord¬ 
ingly perpendicular to the vector m (nuclear rotation), permits the m-+m 
transition and the Q branch resulting from it. Now it is well known that odd- 
electron molecules have a resultant electronic angular momentum which can 
be represented by a vector a parallel to the nuclear axis and a vector e per¬ 
pendicular to it. It is also known that c is large compared to e. Hence in 
NO there is the condition for the presence of a Q branch satisfied ; and, if any 
diatomic molecule shows a Q branch, it would be expected to be NO. 

[The mechanical picture of the NO molecule is a gyroscope or symmetrical 
top.f Rotation is no longer in an invariable plane, and should strictly be 
represented by jT, equal to the vector sum of m and or. Quantisation should 
then be applied to j and not m. However, the effect is so small as to be experi¬ 
mentally undetectable except in the Q branch and in the suppression of 
convergence (see later).] 

The Q branch is definitely present in the NO band, at 1882*9 cm." -1 . Com¬ 
pared with known Q branches, it is small (reference should be made to Robert¬ 
son and Fox,J whose work shows the larger Q branches of NH 3 and PH S ). 
This is expected from the difference in size of the causes. Translating the 
vector scheme mechanically in order to reach the gyroscopic picture, we may 
regard the determining cause as an electronic angular momentum about the 
axis of figure. In NH 3 the cause is almost certainly an angular momentum 
due to a nuclear rotation, which is of the same order as that responsible for 
the R and P branches. 

From the observed fact that the head of the Q branch falls at wave number 
1882*9, and that Mulliken§ found the vibration frequency of the normal 
molecule co 0 at wave number 1892, it may fairly be concluded that we are 
dealing in the present work with the fundamental of the NO molecule. This 
we may represent as the transition n" = 0 -**«/ = 1, where n" is the initial 
vibrational state of the molecule and n the excited, or, according to the new 
mechanics, n" *= £ = J. 

It was natural, therefore, to search for the overtone, which should fall in the 

♦ ‘Naturw.,* vol. 11, p. 677 (1923). 

t 1 Phys. Rev.,* vol. 30, p. 31 (1927). 

t * Roy. Soc. Proc.,* A, vol. 120, p. 128 (1928). 

§ * Phys. Rev.,* vol. 30, p. 160 (1927). 
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region of 2*7 (x. No sign of absorption between 2*2 fx and 4 fx has yet been 
detected. As the vibration has been shown to be anharmonic, the absence of 
the overtone is difficult to explain. If it is present, its intensity is 
smaller than theory requires. On the other hand, the small amount of con¬ 
vergence (see below) also suggests that the potential function of the molecule 
should be represented by a near approach to that of the harmonic oscillator. 
It is possible that this apparent simplification would be achieved if the energy 
state of the molecule were expressed in’terms of j instead of m ; the problem 
is being attacked by a comparison with the behaviour of CO. 

Convergence. 

A slight convergence has been noticed in the R branch ; in it the separation 
of the bands is 0*3 wave numbers less than the separation in the P branch. 
The convergence of the bands within the R branch itself is small to the thirtieth 
member. 

Early theory, particularly that due to Kratzer,* introduced a coupling term 
between the equations describing the rotational and vibrational states, and 
the treatment was remarkably successful in its description of the HC1 bands. 

The wave mechanics as already established has not fully described the 
coupling effect; Sommerfeldt points out that this can be accomplished by the 
addition of perturbation terms. But Kratzer’s theory must hold approxi¬ 
mately for an ordinary (*S) diatomic molecule, and it seems to be the odd- 
electron ( 2 P) character of the NO molecule which is the determining influence. 

The contrast between the unsymmetrical hydrogen compounds and the 
evenly balanced dumb-bell of NO is a marked one. Apart from its gyroscopic 
abnormality, NO appears the much more rigid rotator. 

Alternating Intensities . 

Our results show no appreciable alternations of intensity either in the P or 
R branch, when m is small, This is in accordance with the remarks of Van 
VieckJ on gyroscopic molecules. He points out that a rotation through 360° 
rather than through 180° is necessary to restore the molecule to a position 
indistinguishable from that initially assumed, for the motion is not confined 
to a single plane. This results in the presence of changes of angular momentum 
by units both of A/2 tc and hjiz. An expansion in Fourier series of the second 

* * Z. Physik/ vol. 3, p. 289 (1920). 
t * Atombau and SpektraUinien/ pp. 24 ef seq. (1928). 
t 4 Phys. Rev./ vol, 28, p. 980 (1926). 
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order term of the energy radiation contains terms in both 27to> m * and 4 
and of amplitude of the same order for low values of m. Hence there should 
be no alternation of intensity in the i mm ediate neighbourhood of the Q branch, 
and this indeed is what is actually observed. 

Further out from the centre, corresponding to larger values of m, changes 
in angular momentum of h/n become more probable, and consequently some 
indication of alternating intensity might be expected. Our graphs do in fact 
give a hint of this effect. With increase of temperature, the invariable axis 
becomes nearly normal to the inter-nuclear axis, and alternating intensities 
should become now pronounced. Also the Q branch should diminish in 
intensity. It is hoped to devise a method for investigating these points 
experimentally, although the alternative is very small and irregular. 

It must be remarked that Loomis and Wood* find no evidence of alternating 
intensities in the electronic band system of Na 2 . In this case the Van Vleck 
explanation is not adequate ; a much more complete theory is now generally 
accepted, and according to this no alternation in NO would be expected. 

Ordinary Intensities. 

As the curves of the refined analysis are regarded as a quantitative state¬ 
ment, it is proposed that a theoretical analysis of absolute intensities upon the 
lines of Dennison and Bourginf may be conducted by two of the present authors. 
This should lead to a value of the electric moment of the molecule, as sug¬ 
gested by SchrodingerJ and others. 

Summary. 

L The vibration-rotation band-spectrum of nitric oxide proves to be a 
fundamental, with its centre at 1882*9 cm.~ 1 , n" = £ -*»' = I, with the fine- 
structure consisting of P, Q and R branches with at least 42 rotation bands 
in each of the P and R branches. No overtone (n" = £ -**n' = |) has been 
found. 

2. The molecular constants derived from the separation of the fine-structure 
bands (3*35 oms." 1 ) corresponds almost exactly with those obtained from 
electronic band spectral data. 


* ‘ Phye. Rev./ vol. 32, p. 223 (1928). 

t Dennison, ‘ Phys. Rev./ vol. 31, p. 603 (1928); Bourgin, Muf ., vol. 32, p. 237 (1928). 
X ‘ Wave Mechanics * (R. Inst. Lecture, 1928), p. 18. 
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3. Table of data :— 


Infra-red. 

Electronic (Jenkins, Barton and 
Mulliken). 

I = 1*64 x H)” w gm./cm. 2 

I = 163 x 10-** gm./om.* 

t ' 0 ^ 115 A. 

v„ = 115 A. 

w 1882*9 

^ 1892 

[« «= o> 0 { 1 —#)] 



4. The presence of a Q branch is in accordance with the gyroscopic character 
of an odd-electron molecule. 

The absence of alternating intensities in bands of low rotational quantum 
number agrees with theoretical predictions for the gyroscopic diatomic mole¬ 
cule. 

5. The facts relating to the ground state of nitric oxide, its physical magni¬ 
tudes, and its electronic angular momentum about the nuclear axis, form a 
consistent whole. 
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The Arc Spectrum of Germanium . 

By K. R. Rao, D.Sc., Government of Madras Research Scholar, Imperial 

College of Science, London. 

(Communicated by A. Fowler, F.R.S.—Received April 18, 1929.) 

Introductory . 

In a former communication* an account was given of an investigation on the 
analysis of the Spark Spectra of Germanium (Ge II, Ge III, Ge IV) made by 
the writer in collaboration with Prof. A. L. Narayan. The present paper is 
an attempt at the elucidation of the arc spectrum of germanium. 

The investigations of this spectrum made up to 1912 are summarised in 
Kayser’s ‘ Handbuch/ vol. 5. With the aid of the existing measures and the 
recurring frequency differences pointed out by Paulson, McLennan and McLayf 
have indicated a few combinations arising from the deep terms of Ge I. 
RichterJ has measured the arc spectrum to X 2417 with a 6-metre concave 
grating and arrived at some of the groups identified by McLennan and McLay. 
The most important contribution is that of Gartlein§ who has extended the 
apectrum to X 1873 and classified most of these lines. 

In a recent paper] | Prof. A. Fowler has extended the analysis of the arc 
spectrum of silicon, the most important feature of which is the identification 
of a group of 3 p\ 1# 3 D, P terms arising from a configuration of one s electron 
and three p electrons. Such terms have been found also in C 1, NII, O III 
and in PII. While the spark spectra of germanium are exactly analogous 
to those of silicon, the published analysis of Ge I by Gartlein did not, at first 
sight, seem to be entirely in consonance with that of Si I. A further investiga¬ 
tion of the spectrum was therefore taken up by the writer at the suggestion of 
Prof. Fowler. 

Observations of the arc spectrum have been extended to X 1630. Gartlein’s 
analysis has been slightly modified in the present work and extended to the 
region of small wave-lengths. About 50 new lines have been added, most of 
which have been classified. 

Observational Data . 

The region X 2500-X 1900 has been photographed with a small quartz 
spectrograph made by Bellingham and Stanley, giving an average dispersion 

* Rao and Narayan, 4 Roy, Soc. Proc,/ A, vol. 119, p. 607 (1928). 
f * Trans, Roy. Soo. Canada,’ vol. 20, aeo, 3, p, 355 (1926). 
t ' Z. Wisa. Phot.; vol. 25, p, 380 (1928), 

$ 4 Phys. Rev./ voi. 31, p. 782 (1928). 

|| 4 Roy. Soo. Proa,’ A, vol 123, p. 422 (1929). 
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of about 6 A. per milliinetre between X2100 and X 1900. The are between 
pure graphite electrodes, containing a small piece of metallic gennamuiii,* 
served as the source. The region below X 2020 has been investigated by a vacuum 
spectrograph with a metre grating having 30,000 lines per inch and giving a 
dispersion of about 8*6 A. per millimetre. The instrument gave lines of 
excellent definition. The arc was situated a few centimetres from the fluorite 
window covering the slit and between the arc and the window a slow stream of 
nitrogen was passed through the side tube of a water-cooled annular chamber 
attached to the instrument, as devised by Mr. E. W. H. Selwyn for Prof. 
Fowler's work on silicon. The method is peculiarly suitable for the study of 
arc spectra in the region X 2050™ X 1550, whero it is often difficult by the usual 
methods (e.g., the spark between metallic poles) to differentiate the arc lines 
from those of the spark. 

A comparison spectrum was taken at first without germanium in the graphite 
electrodes in order to eliminate any lines due to possible impurities in the 
graphite. The spectrum contains bands of CO but the lines of germanium are 
characteristically sharp and could be easily distinguished from those of the 
bands. The plate was measured five times by a Hilger comparator reading to 
0-001 mm., the standards at first used being the carbon lines 1931-027 and 
1656-27 (Bowen's measures) and the nitrogen pair 1745*26 and 1742-74. 
But the wave-lengths so obtained were found to be consistently about 0*08 A. 
too high when compared with the calculated wave-lengths in the case of some 
lines. The error was found to be in the adoption of the carbon standard 
1931 *027. In the final determinations, the calculated wave-length X 1970*89 
of Ge was used as a standard instead of the carbon line, for which the inter¬ 
polated value now got is X 1930 • 94, in close agreement with X 1930 • 95 adopted 
by Prof. Fowler in his paper on silicon. It is expected that the error in the 
wave-lengths tabulated does not generally exceed 0-03 A. 

Results , 

The notation used is the one adopted by Prof. Fowler, the prefix to each 
term denotes the orbit of the “ series electron ” and at the same time indicates 
the possible combinations with other terms. The terms which are to be 
expected in the Bpectrum of Ge I, according to Hund’s Theory are listed in 
Table I. 

* A small quantity of Ge (H.S, brand) was supplied by Adam Hilger, Ltd., and reported 
to be of a high degree of purity. 
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Table I. 


1, 

2, 

2, 

3, 

3a 

3a 

it 

i, 

Si 5* f>s 

0a 6a 

Term 

prefix* 

Terms. 

2 

! 2 

6 

2 

6 

10 1 

2 

2 

i 

i 


4p 

8 p 

l D 

l S 


2 

; 2 

6 

2 

6 

10 

' 2 

1 

; 1 


5.* 

*P 

ip 



2 

2 

6 

2 

6 

10 

2 

1 1 



a 


*D 

*P 


! 











ip 


ip 


2 

2 

6 

2 

0 

10 

2 

1 

1 


Up 

3 1> 

»P 

■K 












l D 


*S 


2 

2 

6 

2 

0 

10 

2 

1 


1 

0* 

ap 




2 

2 

6 

2 

6 

10 

1 

3 



ip' 

*K 

5 K 

3 D 

®P 













l D 



The combinations arising from these terms are shown in Table 11 which is 
self-explanatory. 

Table II. 



4p*P 0 667-11 8 Pj $52 ' 80 8 P 4 6715-31 

l D* 0241-91 'S Q 


05558-0 65000-89 04148-09 

58432-78 49190-87 

ft?«P 0 — 2810D-43 

30894-40(40) 


2S0-59 



•P, = 27855-84 

37702-15(20) 37145-05(30) 36292-26(50) 

30570-90(40) 21334-93(20) 

1416-61 



•P, = 26440-33 

38560 • 50(30) 37707 • 79(30) 

31992-49(20) 

6* *P„ - 13387-7 

61613-2 (6) 


-22-1 



a P, = 13409-8 

52147-9(5) 51591-0(0) 50738-4 (0) 

45023-1 (4) 35781-29(10) 

1762-3 



•p, «= 11647-5 

53353*0 (4) 52500-3(5) 

40786-1 (1) 

7a a P 0 .. 8391-5 

50009-4 (3) 


-246-9 



“Pi = 8637-4 

50921-0(0) 50363-1 (3) 55510-4(3) 

49795-8(1) 

2010-$ 



a P, - 0626-6 

58374-0(1) 57.521-8(1) 

— 

5*‘P, = 25537-05 

40020-37(15) 39403-20(15) 38610-41 (12) 

32895 - 09 (00) 23053 • 24 (50) 

0* l Pa = 11383-4 

54173-8(3) 53016-4 (2) 52703-5(3) 

47049-2(5) 37807-03(8) 

7* l Pa = 0444-3 


61988-4(5) 42740-55(4) 

8» l Pj ™ 4215-2 


54217-5(3) 44975-7(2) 

4rf*D,« 16595-7 

48902 - 2 (8K) 48405-5 (0R) 47652-7(3) 

41837-4(6) 32594-24(10) 

—$0 * 4 



*D, = 16870-1 

48325-0 (9tt) 47472-1(5) 

41750-53(4) 

m -2 



•D, 16413-9 

47734-1 (10R) 

42018-92(12) 

6d*D, =s 10088-3 

55470-2 (2) 54912-0(0) — 

_ 

-*r-4 



a », - 10185-0 

54814-8(4) 53902-5(3) 

48247-0(0) 

313-2 



*D, » 9872 -4 

64275 0(4) 

48501-1 (2) 


2 x 


VOL. CXXIV.-—A. 
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Table 11- (continued). 



4p 3 P 0 667 -U *Pi 852-60 *P f 6716-31 

l D # 9241-91 *8 0 


65558*0 66000-89 64148*09 

58432*78 49190-87 

4d‘F a ^ 16489-3 

49511*5 (Olt) 48658*9(5) 

42943-35(15) 

264-1 



*F, -- 16236-2 

48912*9 (7R) 

43197*71(10) 

6rf»F,=- 8729-7 

56418-9(2) 

49702*7 (4R) 

4d*P„ ™ 13678 -2 

51422 -7 (5) 


275-2 



■V, - 13853-4 

61704-2(4) 61147-2(6) 50294-7(6) 

44679-8(2) 36337-86(9) 

-267-2 



*P 2 - 14120 -6 

50880-4(4) 50027*2 (5) 

44312*6(5) 

5rf* P 0 = 7861 * 9 

57139*0 (3) 


-266-4 



a P, - 8127-3 

67432-3 (1) 66873-4(3) 56019-9(3) 

50305*0 (2) 

-262 2 



a P a ^ 8379-6 

56620-7 (3) 55769-3(3) 

50054*0 (1) 

4d v D s w 17078-3 

-17922-6(5) 47069-8(3) 

41354*01 (20) 

5^D a « 9840*4 

— 54307*1 (3) 

48593*0 (5R) 

bd l I> a = 4672-8 


53700*0(8) 

4rf 1 P J « 12711*0 

— 62290-6(2) 61437-0(3) 

45721*7 (5) 36470*77 (20) 

Ctd J Pj T. t 7601-4 

? 67602-6(1) 56646-6(3) 

50931*8(3) 41090 12 (0) 

Od'Pj «= 4406 -1 


54028*0(1) 44783*5(0) 

■Id »F, -- 12966 -0 

61182-3(00) 

46466 -6 (16R) 

6rf >F,=» 6616-4 


51816-4 (9) 

(W'F, -- 4291-2 


64141-6(5) 

4p' 1 P l - 10084*4 

64062-0(1) 

48349-1 (3) 39107-5(10) 

4p' *P 0 - 7882*9 

67118-0(1) 


-mo 



»P X - 8160 *9 

67397-3(2) — 66986-7(3) 

60271-6(3) 41081-8(6) 




» 8903 *1 

— 66246-0(1) 

— 

4p' l D t « 7466*7 

— 66682-0(3) 

60966-5(7) 

4^ / *B 1 « 5833*3 

69726-0(2) 89167-4(2) — 


-30-0 



*1), ® 5869*9 

69131-4(3) 68277-8(2) 


- 33-0 



»B t * 5902*9 

68246 2 (4) 


*X, 6035*5 


62396-3(2) 48166-4(0) 

*X f « 4307 *1 

60692-9(0 ) 69841-9(1) 
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Table III gives details of the wave-lengths, intensities, wave-numbers and 
the classification of the lines of tht* Ge arc from the visible region to X 1600. 
Wave-lengths given to three places of decimals are from Richter, except those 
marked *, which are corrected values from Rowland and Tatnall (cf. Kayser, 
‘ Handbuch ’). The rest down to X 2000 are from Gartlein and the remainder 
are measurements by the writer. The intensities of the lines below X 2000 
are visual estimates by the writer and are on a different scale from those of the 
remaining lines. 

Table 111. 


A l.A. air (int.). v (vac*.). 

Triplets*. 


4085*H41 (20) 21334-03 

4220*505 (50) 23653*24 

3260*503(40) 30576*00 

3124*831(20) 31092*40 j 

3067*138* (10) 32504*24 

3030*086(60) 32805*00 j 

2820*012 (0) 35337 *66 

2703*035(10) 35781*20 i 

2754-596 (50) 38292 -26 | Ip H'*—5* »P, 

2740•438 (20) 36479 77 ; 

2709 -631 (40) 36894 -46 i 4p S P,—6«»P 0 

2691-351(30) i 37145-05 | ip ’P,—5* J P, 

2651-580(20) | 37702 -15 ! 4p a P 0 —5* »P, 

2651-184(30) 37707 -79 i ip ’I*,—5* S P 2 

26-14-182 (8) ! 37807-63 ! 

2592-548(30) 1 38560-56 I 4p*P,—5*»P. 

2589-201 (12) 38610-41 | 

2556-288(10) 39107-50 ! 

2533-241(15) 39463-26 

2497-974(15) 40020-37 

2436-41 (5) 41031-5 

2417-375(20) 41354-61 

2397-919*(0) 41690-12 

2394-105* (4) 41756-53 

2389-48(5) 41837-4 

2379-164* (12) 42018-92 , 

2359-22 (4) 42373-9 

2338-652* (4) 42746-55 

2327-934* (15) 42943-35 

2316-44(0) 43156-4 

2314-225* (10) 43197-71 

2305-59(1) 43369-6 

2262-71(00) 44181-2 

2256-00(5) 44312-6 

2252-76(00)? 44376-2 

2252-43(1) 44382-7 

2247-03(2) 44489-4 

2242-47(2) 44679-6 

2232-27(0 ) 44788-6 

2222-73(2 ) 44975-7 

2220-39(4) 46023-1 


Olasmifioftt ion. 


Inter- 

8ingIot«. 

combination. 

4p 1 S,—5»»P, 

l S 0 —5^ 1 H, 

4/> iDa—fi* *P, 
4pK Dr-GftW' 
4p«S tf -4rf«D l 

4p >1)—r w >P, 

±p'X i) -4d*\\ 
4/> l S 0 —0**P, 

*P l *o . 


4 p 

4^> "Pjj— Sh t P l 

4p '>S„—4p' 1 P, 

4 p *P r -5« l l\ 
*P 0 ^ l P, 
ip l S„— ip' »P, 

4p>D 3 --lrf‘D. 
4p *S 0 — !id 1 P, 

ip ‘D,— id *D„ 
ip *D.— id *D, 
4p l D,— id* D.-, 

4p 1 -S„—7» l P, 

ip ‘D,— id *F, 

4p*S.-‘X, 

4p*D«—4<f*F, 


4p l D,— id ‘P, 


4p l D,— Ad *P, 

ip l S 0 —fv^P, 
4p l 8 0 —S^P, 

4p‘D I —««»P, 





470 


K. R. Rao. 


Table III—(continued). 




Classification. 

A I.A. air (ini.). 

v ( Vttt *.). 

Triplets. 

Inter- 

combmation. 

Singlets. 

2198-73 (16R) 

45466*6 



i 

4p»D, r —4d»F, 

2186-46(5) 

45721 7 



4p l D t — id *P X 

2136-71 (1) 

46786*1 


4^^,—H«n» 2 


2124-76 (58) 

47049*2 


4p 1 D*—6 a 1 P, 

2123-83 (3) 

47069*8 


4p*V r -4d } X) 2 


2105-83 (5) 

47472-I 

4rf 3 D 1 


2102-26(3) 

47552-7 

ip 'P,— id *Dj 



2094-27 (10R) 

47734*1 1 

ip *P t —id *Dj 



2086-03 (5) 

47922*6 

ip •P i —4d 1 D t 


2071*98 (0) 

48247-6 


4p'D t —5d*I) t 


2068-66 (9R) 

48325*0 

ip *P,— id *13 s 


2067-03 (3) 

48349 -1 


4P 1 !)*—4p M P, 

2065-22 (6B) 

48405*6 

4p »P v -~4<i*D 1 



2058-59(2) 

48561■1 

4p l D t — fid *!>„ 


2067 *26 (5R) 

48593-0 


4p 1 D*—.WD, 

2054-46 (6) 

48658-9 

4 p *P S —4 d 8 F, 


2043-79 (7R) 

48912-0 




2041-72 (8R) 

48962*2 

4 p *P 0 —4 d *1)! 



2019-08 (6R) 

49511-5 

<p *P,—4d*F 3 



2011-31 (4R) 

49702-7 

ip 'D t —od 


2007 -55 (1) 

49795-8 


ip ’D,—7* *P, 


A (vac.). 





1998*91 (6) 

30027*2 

4pH\—4d *P 3 



1897-84(1) 

60054-0 

4 8 P a 


1989*20 (3) 

50271*6 


4p 1 D t —4 p'*P x 


1988*28 (6) 

50294-7 

4p*¥ r ~4d*V x 


1987*87 (2) 

50306*0 

4p l D a —£kf 3 P 1 


1970*89(6) | 

60738*4 

4 p *P t —6^ 8 P, 


1966-39(4) 

50880-4 

4p*P x -Ad*V 2 



1963*41 (3) ! 

60931-8 


4p'D,— &dH\ 

1962*11(7) 

50965 5 



4p‘D,—Ip' 1 J> e 

1965*14 (6) 

61147*2 

4p *Pj— 4d *P 1 


1963*80 (00) 

51182*3 

4p 9 P 2 —4rf*Fg 


1950*15(00) 

51278-1 



1944*66(6) 

61422*7 

4p 8 Pj— 4d *P C 



1944*09 (3) 

51437*0 

4j> *Pa—4rf 1 P 1 


1938*32 (6) 

51591*0 

4 p *V X — 6* »P, 

* 


1937*49 (6) I 

51613*2 

4p'P x — 6« 8 P 0 



1934*08(4) 

51704*2 

4p*P 0 — 4d*T t 



1929*89(9) 

61816*4 


4p 1 D t —fWiF, 

1923*62(6) 

51988*4 

4p *P 0 —6* *P, 


4p 1 D r -7« ‘P, 

1917*62 (5) 

52147*9 


1912*39(2) 

52290*6 

4p*P,—4i»P, 


1908*63(2) 

52396*3 


4p‘D,—»X, 

1906*76(0) 

52445*0 



1904*75 (6) 

52500*3 

4 1 ,tp a —6fl 4 P ? 



1896*26(3) 

52763*5 

4p*P r -6«»P, 


1874*31 (4) 

53353*0 

4 p *P X —6# *P g 


1866*10 (2) 

53616*4 

4p »P,_e* P, 


1860*12 (6) 

53760*0 


4p*Dr-W‘D, 

1863*14 (3) 

53962*5 

| 4j»•?,—5d»D a : 

1 


1860*90(1) 

54028*0 


4p»©*—W‘P, 
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X (vac.). 

v (vac.). 


Triplets. 

1849-73 (l) 

54062*0 


1847-01 (5) 

54141 -6 


1845• oi (3) 

54173*8 


1845-04 (0) 

.541(10*4 


1844-42(3) 

54217*5 


1843*61 (0) 

54241 *4 


1842-47 (4) 

54275*0 

4p *P 2 —5rf *D a 

1841-38 (3) 

54307*1 


1824 *34 (4) 

54814*8 

4 *11* 

1821*10(0) 

54012*0 

4p* jy_5tf *1), 

1810-12(1) 

55245*0 

4p 3 P a — 4p' *P 2 

1804 -44 (2) 

65418-9 

4 p a }\—5 d »F a 

1802*77 (2) 

55470 2 

4 V *P 0 — H *1), 

1801-46 (3) 

5>5510 ■ 4 

ip *1’.—7.« »P, 

1793 -10 (3) 

55769*3 


178f$• 17 (3) 

55085*7 

4p 3 P-,— ip' “P, 

1785-08 (3) 

56010*0 

4 p 3 P, 

1774-21 (3) 

56363-1 

ip 3 Pj—-7^ h\ 

1766-49(3) 

56600-4 

ip 3 F 1 —7* R P 0 

1760*14 (3) 

56620*7 

4 p »P r -f>r/ a P 3 

1766-33 (3) 

56640*6 


1764-23(3) 

56682-0 


1708-29(3) 

56873*4 

4;i»I > 1 *-5rf*P, 

1750-82(0) 

56921*0 

ip g P 0 —7,« 3 Pj 

1750-76(1) 

i 57118-0 

4t> ‘p^/n^ 

1760-12 (3) 

57130*0 

4jy 8 Pi—5r/ a J’ ( , 

1746-10 (3) 

57270*5 j 


1742-24 (2) 

1 57307*3 i 

4 p a P«—4j/ *1\ 

1741-18 (1) 

1 57432 3 

ip *P 0 —6r/ *P X 

1739-05 (1) 

57502*6 


1738-47 (1) 

57521*8 

4/> *P 8 — 7# 3 P a 

1718-54(2) 

58188*9 


1716-88(4) 

58245*2 

4/)*P 2 —4/5 a IV, 

1715-92 (2) 

5.8277*8 

^ s i*hi/ s d; 

1713-09(1) 

58374*0 

| ip 8 Pj— 7a- *P ? 

1712-32 (1) 

58400-3 


1691-15 (3) 

50131 4 

4p *l , i—4// 8 D 2 

1690-12 (2) 

59167*4 

ip 3 P X —4 p f 3 Dj 

1681-01(1) 

50470*4 


1675 -72 (1) 

59675*8 


1674-34 (2) 

59725*0 

ip # P 0 — 4p' 8 Dj 

1671-07(1) 

69841*9 

ip 3 P^>■X, 

1670-50(1) 

59802*3 


1663-52 (1) 

60113*5 


1649 -29t (2) 

60632*6 


1647-64(0) 

60692*9 

4/> a P 1 ~ fl X a 

1639-73(1) 

60985*6 



Classification. 


Inter- 

combination. 


4/> 3 P sr -4// 1 P 1 
4p l Pj 

4p *P t —M»D, 


3 P»— &MP, 
4p a P 4 —4j» # , P 1 


Singlets. 

4p —Orf l K 3 
4*>iJ>r-«**!>, 


4—.U »P,T 


t Line of (Je 11 (more intense at the pole). 

Classification . 

The most easily excited lines in the arc spectrum of germanium should result 
from the combination of 5# 8 P*P with the deepest 4p S P 1 I) X S. These groups 
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were arrived at independently by McLennan and McLay, Richter and Gartiein, 
and agree well with corresponding groups of similar elements in the periodic 
table. 

The series of ms 3 P terms may first be considered. In four electron systems, 
such as the neutral atom of germanium, it is known according to Hund’s theory 
that while ms 3 P 0 3 Pj tend to the limit a P 1 of the next ionised three electron 
system, ms 3 P 2 1 P 1 converge to the level This is illustrated well in the 

following Table IV where obviously the difference ms{ z P 0 —®P 2 ) gradually 
increases to the limiting difference 2 Pj — 2 P 2 . 


Table I V * 



0 T. 

NIL 

: 

; om. 

Hi I. 

P II. 

Sill. 

Ge I. 

As 11. 

He III. 

Sn I. 

>P,). 

601 

167-96 

376-60 

271*93 

528*1 

451*0 

1666*10 

2512-6 


3988 

(W4-1)*(’P«— a P 8 ) 

— 

170-70 

373 

282*9 

546 * 8 

— 

1740*2 




(m4-2)*(*P 0 —»P t ) 

i 


na-4 

i 

284*2 



1764*9 


j .... 

' 



on. 

, N UI.J 

0 TV. 

Si a. J 

piil! 

8 IV. 

Ge II. 

_ 

As 1II.| 

Se tvJ 

Sn II. 

Limit: <*P 1 —*P t ) .... 

I 

64 0 

1174 * 4 

i 

i 

387 

287 

[see 

t 


1708 

2043 

— 

4245 


* The data have been taken from papers mostly in 4 Roy. Soc. Proo.,* and * Phy«. Rev.’ 
The difference for As II in from the following probable multiplet in the visible region. 



r>* 8 p 2 

IMG-6 

926’l *P 0 

Sp*P, 


17689*3 (9) 
mi 


•Pi 

16597*0 (6) 

18183-4(7) 

m»o 

19109*6(7) 

•p. 

17986*0 (8) 

19572-4(8) 


»8, 

18751*4(8) 

20338-2 (7) 

21264 1 (3) 


If a similar feature occurs in Ge I, the difference ms (®P 0 — 3 P 2 ) should increase 
gradually to the limit a P 3 — 2 P 2 = 1768 of Ge II. But according to Gartlein’s 
analysis the differences are :— 

5s( s P 0 — 8 P 2 ) = 1666, 

6s ( 8 P 0 - *P 2 ) = 1931, 

limit 2 Pj - a P 2 » 1768. 
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Several attempts were made to modify the group ip 3 P — 6s 3 P to bring it 
into consonance witli the above considerations. But the levels 6s ^ and 
%8 3 P 2 could not be altered, as the possible alternatives were quite unsatis¬ 
factory. So the line v 51613 was taken to be ip*P x — 6s 8 P 0 instead of 
v 51423, adopted by Gartlein. The detection of a similar third member of 
the series supports the modification that has been made. The differences 
ms ( 3 P 0 — 3 P 2 ) thus obtained are given in the above Table IV and seem to be 
satisfactory. An interesting feature which these terms show, if correct, is the 
partial inversion of the higher members. This may perhaps be due to the very 
large ratio (1415:250) between the intervals of the first member 5$ S P of 
Ge I, while in Si I this ratio is roughly 2 (195 : 77). 

The group of 4rl terms may next be considered. According to Gartlein 
the differences 4d( 3 D 1 — 3 I> 2 ) and 4d( 3 D 2 — 3 D 3 ) are 1106 and 254. They 
are too large and apparently do not agree with the corresponding differences 
in V I, Si I or Sn I. The differences in the group 4 p 3 P — id 3 D, adopted in 
the present work, are — 80 and 262. McLennan and MeLay have come to the 
same conclusion. The partial inversion of the id 3 I) term is a feature which 
occurs also in Sn I where the group has been established by observations of 
the Zeeman effect of the lines, independently by Back and by Green and 
Lor mg. * 

The group 4p 3 P —4d 3 P has also to be slightly altered, since the lines 
v 51423 and v 51613 are interchanged. 

For some time, in the early stages of the work, considerations of analogy 
with Si I led the writer to think that these two id triplet groups might perhaps 
be the ip -*4 p f combinations and that the ip -+4d groups were still to be dis¬ 
covered in or about the same region ; that the terms id 3 F 3 , 3 F 2 may really be 
4d 3 D 3 , 8 D a with an undiscovered 4d 3 Dj level in the vicinity of these. For 
the values of 4 d 3 D terms here adopted are about 5000 units larger than their 
usual value in arc spectra, and, further, in Si I the levels id 3 F 3 , 3 F 2 have not 
been found to give strong combination lines as in Ge with ip 3 P. But failure 
to detect a suitable level close to id 3 F a and the discovery of higher 
Rydberg members 5 d 3 D, 5 d 3 P which are closely analogous to the id terms, 
have led to the present assignment. 

The identification of the singlet terms was found somewhat difficult. The 
location of and ml 1 P 1 levels is supported by the existence of satis¬ 

factory intercombination lines. The series of lines 4p 1 D 2 — md 1 F 3 and 

* Back, 1 Z. Physik/ vol. 43, p. 309 (1927); Green and Loring, ‘ Phya. Rev./ vol. 30, 
p. 574 (1927). 
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4p 1 D s — md l T) % are, however, suggested only by examination of the appear¬ 
ance of the lines and the probable term values that are to be expected. The 
choice was among the lines which have not entered into any of the triplet 
levels. 

Probable combinations arising from the transition ip ip' are also given in 
Table II. Of these the group ip 3 P — ip' 3 D appears isolated and fairly 
strong on the plate ; all the lines of this group are of the same slightly diffuse 
appearance. From the intensity of the lines and 3 D differences which they 
give it was considered that it cannot be a third member of the series ip 3 P — 
md z D. Hence the present assignment. The suggested structure of the 
ip 8 P — ip f 3 P group is only tentative. It is expected that further light on 
this group of terms will be thrown by an extension of the arc spectrum of Sn 
and also by the analysis of singly-ionised As, which is now under investigation 
by the author. 

Term Values. 

Three members of the triplet series ip 3 P — ms 3 P and of some of the singlet 
series are available for the determination of the absolute values of the terms 
with reasonable accuracy. Considering the triplet series we find 

(1) 4p*P 1 -5a*P 0 =* 36894*5 

-6s 3 P 0 » 51613*2 
~7$ 3 P 0 » 56609*4 

ip *P, = 63139 ; ip «P 0 « 63696. 

(2) 4p a P 1 —5s 3 P t 

(3) 4p 3 P 1 -5 S 3 P a 

-6$ 3 P a 
—Ts 3 P 2 

Thus while ms 3 P 0 and ms *P X terms tend approximately to the same limit 
m* s P a terms approach a definitely higher limit, in keeping with Hund’s 


>= 37145-1 
= 51591-0 
= 53363-1 

4 p 3 P 1 = 62667 ; 4p 3 P 0 = 63224. 
= 38560-6' 

v = 64927— 

= 53353-0 
- 58374-0 

4p = 64927 ; 4 p 3 P 0 = 65484. 
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theoretical considerations. The difference °° 3 P 0 — °° 3 P 2 = 65484 — 63696 = 
1788 agrees well with ' l l\ — 2 P a - 1768 of Ge II. 

The singlets lp l I) 2 — ms , P 1 gi ve the following formula :. 


-f>.s iPj 

^ 32895•1 

-6s >P, 

= 47049*2 

-7s >P, 

- 51988*4 

-8s 1 P J 

= 54217*5 


v ~ 58506 


K 


m+ 1*119789 


0-049813 

m 


ip l D 2 = 58506 ; 4 p 3 P 0 = 65631. 


These converge, therefore, to the same limit as ms 3 P 2 terms. The (obs.-calc.) 
for the last line is — 81. 

The term values shown in the table have been calculated by adopting the 
value 4p*P u — 65558*0, the mean of the limits derived from the ms 1 V 1 and 
ms 8 P 2 terms. 

The largest term 4 p 3 P 0 in the spectrum of Ge I is therefore found to be 
equal to 65558*0, giving the 1 ionisation potential of Ge 1 as 8*09 volts approxi¬ 
mately. 

Comparison of Terms. 

In the following table the term values of C 1, Si I , Ge I and Sn T are brought 
together. It is interesting to notice that the d 3 D terms have a value of about 
12000 in 0 F and Si I, while in Ge 1 and Sn I they are much higher and range 
about 16000. Again, if the identification of the group of 4 p' terms of Ge I 
prove correct, they are seen to be very small compared with those of Si I and 
C I, the singlets being deeper than the triplets. 


Table showing Term Values. 



Cl . Av. 

Si I . Av. 

Ge I . dv. 

Sn 1 . Av . 

wp'P. 

91017*3 

65765 

65558*0 

59690 


148 

77 1 

667*1 

1692 

'Pi 

91002-5 

65688 

65000-9 

57998 


U 7 u 5 

146 1 

852 >8 

1738 

' P , 

90975*0 

63542 

64148-1 

56262 

l D . 

81312 

59466 

58432*8 

51077 

l s . 

69860 

50371 

49190*9 

42527 

ms P 0 

30688*0 

26082 

28106*4 

25049 


20 0 

771 

250 6 

274 

'Pi 

30866*0 

28005 

27855*8 

24775 


401 

m-a 

1415>5 

3714 

*P, 

30625*9 

25810 

26440*3 

21061 

l Pi 

29526 

24773 

25537*7 

20433 
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Term Values—(continued). 



CI. Av. 

Si I. Av. | 

Ue 1. Jv. 

Sn L 

(fn-p 1) » ’P, 


11521 

13387*7 

_ 



66-a 

-22*1 


*P, 


11452 

13409*8 

11467 



2140 

1742*2 

r 

»P, 


11236 

11647 5 

7271 ? 

‘P, 


10894 

11383*4 


(»+2)» *P 0 


6544 

8391 5 




52 *7 

-224 9 


•P, 


6492 

8637*4 




231 >5 

2010*2 


*P. 


6260 

6626*6 

* 

J P, 


6130 

6444*3 


(m + 3)« »P, 


3885 

4215*2 


md'F, 

12979 ? 

12404 

12966*0 

9795 

mi* F, 



16489*3 

16545 




264 *1 





15235*2 

16114 

wd'P, 

11709 

h 

i 

14120*6 

11009 


-10*0 



-207*2 

-004 

»P, 

11999 


r 92647 

13853*4 

10706 


-00 



— 270*2 

-414 

*P. 

11694 

* 


13578*2 

10193 

*P» 

12779 

12378 

12711*0 

9562 


11414 ? 

11506 

17078*3 | 

12544 

*I>> 

[12715] 

11580 

16595*7 

16007 


4-0 

199 

-80-4 

-420 

*», 

! 12710 

11560 

16676*1 

15181 ' 


10-0 

52 0 

202*2 

4404 

'D. 

12700 

11508 

16413*9 

12202 

(w 4" 1) d *F i 


6873 

6616*4 


(m+l)d»P, 


6963 

7501*4 


*P. 

I 



8379*5 






— 202*2 


•P. 



► 5755 ? 

8127*3 






—200*4 


'P. 


* 


7861*9 


+ 1) d l D, 


6647 

9840-4 


*D» 


6789 

10088*3 




55 5 

-27*2 


*D, 


6733 

10185*6 




270 

313 *2 




6646 

9872*4 
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Term Values—(continued). 



C X. Ay. 

| Si I. Av. 

Go I. Ay. 

Sn I. Av. 

(t»-f 2)rf 1 F 8 


4342 

4291-2 


‘Pi 


4429 ? 

4406-1 


‘D, 

\ 

4189 

4672*8 


mj/ *D, 


20489 

6833*3 




171 



D, 


20472 

5869-9 




n 4 



•B, 

26731 

20443 

5902-9 


■D. 


18414 

7466-7 


mp' *P, 



16266 

8903-1 





- 66-3 

-7i2-2 


*Pi 


l15566 

j 16199 

8160-9 





! -360 

-mo 


*P« 

J 


15163 

7882-9 


‘P, 


1 

10084 * 4 



Summary . 

Observations of the arc spectrum of germanium have been extended to 
X 1630 and about 50 new lines have been added, most of which have been 
classified. 

The analysis published by Gartlein has been slightly modified to bring it 
into better agreement with that of the spectra of related elements. The 
detection of the higher members of some of the series made possible the calcu¬ 
lation of the absolute values of the terms. The largest term, 4 <p 3 P 0 = 65558 * 0, 
gives the ionisation potential of Ge I a value of 8*09 volts approximately. 

It is a pleasure to acknowledge my great indebtedness to Prof. A. Fowler, 
F.R.S., for suggesting the present investigation, for permitting me the use of 
his results on Si I prior to publication, and for his continual interest and 
encouragement. My thanks are due also to the Andhra University and the 
Government of Madras for the award of a scholarship which has enabled me 
to undertake this work at the Imperial College of Science. 
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A Study of the Catalysis by Silver of the Union of Hydrogen 

and Oxygen. 

By D. L. Chapman, M.A., F.R.S., Fellow of Jesus College, Oxford, and 
W. K. Hall, B.A., Jesus College, Oxford. 

(Received April 11, 1919.) 

D. R. Hughes and R. C. Bevan* discovered a simple and delicate method of 
testing whether a metallic nickel surface is covered with a layer of oxide. The 
investigation was conducted with metal drawn into the form of a wire. It 
was found, that whenthe wire was heated electrically at a temperature of 164° C., 
hydrogen molecules (temperature 14° C. and pressure 12910 X 10~ e mm.) 
removed nearly twice as much heat from a surface known to be oxidised, 
as from one completely reduced to the metallic state on reflection from the sur¬ 
faces under similar conditions. Consequently, in an atmosphere of hydrogen, 
a given current raised the wire to a higher temperature when all oxide had been 
previously removed from the surface. The accommodation coefficient 
the ratio of the energy actually removed from the wire by an escaping hydrogen 
molecule to that which would have been removed if the molecule had attained 
the temperature of the metal) was found to be 0*25 for a metallic surface, and 
0*48 for an oxidised surface. Invisible films of oxide, only a few molecules 
deep, could thus with certainty be detected. 

They were thereby enabled to show that a nickel surface was immediately 
oxidised by exposure to oxygen at the temperature of the laboratory. The 
invisible oxide thus formed and the black oxide produced by continued heating 
in an atmosphere of oxygen catalysed the combination of hydrogen and oxygen 
at the same temperature, a temperature not below that at which reduction by 
hydrogen occurred. Concerning the catalysis by nickel of the reaction between 
hydrogen and oxygen, they came to the inevitable conclusion that, during the 
combination of the gases the metal was completely covered by a layer of oxide, 
and the mechanism of the catalysis was similar to that of other readily oxi disable 
metals like copper, and was merely alternate oxidation and reduction of the 
surface. 

The method of procedure adopted by Hughes and Bevan has been applied 
by us in an investigation of the catalysis by silver of the same reaction. In 

* ‘ Hov. Soc. Proc., 1 A. vol. 117, p. 100 (1927). 



Catalysis by Silver of the Union of Hydrogen and Oxygen . 479 

this case the phenomenon has interesting peculiarities* of which we have 
endeavoured to discover the cause. 

D. L. Chapman, J. E. Ramsbottom, and 0. G. Trotmanf showed that silver 
from which all oxygen has been removed, either by its prolonged heating 
in vacuo , or by its reduction with hydrogen, was very much more effective in 
promoting the union of hydrogen and oxygen than silver which had been heated 
to dull redness in oxygen. Furthermore, it was found that indefinite amounts 
of water could be synthesised both with an active metallic wire and with an 
inactive oxidised wire without changing in the least their respective activities. 
These facts appeared to the authors to be most simply explained by the 
assumption that the wire which had been heated to dull redness in oxygen was 
completely covered with a film of oxide, which was less effective as a catalyst 
than the metal surface. 

Determinations, made by us, of the accommodation coefficients of hydrogen 
at the surfaces in question support the assumption of Chapman, Ramsbottom 
and Trotman that silver which has been heated in oxygen is covered with a 
film of oxide. At the same temperature and pressure hydrogen molecules 
removed less heat from a hot metallic silver surface than from a surface of the 
metal which has been subjected to the action of oxygen at a high temperature.^ 
When both were heated in hydrogen at the same pressure and with the same 
current the metallic wire assumed a higher temperature. Nevertheless the 
assumption of Chapman, Ramsbottom and Trotman that a metallic silver 
surface remains unoxidised when it is acting as a catalyst for the union of 
hydrogen and oxygen must be abandoned. Silver when it is brought into 
contact with oxygen or with a mixture of oxygen and hydrogen is almost 
immediately covered with a film of oxide ; but this oxide, formed at a low 
temperature, is a much more effective catalyst than the oxide formed at a 
high temperature. There is a notable difference in the reducibility of the two 
varieties of the oxide films, the active oxide being much more easily reduced 
to silver by hydrogen than the inactive form. There appear, in fact, to‘be two 
forms of silver oxide, an easily reducible form, a very active catalyst for the 
combination of hydrogen and oxygen, and a less active form which is corre¬ 
spondingly more resistant to reduction. The temperature of reduction of either 
variety of the oxide film is certainly not above that at which the film will 

* Bone and Wheeler, ‘ Phil. Trans.,’ A, vol. 206, p. 1 (1906). 

t ‘ Boy. Soc. Proo.,’ A, vol. 107, p. 92 (1925). 

t The temperature at which such experiments are performed must, of course, be below 
that at which the oxide is reduced. 
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catalyse the union of hydrogen and oxygen at a measurable r$te. This latter 
fact is in agreement with the hypothesis that the mechanism of the catalysis 
is in both cases one of alternate oxidation and reduction. However, the 
following objection can be raised against this theory in the case of the inactive 
oxide film. The first stage of the process is ex hypotkesi a reduction of the oxide 
to silver, and this silver would during the second stage be reoxidised ; but the 
oxide thus produced ought to be the active variety since the temperature of 
catalysis has been observed to be below that at which the inactive film is 
formed from silver and pure oxygen. The objection would be fatal to the 
hypothesis if it were not for the circumstance that the silver formed from a 
solid oxide in the early stages of the reduction cannot have the properties of 
the normal metal existing as a separate phase, but must in fact be looked upon 
as isolated atoms which on reoxidation furnish molecules of oxide having 
approximately the same position and orientation as the original molecules of 
oxide from which they were formed. 

A similar assumption affords an explanation of the fact that the oxide film 
formed by the action of oxygen on the cold metal is so much more active and 
easily reducible than a film which has been formed at a high temperature. The 
immediate action of the molecules of oxygen on the surface atoms of silver is 
to form molecules of silver oxide of which the configuration is unstable. Such 
instability would clearly confer on the oxide the properties of increased catalytic 
activity and easier reducibility. On raising the temperature of the unstable 
oxide the molecules would be sufficiently released to enable them to take up 
the most stable arrangement, and the oxide would then become inactive. 


Experimental. 

The apparatus and procedure were very similar to those of D. E. Hughes and 
R. C. Bevan. Silver wires, 0*0254 cm. in diameter, and of lengths varying 
between 38 cm. and 99 cm., were heated electrically. The reaction vessel 
was a vertical glass tube of 3 cm. internal diameter, and of such a length as to 
correspond with the wire it contained, and the gases were separately admitted 
to the reaction vessel from two containers—the oxygen from one and the 
hydrogen from the other —the ratio of the volume of the container of the oxygen 
to the sum of the volumes of the reaction chamber, the McLeod gauge, and the 
connecting tubes being approximately 1 : 10. 

Fortunately the thin film of silver, which during the course of the experi¬ 
ments volatilised on to the inner surface of the reaction vessel, caused the gases 
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to combine at a negligible rate only at 16° C., the temperature at which the 
reaction chamber was maintained by means of a thermostat. 

The temperature of the catalyst was calculated from its electrical resistance. 

In determining the temperature coefficient of electrical resistance of a cold 
drawn silver wire we encountered a difficulty ; for, on heating the wire to about 
90° C. a certain amount of strain was gradually removed, and its electrical 
resistance diminished. On the wire being cooled again to 0° C. its conductivity 
was found to have increased. The wire had therefore to be annealed at a dull 
red heat, before its constants of resistance were determined. 

Within the limits of experimental error, it was found that resistance of 
silver between 0° C. and 300° C. could be represented by the equation 

Ri = R 0 (1 + 0-004f) 

where R, is the resistance at t° C., and R 0 the resistance at 0° C.* 

The resistance at 16° 0. of a wire was, as explained later, estimated by 
extrapolation from curves drawn by plotting the energy lost per second 
(amperes X volts) against the resistance, when the wire was heated under 
standard conditions by currents of varying magnitudes, and the result was 
confirmed by direct measurement using a very small current with the wire 
surrounded by gas at atmospheric pressure. The resistance at 0° C. and at 
any other temperature could then be calculated. 

Although the relative cooling of the heated wire by conduction of heat to 
the leads was greatly reduced by the use of a long wire, the error from this 
cause was not inconsiderable at higher temperatures. A correction was 
therefore applied by subtracting the resistance of a wire 38 cm. long from that 
of a wire 99 cm. long when both were heated by the same current in gas at 
the same pressure. The result was to a sufficient degree of accuracy the 
resistance of the central portion of the longer wire, and since this central 
portion was fairly evenly heated—provided the reaction vessel contained gas— 
the resistance thus obtained could be used to estimate its temperature. In a 
good vacuum the temperature gradient even of the central portion of the long 
wire was not negligible. 

The state of the surface of the wire can be most conveniently inferred from 
curves obtained by plotting the energy lost per second by the wire against its 
electrical resistance when heated by currents of varying magnitudes in gas at 
a given pressure. The curves thus obtained approximate to straight lines. 

* Vide Matthiesen, * Phil. Mag./ vol. 21, p. 107 (1801); Somerville, ‘PhyB. Rev./ 
vol. 31, p. 261 (1910). 
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The exact temperature of reduction of an oxide film may be readily deduced 
from the curve showing the behaviour of the oxidised wire heated in hydrogen. 
The temperature at which the curve deviates from a straight line is the 
temperature at which reduction of the oxide begins. 

Before any experiments were performed the wire was cleaned by its being 
heated at dull redness, first in oxygen, then in a vacuum, and finally in hydrogen, 
the operations of heating being repeated in the same order until the results 
obtained with it were exactly reproducible. Poisoning of the catalyst by 
volatile impurities was prevented by inserting between the reaction vessel 
and the rest of the apparatus U-tubes surrounded by liquid air. The poisons 
are probably organic impurities ; mercury although not actually a poison in 
the case of silver must be excluded, since if the surface of the silver becomes 
covered with an amalgam the original results are not reproducible until all 
the mercury has been removed from the surface,* 

Experiment I A demonstrates that hydrogen molecules remove less heat 
from a hot metallic silver wire than from a wire previously heated to dull 
redness in oxygen :. 

(а) The wire was heated to dull redness in hydrogen (pressure 48810 x 10~ fl mtn.) 

for half-an-hour, and then in a vacuum for a quartcr-of-an-hour. 
Finally, it was heated in hydrogen (pressure 48810 x 10~® mm.) with a 
gradually increasing current, the corresponding differences in potential 
being observed. 

(б) The wire was heated to dull redness in oxygen (pressure 516500 X 10“"® mm.). 

The oxygen was pumped out, the apparatus washed out with 
hydrogen, and finally filled with hydrogen at a pressure of 
48810 x 10“® mm. The wire was then heated by a gradually increasing 
current, the corresponding differences in potential being observed. 

The results of the experiment are shown on the graphs of the accompanying 
figure. 

Curve (5) metallic wire. 

Curve (2), wire oxidised at high temperature. 

It will be observed that reduction of the oxide starts at a temperature of 
about 130° C, 

Experiment II A demonstrates that when a wire with a metallic surface 
and a wire oxidised at a high temperature are heated in a mixture of hydrogen 
and oxygen in the ratio of 10 :1 at the total pressure of 48810 X 10”® mm., 

* In the ease of platinum mercury is a powerful poison. 
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Curve 1.—Wire, covered with active oxide, heated in hydrogen. (Oxide was reduced 
about 40° C.) 

Curve 2.—Wire, covered with inactive oxide, heated in hydrogen. (Oxide was reduced 
about 130° C.) 

Curve 3.—Wire, covered with active oxide, heated in mixture of hydrogen and oxygen. 

(Combination occurred at measurable rate at 126° C.) 

Curve 4.—Wire, covered with inactive oxide, heated in mixture of hydrogen and oxygen, 
(Combination occurred at measurable rate at 447° 0.) 

Curve 5.—Metallic wire heated in hydrogen. 

Curve 6.—Wire heated in oxygen. 

Curve 7.—Wire heated in vacuo, 

the heat lost per second is very nearly identical for both surfaces. In the case 
of short wires the difference was too small to be measurable. 

The results are shown by the curves (3) and (4). 

The experiment compels us to conclude that when it is exposed to a mixture 
of hydrogen and oxygen a metallic silver surface becomes almost completely 
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covered with a layer of oxide. If anything, the oxide formed at a low tempera¬ 
ture can communicate heat to the gas molecules more readily than the stable 
oxide formed at a high temperature, but the difference is slight. That the 
curves (3) and (4) fall respectively a little below the curves (1) and (2) is, of 
course, accounted for by the fact that oxygen molecules remove less heat from 
a hot surface than the same number of hydrogen molecules. 

Combination of hydrogen and oxygen began to take place at an appreciable 
rate on the active wire at a temperature of 128° C. ; but was not taking place 
at the same rate on the inactive wire until a temperature of 447° 0. had been 
reached. This accounts for curve (3) being much shorter than curve (4). 

After being employed as a catalyst the inactive wire gave with hydrogen 
the same accommodation coefficient as that determined with it before being 
put to such use. Moreover the accommodation coefficient of hydrogen deter¬ 
mined with an active wire, after it had been employed as a catalyst, was 
almost identical with that determined with an inactive wire provided that the 
former determination was carried out rapidly and the common temperature 
of the determinations was sufficiently low. The more active oxide was, 
however, reduced at a very much lower temperature than the inactive variety. 
In both cases the temperature at which the oxide was reduced was much lower 
than that at which it promoted combination of hydrogen and oxygen at a 
measurable rate. 

Experiment III A is a comparison of the reducibilities and the activities 
of the two varieties of the oxide. 

The temperature of the oxidised wire surrounded by hydrogen at a pressure 
of 48810 X 10 mm. was raised in stages of equal intervals of temperature. 
The wire was heated at each temperature for half an hour and then tested for 
reduction by repeating a determination of the heat loss per second at a lower 
temperature. Alternatively, the temperature at which reduction of the oxide 
starts can be determined with equal accuracy from the curve obtained by 
plotting the heat lost per second in hydrogen against the resistance. The 
curve deviates from an approximate straight line at the temperature of 
reduction. 


The temperatures of reduction by hydrogen of the active and inactive 
oxides are shown by curves (1) and (2), and the results are tabulated below. 


~~* ! 

Temperature of reduction. 

Temperature of combination. 


»c. 

°C. 

Active oxide. 

about 40 

128 

Inactive oxide.. 

.. 130 

447 




Catalysis by Silver of the Union of Hydrogen and Oxygen. 485 


The temperature of combination signifies that temperature at which one 
twentieth of the total oxygen present disappears in 5 minutes. 

Experiment IV A demonstrates that during the combination of hydrogen 
and oxygen on an active wire, the surface is covered with oxide. 

The metallic wire was heated in hydrogen (pressure 48810 X 1CT 6 mm.) 
by a current of 1-1 amperes. An equilibrium temperature of 157° C. was 
thereby attained. Oxygen enclosed in its container at the same pressure was 
then admitted to the reaction vessel, the heating current being maintained 
constant. At the low pressure at which we were working the mixing of the 
hydrogen and oxygen was complete after a few seconds. The resulting mixture 
contained 1 molecule of oxygen to 10 molecules of hydrogen, and the total 
pressure was, of course, the same as the original common pressure of the 
immixed hydrogen and oxygen. The admission of the oxygen caused the 
temperature of the wire, as measured by its electrical resistance, to fall im¬ 
mediately to 128° C. As combination of the gases occurs at this temperature 
there was thereafter a gradual fall in pressure and a consequent rise in tempera¬ 
ture.* 

In a second experiment conducted in the same manner with a current of 
1*0 ampere the temperature fall was from 119° C. to 98° C., but in this case 
no combination of the gases could be measured. 

Now the sudden fall in temperature of the wire observed immediately 
after the admission of the oxygen to the reaction chamber could not have 
been due to the replacement of hydrogen molecules by an equal number of 
oxygen molecules since oxygen removes less heat from a hot surface than 
hydrogen at the same pressure. In fact, when the wire was heated by a 
current of 1*1 amperes in oxygen at a pressure of 48810 X 10""® mm., its 
equilibrium temperature was as high as 167° C. 

It is obvious, therefore, that the admitted oxygen rendered the surface of 
the wire more oapable of communicating heat to hydrogen molecules, and as 
it is known that the accommodation coefficient between an oxide and hydrogen 
is greater than the accommodation coefficient between the corresponding metal 
and hydrogen, we may legitimately conclude that in the presence of the mixture 
of oxygen and hydrogen the silver was oxidised on its surface. The results 
are tabulated below. 


* The heat generated by the formation of water at the surface of the wire is comparatively 
small, and could not appreciably alter the temperature of the wire. 
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Before admitting oxygen :— 


1 

Pressure of j 

hydrogen. j 

Current. j 

Resistance of 
wire. 

Temperature. 

Energy loot 
per second. 

4S810 x UH> mm. 

1 * 1 amps. J 

0-3194 ohm 

157® C. 

0*3805 joule 

After admitting oxygen : 

Pressure of 
mixture. 

Current. ' 

1 

i Resistance of 1 
wire. 

Temperature. 

Energy lost 
per second. 

48810 x 10-« mm. 

i 

1*1 amps. 

0*2942 ohm j 

128° C. 

0*3561 joule 

Inactive wire heated in a similar mixture 

Pressure of 
mixture. 

Current. 

Resistance of 
wire. 

Temperature. 

Energy lost 
per second. 

48810 X 10" 4 mm. 

1 • 1 amps. 

| 0*2992 ohm 

131° C. 

0 • 3020 joule 


A series of experiments, of which it is unnecessary to give the details here, 
were next performed. These established the following facts :— 


(а) The oxide film can be removed from an inactive wire by heating it in a 
vacuum to dull redness for 90 minutes. After this treatment the 
accommodation coefficient between the surface and hydrogen was 
identical with that given by thoroughly reduced silver, and the wire 
became active.* 

(б) An inactive wire cannot be rendered active by its being heated in a 

mixture of hydrogen and oxygen at any temperature. 

(c) That to render a wire inactive it must be heated to a temperature of at 
least 440° C. either in oxygen or in a mixture of hydrogen and oxygen, 
provided that the pressure of the oxygen does not considerably exceed 
0*6 mm. Hydrogen mixed with the oxygen does not prevent the wire 
from becoming inactive. 

We have assumed above—probably without sufficient explicit justification 
—that the films of inactive and active oxide almost completely cover the 
surface of the silver. An estimate of the upper limit of the proportion of 

* Chapman, Rams bottom and Trot man, loc. tit. 
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uncovered silver at the surface of an inactive wire can be obtained from the 
following considerations. Assume for this purpose that water cannot be formed 
at all at the surface of the inactive oxide. The rate of combination of hydrogen 
and oxygen would then be equal to the product of the rate of combination 
under the same conditions at the surface of a similar active wire and the pro¬ 
portion of uncovered silver at the surface of the inactive wire. But under the 
same conditions of temperature and pressure the rate of combination of 
hydrogen and oxygen is at least 100 times greater at the surface of an active 
wire than at the surface of an inactive wire. This proves that under the 
assumption made the proportion of uncovered silver at the surface of the inactive 
wire cannot exceed one hundredth. If, however, we may assume that water 
can be formed at the surface of the inactive oxide, we should have to conclude 
that the proportion of uncovered silver was still less. 

The fact, that the accommodation coefficient with hydrogen of a surface 
covered with inactive oxide is almost identical with that of a surface covered 
with active oxide, supports the view, that the active oxide almost completely 
covers the surface of the silver. The conclusions also receive support from 
the following experiment. 

F. G. Keyes and R. Hara* have determined the equilibrium pressure of 
oxygen over silver and silver oxide, and have obtained the following results :— 

Temperature (° C.).. 200 300 400 

Equilibrium pressure (atmospheres) 1*75 19*8 109*2 

Extrapolation from these results gives the dissociation pressure of silver 
oxide at 181°*C. as 1 atmosphere. Therefore a silver wire heated at a tempera¬ 
ture below 181° C. in oxygen at atmospheric pressure ought to become com¬ 
pletely covered with silver oxide. 

A metallic silver wire was heated in oxygen at a pressure of 1 atmosphere 
to 300° C., and during a period of 24 hours the temperature was gradually 
reduced to 150° C. After cooling the oxygen was removed, the apparatus 
washed out with hydrogen, and the accommodation coefficient between the 
wire and hydrogen determined. No difference could be detected between the 
amount of heat removed by hydrogen molecules from a wire treated in this 
way, and that, from the wire oxidised by the various methods already described. 
In fact a metallic silver wire, which had been exposed to oxygen at a pressure 
as low as 100 X 10"° mm. at 16° C. was tested in a similar way, and found to 
communicate to molecules of hydrogen nearly an identical amount of heat. 

* ‘ J. Amer. Chem. Soc./ vol, 44, p. 479 (1922). 
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It therefore seems possible to cover the surface of silver almost completely 
with oxide at all temperatures below 400° C., although the pressure of oxygen 
used may be far smaller than the equilibrium pressure over silver oxide and 
silver at that temperature. Theoretically this is possible and to be expected, 
although, of course, the formation of a separate oxide phase could not occur in 
oxygen at a pressure below the equilibrium pressure. Below this pressure the 
♦depth of the film could not much exceed the order of molecular diameters. 

Oxygen taken up by silver cannot be removed by exhaustion at 16° G. and 
is therefore not adsorbed oxygen. It is certainly combined chemically with 
the silver in the form of a surface compound, whose dissociation pressure is 
very small at 16° C. 

Making corrections for the heat loss due to metallic conduction and direct 
radiation, we have determined the accommodation coefficient of hydrogen 
(temperature 16° C, and pressure 48810 X 10~° mm.) at a silver surface heated 
to 100° C. and found it to be 0-25.* The corresponding accommodation 
coefficient of an oxidised silver surface was found to be 0*28. 

Second Series of Experiments performed with a large Surface of Silver . 

In this series of experiments the effective surface of the silver was two hundred 
times greater than in the experiments described above. The direct measure¬ 
ment of the oxygen in the surface films of oxide was thereby made possible, 
and the results thus obtained have confirmed the conclusions drawn from the 
first series of experiments. Obviously as under the same conditions, the rate 
of formation of water from its elements was so very much more rapid the 
determinations of catalytic activities had to be made at much lower tempera¬ 
tures. Although the results confirmed generally those obtained with the 
short electrically heated wire there was one difference to which attention must 
be drawn. After long use, i.e. y after its surface had been oxidised and 
reduced a great number of times, both the active and inactive oxide films 
were reducible at lower temperatures, and were also catalytically more 
active. This effect was probably due to the fact that the fused quartz 
reaction chamber, which had been substituted for one made of glass, could 
be more effectively cleaned by heating. The same effect was observed 
with the short wire, but it was not so pronounced. 

One hundred and nine metres of silver wire were cut into lengths of 5 metres 
each. These were folded and introduced into a quartz tube of 100 c.c. capacity. 
The wide quartz tube terminated in a long narrow neck at the end of which 
* Vide Soddy and Berry, * Roy. Soc. Proc./ A, vol. 84, p. 576 (1911). 
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was a ground joint used for connecting it with the rest of the apparatus. The 
ground joint was lubricated with metaphosphoric acid. As before the catalyst 
was protected from impurities and mercxiry vapour by U-tubes immersed in 
liquid air. The heating of the silver to temperatures below T 150° C. was 
accomplished by immersing the quartz tube in a thermostat, and to higher 
temperatures by surrounding the tube with a furnace. 

i 

Experiment I B . showed that silver which had been completely outgassed in 
a vacuum at a red heat did not absorb a measurable amount of hydrogen at 
moderate temperatures, but dissolved an appreciable quantity of the gas at a 
red heat. The dissolved hydrogen could not be removed in a vacuum at a 
temperature below a red heat. 

Experiment 11 B established the following facts 

At 16° C. metallic silver will adsorb enough oxygen to cover its entire surface 
with a layer of sil ver oxide. The oxidation was initially very rapid even at the 
lowest pressures, and practically ceased after 5 minutes. The pressure of 
oxygen in equilibrium with the oxide could not be measured, and no oxygen 
could be removed by exhaustion. The oxide was readily reduced by hydrogen 
at 10° 0., and nearly all of it could be removed by this means in 12 hours. 
After reduction it was possible to reform the oxide layer and to synthesise 
indefinite amounts of water by repeating the alternate oxidation and reduction. 

There seems, therefore, to be no reason why a mixture of hydrogen and 
oxygen should not by alternate oxidation and reduction of the silver at 16° C. 
be completely converted into water. Since the oxidation is much faster than 
the reduction, the silver is during the synthesis almost completely covered with 
oxide. Furthermore, the rate of formation of water must be the same as the 
rate of reduction of this oxide and therefore proportional to the partial pressure 
of the hydrogen. That the rate is proportional to the partial pressure of the 
hydrogen and independent of that of the oxygen has been shown to be the 
case by W. A. Bone and R. V. Wheeler* and by A. F. Benton and J. C. Elgin.! 

The mass of silver used was 58-265 grm. Its volume was 5*554 c.c., and 
its total surface 872*545 sq. cm. 

The number of gram atoms of oxygen required to oxidise the surface atoms 
of the silver completely (assuming that the faces (100), (110) and (113) are 
present at the surface in equal proportions) is 0*833 x 10~ fl . # 

The silver was heated to redness in hydrogen, and the occluded hydrogen 


* Loc. eft. 

t' J. Amer. Chem. Son.,’ vol. 48, p. 3027 (1928). 
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subsequently removed at a red heat in a vacuum. The results are tabulated 
below :— 





Oxidation. 

Reduction. 


Duration of 
treatment. 

Temperature. 

Number of gram 
molecules of 
Ag a O formed. 

Number of gram 
molecules of 
Ag,0 removed. 

1st oxidation .. 

5 minutes 

°C. 

Hi 

1*38 x 10~ 8 


1st reduction. 

2nd oxidation . 

90 minutes 

5 minutes 

10 

Hi 

M0 x 10“ 8 

1*19 X 10~ 8 

2nd reduction 

3rd oxidation 

3rd reduction . 

90 minutes 

5 minutes 

90 minutes 

16 

10 

10 

M2 X 10- fl 

1 * 14 x 10- 8 

1 • 14 X 10- 8 

4th oxidation . 

5 minutes 

10 

Mix 10” 8 

4th reduction 

5th oxidation 

5th reduction 1 

12 hours 

5 minutes 

4 hours 

5 minutes 

! 16 

10 

10 

; jo 

1 

118 X 10- 8 

M2 X 10“ 8 

129 X 10“ 8 

M9 x 10“ 8 

ttth oxidation . j 



After this treatment the catalyst was shown to be quite active. At 16° C. 
a mixture of hydrogen and oxygen in the ratio 4 : 1 and at a pressure of 
131600 x 10"° mm. combined to completion upon it in 60 minutes. The 
excess of hydrogen in the mixture afterwards reduced the surface oxide in 
the usual way. 

Experiment III B showed that a metallic surface can be formed by long 
heating of silver containing dissolved oxygen to redness in a vacuum. Dis¬ 
solved oxygen is removed much more slowly by this method than by reduction 
with hydrogen, so that the process lasts many days, and even then is probably 
not quite complete. Tested as above the wire furnished the results recorded 
below. 



Duration of 
treatment. 

1..j 

Temperature. 

Oxidation. 

Reduction. 

Number of gram 
molecules of 
Ag g O formed. 

Number of gram 
molecules of 
Ag a O removed. 



°C. 



1st oxidation.. 

5 minutes 

16 

1-00 x 10-» 


1st reduction. 

j 12 hours 

16 


0*93 X 10” 8 


Experiment I V B-An inactive film of silver was formed on the surface of 
the catalyst by heating the quartz vessel, previously filled with oxygen, at a 






















Catalysis by Silver of the Union of Hydrogen and Oxygen. 491 

pressure of 2 mm. to redness with a furnace. By this treatment the surface 
was rendered inactive. Its temperature had to be raised to 100° C., before 
the rate of combination of hydrogen and oxygen in contact with it equalled 
the rate of formation of water from an identical mixture in contact with the 
activated surface at 16° C. Furthermore the oxide was not reduced by hydrogen 
at a measurable rate below 100° C. At 150° C., however, the reduction pro¬ 
ceeded readily until approximately a unimolecular layer of oxide had been 
removed. By this treatment the efficiency of the metal as a catalyst had been 
considerably increased - -despite the large quantity of dissolved oxygen which 
it still contained— as the following results show. 





Oxidation. 

Reduction. 


Duration of 
treatment. 

Temperature. 

Number of gram 
atoms of oxygen 
taken up. 

< Number of gram 
atoms of oxygen 
removed. 

1 

! 

1st reduction ... 

: j 

j 1J hourB 

° *-< 


115 X 10'* 

oxidation . 

j 5 minutes 

16 

0-56 x 10~« 


reduction . 

1 12 hours 

1 16 


0-47 X 10-» 

oxidation .. 

i 5 minute* 

16 

0-46 x 10~« 


reduction . 

| 12 hours 

16 


0-43 X 10~* 

oxidation . 

1 5 minute* 

16 

0*46 X 



In the presence of the wire, a mixture of hydrogen and oxygen in the ratio 
4 ; 1 and at a pressure of 99810 X 10““® mm. combined to completion at 16° C. 
in 3 hours. 

Experiments V B > VIB and VIIB confirm the view that the dissolved oxygen 
contained in the less active form of silver is not the direct cause of its inactivity. 

Experiment V B .—Silver was heated at 150° C. in oxygen ; and an appreciable 
amount of the gas was dissolved. Yet the catalytic activity of the metal was 
not thereby diminished. Of the oxygen taken up by the silver only that portion 
was removed by hydrogen at 16° C. which existed as oxide on its surface. The 
results of the examination of the properties of the catalyst are shown below 
on p. 492. 

The reaction between hydrogen and oxygen in a mixture containing four 
volumes of the former to one volume of the latter gas at a total pressure of 
91240 X 10~® mm. was complete after 50 minutes at a temperature of 16° C. 
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1 

t 

Duration of 
treatment 

Temperature. 

i 

i 

Oxidation. 

Reduction. 

Number of gram 
atoms of oxygen 
taken up. 

Number of gram 
atoms of oxygen 
removed. 

1st oxidation. 

20 hours 

°C. 

150 

5-09 X 10-« 


reduction . 

12 hours 

10 


1-40 x 10~ 6 

oxidation . 

5 minutes 

10 

0-78 x 1CH> 


reduction . 

12 hours 

10 


0*97 x 10~« 

oxidation 

5 minutes 

10 

0*05 x 10~« 



Experiment VI B .—Silver was heated in oxygen at a pressure of 2*23 mm, 
to saturation at 400° C. At this temperature oxygen was rapidly occluded by 
the metal, and u large volume of gas went into solution. Nevertheless the rate 
of combination of hydrogen and oxygen at 16° C. at the surface of the metal 
after this treatment was not less than one half of that observed when the 
combination occurred under the same conditions at the surface previously 
oxidised at a low temperature. To reduce the catalytic activity of the oxide 
film appreciably the metal must be heated in oxygen at a temperature not 
below 440° C. ; but at these temperatures the solubility of oxygen in silver, 
for the pressures of gas employed, is considerably less than at 400° C. 

Experiment VII B .—Silver was saturated with oxygen at a red heat and 
after cooling shown to be an inactive catalyst. Reduction of the surface 
oxide on this catalyst by hydrogen at 150° C. followed by complete replace¬ 
ment of the oxide by treatment with oxyjpn at the same temperature rendered 
the surface catalytically active. 


Conclusions. 

1. When a surface of metallic silver is brought into contact with gaseous 
oxygen in sufficient quantity to form more than a complete unimolecular layer 
of oxide at the temperature of the laboratory, it becomes coated almost 
immediately with a film of silver oxide, and very little, if any, of the surface 
is left unoxidised. 

2. When metallic silver is heated to redness in oxygen and allowed to cool 
in the gas a film of oxide is also formed at the surface. 

3. The film of oxide formed at a low temperature catalyses the combination 
of hydrogen and oxygen much more readily than the film formed at a high 
temperature, and is also more easily reducible by hydrogen. 
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4. It is assumed as a working hypothesis that in the active film, formed at a 
low temperature, some of the molecules of silver oxide are in relatively unstable 
positions, but that on* raising the temperature, the arrangement of these 
molecules becomes a more stable one, and the film in consequence becomes less 
chemically active, 

5. The mechanism of the catalysis of the union of hydrogen and oxygen by 
the film is one of alternate reduction and reoxidation of the film. 

Experiments are now being conducted with a view to determining more 
precisely the character of the change which takes place when an unstable 
oxide film becomes stable. 


A Detailed Study of the “ Radioactive Decay ” of, and the Penetration 
of a-Particles into , a Simplified One-Dimensional Nucleus, 

By R. H. Fowler, F.R.S., and A. H. Wilson. 

(Received April 20, 1929.) 

§ L Introduction. .Gamow’s* elegant deduction by general arguments of 

the law of radioactive decay by oc-particle emission and his subsequent investi¬ 
gations on artificial disintegration suggested to us the desirability of investigating 
as closely as possible any simple model of a decaying nucleus as a verification 
of his general approximations. For the model chosen the exact investigation 
of the decay process is almost trivial. Since we obtained this, now some time 
ago, Dr. Gamow informed us that he had also obtained equivalent detailed 
results. Still more recently such results have been published by Kudar.f 
We shall not therefore dwell upon them here. The application of the same 
ideas, however, to the reverse process of penetration presents points of very 
definite interest, which we think are well worth discussion. The main point 
that arises is that the chance of penetration depends (or appears to depend) 
on whether the energy of the incident a-particle is or is not equal to a character¬ 
istic energy of the nucleus itself. This is a point which is not dealt with by 

* Gamow, ‘ Z. Phyeik,* vol. 61, p, 204 (1928); Gamow and Houtermang, 4 Z. Pbygik/ 
vol. 62, p. 496 (1928); Gamow, ‘ Z. Physik,’ vol. 52, p. 510 (1928). 

f Kudar, 4 Z. Physik,’ vol. 53, pp. 61, 95, 134 (1929). 
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Gamow in hie paper. We have discussed it with him, and now put forward the 
results we have obtained.* 

Since the solution of the decay problem is required in the main discussion of 
the penetration of a-particles into the nucleus it is included here in § 2 for 
reference. We must emphasise that we claim no novelty, except of detail, 
for the work of § 2 ; the general lines by now are a matter of fairly common 
knowledge. 

§ 2. Exact Solution of a Simple Problem of Radioactive Demy .—We consider 
a onc-dimensional problem with the potential energy U shown in the figure. 



The solution we require is to represent at t = 0 as nearly as possible a standing 
wave confined to the “ nucleus ” between 0 and a, of energy E 0 (< C) repre¬ 
senting one a-partielc of this energy. To the right it is to contain waves 
travelling to the right only, representing the possibly escaping a-particle. All 
the wave-functions may be affected by a decay factor e~ yt , X' > 0. We 
proceed to verify by construction that such solutions exist. 

The wave function satisfies the equation 


0X 2 





a — Arc 2 ?/* \ 
~ h 2 !* 


( 1 ) 


where nt is the mass of the x-particle. We assume a time factor of the usual 
form, so that 


V = 4,«r«w\ (2) 

but allow that 

E = E 0 ~iX'. (3) 


* We should like to record here that Mr. R. W, Gurney has also observed in a letter to 
us that the difference between a-particles with energies equal or unequal to a characteristic} 
of the nucleus had been overlooked by Gamow in his original paper on penetration. 
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For 0 <C x < a, since (0) = 0 on the rigid boundary, 

V = A sin E* e -ww/\ 

For a < £ < 6, 

T a= [Be"‘ v ' (<:! ~ K,( *" a) + BV y(0 " IS,(!r " <,, ]r M/A . 

For # > b y 

ip* __ JJgtWfi (*-&)-i!ir»JCf/A^ 


The conditions of continuity at x = a and a: = b are 


where 


A sin leyMSa = B + B', 

A cos Ky/Ea = (— B + B') 

D - B/$ + B'&, 

Q. _ e «V(C-E)<&-«). 


(4) 

(5) 

( 6 ) 


These conditions can all be satisfied if and only if 


0 = sin xy/Ea -+- \/ — B — cos v \/ E a 
v c — E 

- _L [C - 2E + 2 i y/{E (C - E)}] [sin * ^/Ea - cos k y/E a]. 


(7) 


The condition that the solution shall be nearly a standing wave confined 
to the “ nucleus ” 0 < x < a is that ft is very large. The characteristics of 
the problem—the roots of (7)—are therefore to be obtained on that basis. 
To a first approximation, & = oo, the values of E are the roots of 

tan xy /Eo = -y/ (8) 
or 

xy/Ea = rm — arc tan y^/ (8) 


the arc tan being taken between 0 and £tt. 
Then very roughly 

F — ”*** _ 
E ° a& 


We denote any one of these by E 0 . 


nW 
8a l m* 


( 10 ) 


In the next approximation & is so large that the new real term is trivial and 

2 K 2 
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one may retain only the new imaginary term. Putting E = E 0 in the small 
part and using (8), the equation (7) becomes 

4t'E„ 


tan k yJEa — — ^ ^ 

which to this approximation is equivalent to 


02P 5 
■irt 


(ii) 


«V Ea — ” arc tan [\/’ 

4 / E 4i(C-E 0 )E 0 

=- arctaD vn-w*-* • 


Hence E = E 0 — t'X' where 


,, 8(C-E n )E n ' 




K VEofl + \/ C .Jjgj 


( 12 ) 


(13) 


Id order that & should be large it is not necessary that C E 0 , but obviously 
we may assume that it is not true that C — E 0 <; E 0 . Thus the last denomina¬ 
tor in (13) is nearly wrr. 

We now return to the conditions of continuity, which reduce with sufficient 
accuracy to 

B - *A (sin k VEo - y 7 cos * a) = (-)"" 1 A^/^, (14) 


B '= |^fC- 2E 0 + 2* V(E 0 (C - E 0 )}], 

D = ( " ) ’ , ~ 1 li [C - E « +» V{B.(C - E 0 )}] y/5 


am, 

r 


(15) 

(16) 


The absolute values must be fixed by a normalising condition at t = 0, which 
is necessarily partly arbitrary. If we take it to be 



and neglect terms of order compared with the leading terms we find 


A | 


2_1_ 

o 1 + 1/{«V(C-E„)«}' 


(17) 


This is the same result as we should find from the natural normalising 
condition 
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for a potential barrier of height C extending from x = a to -f- oo. We can 
only obtain (17) by integrating far enough past x = a for the wave-functions 
to have become negligible. The result (17) is certainly right. Of course ty* 
is determined by an equation whose characteristics are E* (= E 0 + *X') 
but the differences between E, E* and E 0 do not give significant terms in the 
normalisation at / = 0. 

We can now check up Gamow’s interpretation of X' and its connection with 
the outward flux of particles. On account of X', W* contains the time factor 

p-2irf(E-K*)l/A K'tfh 

The solution normalised to unity in the nucleus at t = 0 decays thereafter at 
a rate e~ k \ where 

> - 4icX # __ 16 (C — E 0 ) E 0 *_1_ r n8 v 

h \/('2m) tOK* 1 + 1/{*V(C - Ko)4‘ 

On the other hand the outward flux in particles per second is given by the well 
known formula 

—. {vp* grad Y - Y grad Y*}. 

4 Ttmi 

To evaluate this we have 


so that the flux is equal to 

2 A /^-|D|*e" A ‘ +AV '^ < *‘“. 

V *2m 


(19) 


The flux past a given plane must, of course, decay at rate e~ Ki and must 
depend on the position of the plane as shown by (19), since, as Gamow has 
pointed out, particles reaching that plane at a given time correspond to a state 
of affairs at a previous time in the nucleus. Near the nucleus and near t = 0 
the flux is therefore 

o A /5ft 4 Bq(C - Bo) 2 1 _ x 

2 V 2m‘ w ‘ol + 1/{«V(C-E 0 )a} 

ThiB completes the verification in detail of Gamow’s theory for this example, 
correct at every stage to terms of order $“*. 

§ 3. The Converse Problem. The Penetration of x-particles into the Nucleus.— 
So far we have merely put down, possibly with new details, results due to 
Gamow in a form convenient for our purpose. We will now try to study more 
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thoroughly than he has yet done, the converse problem of the penetration of 
an a-particle into a previously empty “ nucleus.” We observe at once that 
when ft is large the only possible solutions of the type studied in the last section 
are those for which the energy is almost exactly a characteristic of the com¬ 
pletely isolated nucleus (ft = go ). 

We will now investigate a problem in which there is a steady stream of 
a-particles incident on the nucleus from the right, which are reflected at the 
nucleus, and at the same time, of course, maintain a standing wave in the nucleus 
itself. This problem, one finds at once, is really steady, has real E but no 
characteristics. Solutions exist for all real E. With the potential energy 
of the figure we may take 

Y = Aj sin k\/E x e~ 2wiKtlh (0 < x < a), (20) 

Y = [B^*+ BiW (r ~ B > ( *~ fl) ] c- 2 "™'* (a < x < 6), (21) 

Y = [D(*"*> + Di 'c u <•“*>] c-wai/* ^ < *). (22) 

The conditions of continuity at x — a and x = b are 

Aj sin Ky/Ea = B, + B/, 

A, cos *y/E a = (- B, + B/) , 

Dj + I),' = B,/fr + B,'», 

»(D, - D/) = B ^ - B,'#. 

The equations have solutions for all E, and on solving them we find that 
D x and D/ are conjugate complex quantities, 

ID, I - ID/1, (23) 

=* (l -f i E | (sin k VEa + \f R cos k v/Ea) 

+ K 1 - » ( sin •< V&* - \/ cos k \/Ea}]. (24) 

Equation (23) characterises a steady state in which the flux of particles in the 

incident and reflected beams are equal. Equation (24) shows that in general 
| Aj/D,! 2 is proportional to ft~ 2 , but that if E happens to be equal to E 0 , the real 
part of one of the characteristics of the first problem, then 


(25) 
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In this case | Aj/DJ 2 is of the order & 2 instead of $“ 2 . Thus the wave function 
inside the nucleus is negligible when E ^ E 0 compared with its value when 
E = E 0 , and so the a-particles practically only penetrate into the nucleus (or 
at least only penetrate and stay in the nucleus, one cannot here determine 
which) when their energy is almost exactly that of a characteristic of the nucleus 
that is, an energy capable of producing a type of resonance. Of course the 
agreement need not be absolutely exact -in order that (Aj/Dj) 2 should be of 
order ft 2 it is necessary that 

E = E 0 {l+o(I)}. (26) 


§ 4. Chance of Entry of an a -particle into an Em<pt,y Nucleus .—We can now 
determine the rate at which the a-particle enters the nucleus when (26) is 
satisfied or more correctly the chance of entry of the a-particle, by fitting 
together the solutions of §§ 2, 3 so as to give a negligible wave-function in 
0 < x < b at time t ~ 0. To do this we have only to take Aj = — A and add 
the two Y’s. We then find, to a sufficient approximation, 

X V = sin k V 'E 0 * e“ awilw> (1 - **) (0 < x < a), (27) 


with a corresponding wave-function in a <x <6. Inside the nucleus HT* 
varies like (1 — e~"t kt ) 2 , which gives the variation with time of the number 
of particles inside, or rather the chance that the a-particle lias entered between 
the times 0, /. It will be noticed that this number or chance increases initially 
as tf 2 , whereas a variation like t rather than t 2 might have been expected. But 
this is a usual feature of a resonance problem. The proper quantum theory 
interpretation will appear shortly. 

The corresponding incident and reflected beams of a-particles are of intensities 
controlled by |Dj | 2 and |D + D/l 2 respectively, and it is easily verified after 
reduction that 


|D+D,'|* 



16(C-K 0 )B 0 

e s 


(e~W 



/2E 

The total number of a-particles incident in the interval 0, t 0 is |D, |* ( 0 , 

and the number reflected is therefore 


A/SbpiD + D/p* 

V m J 0 

- ID,|» 1 D,| ! » (1 - (28) 
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It is easily verified that the last term is equal to 



so that there is the necessary conservation theorem, the excess of the incident 
over the reflected particles being equal to the “ number ” retained in the 
nucleus. 

We have thus obtained a consistent set of formula) which involve a hitherto 
unspecified time / 0 , and it is now necessary to attempt a proper interpretation. 
In the first place one observes that the occurrence of / 0 is a necessary conse¬ 
quence of Heisenberg’s uncertainty principle and equation (26). Our formula 1 
only hold on the assumption that we know the energy of the a-particle with an 
error AK of order given by 

AK - E 0 /& 2 . 


Such a-particles can only be associated with wave trains of length A t, of 
order 


2rcE 0 ’ 


(29) 


and this A£ may therefore be taken to be the to which occurs in our formula?. 
The chance that such an incident a-particle stays in the nucleus is then 
represented after (28) by 

8(C~K 0 ) E n (l-<r**)« 

C 2 ’ 

Using (29) we find that 




1 

kq + (C — E)~* 


This is very rough and a sufficiently accurate value when the hump is high is 




8 (C — E n ) E„ 1_ 

C 2 k«V e o' 


With reasonable numerical values this is moderately large and /<a\/E 0 
moderately small. The chance of capture then approximates to 


Ka VEq. 


For other values of E than E 0 we should conclude that the chance of capture is 
negligible. 

After having drawn this distinction between E = E 0 and E E 0 we have 
to ask if it has any significant application to any conceivable experiment. We 
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must confess at once that it cannot be of practical importance. The length 
of wave-train required by (29) is so long that our investigation cannot refer 
to the conditions of any conceivable experiment. We must be content therefore 
in this investigation in having found and discussed certain interesting theoretical 
features of the problem of artificial disintegration which were overlooked in 
earlier investigations. 

Summary. 

In this note we solve exactly for a simplified nucleus the problem of 
a-particle disintegration (determination of the complex characteristics of the 
wave-equation with the proper boundary conditions). We then proceed to 
discuss the converse problem of the penetration of an a-particle into the nucleus 
from without—a problem which is the basis of Gamow’s theory of artificial 
disintegration. We find that the problem formally depends very much on 
whether the energy of the incident a-particle is or is not equal to the real part 
of a characteristic of the nucleus bombarded. We show that this type of 
penetration has features characteristic of a resonance effect as one should 
expect. We show finally, however, that our solutions are not of practical 
importance as they do not correspond to the conditions of any conceivable 
experiment. Further progress has been made in a forthcoming paper by 
Gamow and Houtermans. 
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The Process of Coagulation in Smokes. 

By H. S. Patterson, R. Whytlaw-Gray, F.R.S., and W. Cawood, Leeds 

University, 

(Received February 1, 1929.) 

It has been shown experimentally* for a variety of smokes that the process 
of coagulation follows to a first approximation the simple linear relation 

a = Oy “f* K t 

where a is the particulate volume of the smoke at time t and a 0 is the initial 
particulate volume obtained by extrapolation, K being a constant for a given 
cloud. In the smokes studied K was found to vary within fairly wide limits 
for the same substance, even when the conditions were apparently closely 
reproduced. At the time it seemed unlikely that these variations could be 
attributed to experimental error ; and the evidence suggested that some im¬ 
portant factors affecting the process had not been recognised. It was therefore 
decided to carry out further experiments on smokes and to study the possible 
influence of the degree of heterogeneity and of electrification, as well as the 
effect of size on the rate of coagulation. Before embarking on this programme, 
the process of counting was scrutinised, errors eliminated and the method 
improved. 

A large mass of data has now been collected and certain definite results, 
emerge which it is the object of this paper to present. 

Method of Counting . 

Prolonged experience with the method of counting has shown that the 
accuracy of individual points is largely determined by various subsidiary 
factors, the importance of which was not realised earlier. It is absolutely 
essential that the particles should be stationary in the microscope field during 
the short period in which a count is made. Originally it was believed that 
two taps rotating in phase, and thus giving a closed system, were necessary. 
We ha^e since found that steadiness depends on other factors such as the 
rigidity of the mechanism, amount of the dead space, and perfection of the 
rotating tap, and that the large tap by which smoke entered the cell from the 
chamber is quite unnecessary. A considerable time was spent in tracing the 
sources of the irregular movements of the particles in the cell. 

♦ * Roy. Soc. Proc.,’ A, vol, 116, p, 540 (1927). 
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The essential conditions for satisfactory working have been found to be 
perfect rigidity of the apparatus, reduction of the dead space on the exit side 
of the cell to a minimum, and perfection in the finish of the bore of the rotating 
tap so as to interrupt the stream sharply. 

A new apparatus embodying these improvements has been made and used 
for a considerable period. With this the counting can be carried out more 
quickly and with greater accuracy. We find it possible with practice to count 
60 to 80 fields per minute, the diaphragms being chosen of such a size that an 
average of 3 or 4 particles is seen. Under these conditions the particles are 
stationary in the field for about one-fifth of a second. 


Experimental Results . 

The first experiments were carried out with ammonium chloride, the smokes 
being produced as described before.’*' 

Special precautions were always taken to ensure that the air in the chamber 
before dispersal was free from particulate matter, the test adopted being the 
practical absence of a visible Tyndall cone when the beam from an external 
arc lamp was focussed in the chamber. This is an extremely rigid test and 
with the filtering apparatus at our disposal there was always a slight indication 
of the path of the beam. This degree of purity corresponds in the cell to 
about 1000 visible particles per cubic centimetre. 

The first series of experiments was carried out with different weight con¬ 
centrations with the object of tracing the influence of size on the rate of 
coagulation. The weights volatilised were 60, 30, 15, 7*5, 3, 1 mg. per cubic 
metre. Contrary to previous experience the graphs obtained for the lower 
weight concentrations exhibited a well-marked curvature. Those above 
15 mg., however, approximated to straight lines, the slopes of which tended to 
increase as the weight dispersed diminished. Moreover, the initial numbers 
decreased in the case of the smaller weight concentrations. These effects are 
well marked and are on the average quite outside any experimental error. 
The progressive change in the curves is best followed from the accompanying 
diagram drawn from the experimental results (fig. 1). It will be noted that 
the curvature which is great at first, diminishes rapidly and approximates later 
to straightness. Above a concentration of about 15 mg., curvature is as a 
rule imperceptible. This statement summarises the general results, but 
occasionally distinct exceptions were obtained. For example, there have been 


♦ Loc. e&, p. 546, methods 1 and 3. 
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observed sometimes 7*5 mg. clouds possessing all the characteristics of 3 mg. 
clouds, both as to number and curvature. 



Fio. 1.—Typioal Particulate Volume Curves of Ammonium Chloride Smokes, examined 

Dry. 

Some of the particles in dilute clouds were exceedingly difficult to see and 
impossible to count accurately, and the question therefore arose as to whether 
microscopic particles were not also present. Experiments with other 
optical systems supported this possibility. It had previously been noticed 
that when precautions were not taken to dry the air in which the cloud was 
dispersed, the ammonium chloride particles appeared brighter in the cell. 
This observation led to an attempt to brighten them by condensing moisture 
around them. After some trouble it was found that the simple device of 
introducing a small roll of damped filter paper into the leading tube between 
the chamber and the cell was very effective in brightening the particles. Even 
in 1 mg. clouds in which previously the particles had been on the limit of 
visibility, no faint particles were to be seen. The cause of this condensation 
of moisture has been investigated and has been found to be due to traces of 
hydrogen chloride adsorbed on the particles. Since ammonium chloride dis¬ 
sociates on volatilisation, there is likely to be a slight loss of ammonia owing 
to its more rapid rate of diffusion, leaving an excess of hydrogen chloride which 
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condenses on the particles. It has been found that a smoke formed in the 
presence of a trace of ammonia does not show the brightening effect. Moreover 
it has been found possible to make the particles in smokes composed of non- 
hygroscopic materials such as alizarin, fluorescein, mercuric chloride and 
sodium chloride, brighten in moisture by the previous addition of traces of 
diluted hydrogen chloride gas to the air in the smoke chamber. Counting 
experiments with fine clouds showed a large increase in numbers by this pro¬ 
cedure which could not be attributed to hydrogen chloride droplets, since in 
the absence of particulate matter, the same concentration of diluted hydrogen 
chloride gas gave no particles whatever. 

Using this modification in the procedure, a new series of clouds of varying 
weight concentration was studied. The particulate volume curves are shown 
in fig. 2. In the first place it will be noted that for the small concentrations 



Fig. 2.—*Typical Particulate Volume Curves of Ammonium Chloride Smokes, examined 

Wet. 

the initial numbers are much greater, showing that in the previous experiments 
the finest particles were missed. Further, the curvature even at the lowest 
concentration is much slighter, which again is not incompatible with this idea. 
If it be assumed that all the particles in these clouds were counted, and there 
is every reason to suppose that very few particles were missed, we must conclude 
that the process of coagulation in dilute clouds is not a simple linear function 
of the time, and that the average value of K increases definitely with fall of 
weight concentration. Of course, these results do not explain why any given 
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•cloud should be difficult to reproduce, or why occasionally marked deviations 
from these typical forms are encountered. 

It seemed possible that the lack of reproducibility might in part be due to 
the weight concentration or the smoke differing on successive occasions from 
the actual amount volatilised. It seemed desirable to estimate the amount 
-of solid matter present in the dispersed state. The estimation of small 
quantities of materials at these low concentrations presents difficulties. It 
was necessary to devise a method by which the particulate matter in a few 
litres of air could be determined. In the case of the more dilute clouds, the 
weight per litre was of the order of 5-I(T°gms., that is, the method must 
detect at least 10~ 7 gm. 

This can readily be estimated by the Nessler reaction, provided that all the 
ammonium chloride can be caught and dissolved in a relatively small volume 
of water. This might have been accomplished by using the microfiltration 
method employed in earlier investigations* but there was always the possibility 
that particles of a certain size range might pass through the filter. Since, 
however, ammonium chloride is easily vaporised and 
in this state can be condensed quantitatively on a 
cooled surface, w*e decided to use this principle rather 
than that of filtration. Accordingly, an apparatus 
was devised in which the ammonium chloride smoke 
was first converted into vapour by passing through a 
heated glass spiral and then condensed out on a 
cooled surface. The apparatus is shown in fig. 3. 

One or more litres of the cloud is sucked in slowly 
through the spiral, which is heated by an air bath to 
400°~500° C., when the vapour condenses on the 
surface of the water cooled inner tube. The inner 
tube is then removed and washed, and the ammonium 
chloride in a given volume of liquid determined by 
comparison in a colorimeter after addition of Nessler’s 
Fia. 3. reagent. Careful tests have been made to see whether 

any ammonium chloride escapes precipitation or is 
•carried through as particulate matter, but these all gave negative results. 
We have made a practice of always determining the weight concentration 
in duplicate, and the data for a given cloud generally agree as.closely as 
•can be expected. The amount is invariably smaller than the weights dis- 
* * Roy. Soc. Proc./ A, vol. 102, p. 616 (1023). 
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persed from the heated boat, but there is no constant proportion between them, 
and obviously, the weight concentration in the cloud is difficult to reproduce 
by the present method. The appended table contains some of the results 
we have obtained. 


Weight dispersed. 

Weight concentration i 

f 

7*5 

5*3 

7-5 

7*1 

7-5 

5*7 

150 

0*6 

150 

11-5 

300 

19*4 

30*0 

10*4 

30 0 

24*4 


It is evident from these figures that the actual weight concentration of the 
.smoke is invariably smaller than the weight volatilised ; moreover, there is no 
constant proportionality between the two. This has been found to be the 
case not only in the experiments cited, but in many other instances. Chance 
variations in the distribution of the ammonium chloride in the heated boat, 
and in the conditions during dispersal are probably the explanation of these 
Anomalies. 

The next step was to carry out another series of counting experiments with 
.smokes of different concentrations in which the actual mass present in the 
particulate state was determined experimentally and not inferred from the 
weight volatilised from the boat. When this was done the previous haphazard 
variations were found to disappear, and in all cases the change in form of the 
curves was found to run parallel to the mass of material in the smoke. We do 
not wish to lay too much stress on the importance of this weight factor in 
determining the behaviour of a smoke, but other conditions being constant it 
is undoubtedly of considerable moment. 

Ten smoke clouds produced on different occasions were investigated, and 
when the data were examined it was found that the results could be expressed 
by a comparatively simple formula. In all the ten clouds a similar degree of 
Agreement between the experimental and calculated curves was obtained. 
Later on it will be shown that other factors have to be taken into account. 

In figs. 4 and 5 are reproduced two of the ten smoke clouds, together with the 
•curves calculated from the formula. The experimental points and the formula 
used for calculations are given in the appended tables* 
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Fia. 4.—Particulate Volume Curve of Ammonium Chloride Smoke, examined Wet. 

Concentration 5*7 mg./cu.m. 



Fig. 5.—Particulate Volume Curve of Ammonium Chloride Smoke, examined Wet, 

Concentration 24 ♦ 4 mg. /cu.m. 


Table I.—Weight Concentration of Smoke 5-7 mg. per cubic metre. 


1 

Time from start. 
t minutes. 

Number per c.c. x 10~*. 

Particulate volume a X 10*. 

34 

1*62 

0*06 


1 >29 

0*78 

8 

1*06 

0*96 

18 

0*666 

1-80 


0*620 

1*92 

33 

0*451 

2*22 

ar> 

0*401 

2*60 

46 

0-339 

2*95 

48 

0*311 

3*21 

64 

0*239 

4*18 

66 

0*280 

3*67 

92 

0*179 

5*58 

98 

0*173 

5*78 
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The curve is drawn from the equation 


g-0-4. MT® 


2-2 . lO-h + -iJSZTf ' 


Table II.—Weight Concentration of Smoke 24 • 4 mg. per cubic metre. 


Time from start, 
t minutes. 

Number per c.c. X 10~ 8 . 

Particulate volume o X 10*. 

n 

1-18 

0*85 

14 

0-923 

108 

16 

0-930 

1*08 

23 

0*694 

1-44 

26 

0-613 

1*63 

28 

0*680 

1*72 

30 

0*560 

1*79 

46 

0*394 

2*54 

47 

0*418 

2-39 

64 

0*314 

3-18 

66 

0*361 

2*77 

81 

0*310 

3-22 

83 

0*315 

3-17 

86 

0-305 

3-28 

108 

0*226 

4-42 

113 

0-175 

5-72 


The curve is drawn from the equation 




2-2 


<r — o-4. i<r® 


10 -® 1 + 


9 . 10 - 


15-71 . 10- 



There is one noteworthy point which emerges when the experimental evidence 
presented so far is considered, viz., that many of the graphs are definitely 
curved, and that usually this curvature is most pronounced in the early stages 
of the smoke. Consequently the extrapolated values for <r 0 given previously 
(loc. cit.) are probably too high. Therefore it seemed important to explore 
the early stages of coagulation. Even with the improved counting method, 
however, it was not possible to obtain points earlier than some minutes after 
dispersal, and as at this stage coagulation is very rapid, little reliance can be 
placed on the extrapolated initial number. Extrapolation of the formula 
just mentioned which fitted the results pointed to the possibility that the true 
initial number might be indefinitely large. Were this the case we would have 
to conclude that the smoke was formed initially by molecular collision in 
contradistinction to the idea of condensation around nuclei already present. 

VOL, OXXIV.—A, 2 N 
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This latter theory would set a limit to the initial number of particles deter¬ 
mined by the number of nuclei, whilst no such limitation is imposed by the 
former. 

In order to investigate this point it seemed only to be necessary to dilute 
the cloud as soon after formation as possible. In the first case a very large 
number of particles per cubic centimetre should be found, whilst if condensation 
had taken place on a limited number of nuclei, no large increase should be 
apparent. Accordingly it was arranged to blow a rapid Btream of air over the 
volatilising material so that the smoke was diluted immediately after formation. 
When this was done it was at once evident that the number present in the 
chamber as soon as observation was possible had been very greatly augmented. 
Moreover, these blown smokes exhibited, when examined in the ultramicroscope, 
a greater uniformity in size. Whereas in the ordinary smokes the particles 
after coagulation has proceeded for an hour or so are markedly heterogeneous and 
fall past each other in the field, in the blown clouds all the particles appear to 
fall at more or less the same rate. The same disparity can be detected in the 
early stages, but it is not so apparent as the particles fall more slowly and 
exhibit rapid Brownian motion. 

The exact degree of uniformity obtained depends largely on experimental 
conditions, such as rapidity of air stream, temperature of volatilisation, etc. 

The arrangement used for the production of this type of smoke was to blow 
a stream of carefully-filtered and dust-free air at a known rate overthe material 
heated in a metal boat to a definite temperature. The boat was placed in a 
cylinder and heated electrically by a spiral of nichrome ribbon enclosed in a 
silica tube. The blast emerged into the cubic metre chamber, the contents 
of which were briskly agitated by means of a revolving fan. 

Normally on examining the smoke as soon as it was possible to count, the 
numbers w ere of the order of 5 x 10® per cubic centimetre. From the known 
rate of coagulation the numbers immediately after dispersal must have been 
considerably greater than 10 7 per cubic centimetre. Now the air blown 
over the boat had a volume of about 20 litres, whilst the chamber had a volume 
of 1000 litres. Consequently the number of particles per cubic centimetre 
in the blast was about 5 x 10®. But the blast was used to dilute the actual 
smoke formed by volatilisation. The volume of this cannot be estimated with 
certainty, but it is unlikely to exceed the volume of the saturated vapour at 
the temperature of volatilisation. For a cloud of 10 mg. of ammonium 
chloride we can suppose a maximum estimate of 10 c.c. so that in the instant 
before the first dilution, the number per cubic centimetre must have been at 
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least IQ 12 , It is obvious that if a small fraction of a second elapsed before the 
highly concentrated smoke was diluted by the blast the time would have been 
sufficient for aggregation from the molecular state to have taken place. If we 
were to assume that condensation took place on nuclei already present a number 
of the order of 10® per cubic centimetre would have to be postulated in carefully 
filtered air. This seems very unlikely, and we may therefore suppose that the 
process of coagulation is a continuous one from the molecular state. This 
view affords a simple explanation of the difference in type between the blown 
smokes and those dispersed in the usual way. In the latter the condensed 
vapour or concentrated smoke arising from the heated boat is not immediately 
diluted, and on account of the high number concentration and the temperature, 
coagulation takes place with great rapidity so that by the time dilution has 
been accomplished the smoke has become markedly heterogeneous. The effect 
of the blast is to arrest coagulation at a much earlier stage and so produce a 
more nearly homogeneous smoke containing a relatively large number of 
particles. Thus the graphs obtained in the former case express the later stages 
of the coagulation process, whilst the latter apply to the earlier stages of more 
homogeneous smokes. 

It is easy too, in the light of these ideas, to see why it is so difficult to obtain 
amokes of the same behaviour on different occasions. Reproducibility depends 
not only on the same procedure for dispersal being followed, i.e., temperature, 
weight concentration, etc., but also is conditioned by the time at which the 
very rapid initial coagulation is slowed down by dilution. It is clear that a 
fraction of a second may produce a large difference in the smoke. The differ* 
ence between ammonium chloride smokes put up in the old way and those 
formed in the air stream is exemplified by the two curves shown in fig. 0 which 
are typical of a large number of results. It will be seen that in the blown curve 
not only are the numbers very much greater, but also the rate of coagulation 
tends to be slower. This at first sight is surprising, since it might be thought 
that the larger number of particles would correspond to a smaller average 
size; for we have shown (loc. cit. } p. 551) that theory indicates an increase 
in the rate of coagulation with decrease in average size. In reality, the average 
size, that is the size of the average particle in the blown cloud, is larger since, 
owing to the extreme heterogeneity of the other type, most of the mass is 
concentrated in a small number of large particles. As a result the most 
numerous particles which determine mainly the rate of coagulation are much 
smaller than would be anticipated from the weight concentration. 

So far we have dealt only with ammonium chloride smokes, but the same 

2 m 2 
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Fia, 6,—Particulate Volume Curves of Ammonium Chloride Smoke. Blown Smoke 
{lower curve) compared with smoke formed by the old method (upper curve). 

difference in type has been found with other substances by Varying the con¬ 
ditions of dispersal in this fashion. Characteristic results obtained with resin 
are reproduced in fig. 7. The actual experimental points are given and it will 



Fig. 7. —Particular Volume Curves of Resin Smoke. 

be noted that readings obtained with the blown clouds fall closer to the mean 
curve. This is due to the greater ease in counting when the particles are all 
approximately of the same brightness, 

It is clear that the fresh experimental evidence furnished by this investiga¬ 
tion shows that the simple linear relationship is not always followed, and, 
moreover, the rate at which coagulation takes place varies with the size of the 
average particle and the degree of heterogeneity of the smoke. The effect 
of size was foreseen theoretically, but the influence of differing degrees of 
heterogeneity was not recognised. 
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Collision Theory of Coagulation. 

It is obvious that the theory previously advanced ( loc . cit.) must be extended 
to embrace the experimental facts just described. Since the Smoluchowski 
theory was worked out only for the case of systems originally homogeneous, 
many simplifying assumptions were introduced. The underlying postulates 
of this theory and the modifications necessary to make it generally valid will 
now be considered. 

Smoluchowski shows that the probability of encounter between a particle 
and others in its neighbourhood is 47rl)8n, where n is the number of particles 
per cubic centimetre, whilst D is the relative diffusion coefficient for any two 
particles, and S is the radius of the sphere of attraction between two particles 
for each collision considered separately. The total number of collisions is 
clearly £ (47 tDS) n z , so that 2ixDS is the coagulation constant. 

In order to find an average value for the coagulation constant Smoluchowski 
proceeds as follows :— 

Considering the collision between two unequal particles, it is clear that 
D 2 = Dj + Dg where I)j and D 2 are the respective diffusion coefficients, 
whilst for S, in conformity with collisions for molecules of gases, the value 
S =s £ (gj -j~ g 2 ) is assumed, Si and S 2 being the respective radii of the spheres of 
attraction. 

Now Einstein has shown that the diffusion coefficient 

D - RT/N.B, 


where N is the Avogadro number, and B is the mobility. Assuming Stokes* 
equation for the mobility 

KT f M- 


I) = Dj + D 2 = 


2 GttyjN Vi # 2 ' 


where rj is the viscosity. 
If now we assume that 


we find that 


Si = srj and S 2 = sr 2 


2 kds = . s -4^ - iig riiL+nr i,, 

6tt>;N (rif a ) 2 6 >jN L _ r 3 r 2 J 

If the colliding particles are of equal radii = r 2 , and 
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When s = 2 the particles unite only when they come into contact, and 

where K is the ordinary Smoluchowski coagulation constant. 

Suppose now that two particles of equal radius aggregate. The radius of 
the complex is proportional to ( 2 r 3 )* =•— 1 -26r, that is, approximately equal 
to r. Now even in the ease in which a particle of radius 1 collides with a 
particle of radius 2 , the value of the factor (r 1 +/* 2 ) 2 /r 1 r 2 is only increased in 
the ratio of 1 * 125 to 1 , as compared with the collision of two unit or equal 
particles. Now it will be shown later that in a smoke originally homogeneous, 
collisions between particles with as great a difference in size as this are com¬ 
paratively rare compared with the collisions between particles of nearly equal 
size. Consequently if we were to start from a cloud of homogeneous particles, 
provided that the degree of coagulation is not great, we might assume the 
same value jRT/N for all the collisions, since the average value of (r t + r 2 ) 2 /rtr 2 
will not change appreciably. These are the assumptions on which the 
constancy of the Smoliichowski coagulation factor is based. 

Now the measurements of Tuorila* for fairly homogeneous sols show a 
satisfactory agreement with the Smoluchowski constant as calculated above, 
indicating that s = 2 , as assumed in calculating the constant. For dilute 
smokes, dispersed in a gentle stream of air, on the other hand, values of s of 
4 or 5 may easily be obtained. Since there is no reason for supposing that the 
sphere of influence in the case of smoke particles is greater than that obtaining 
in sols, it is necessary to investigate how far smokes wouId.be expected to have 
the same coagulation constant as sols. 

Now in the case of many smokes, three of the assumptions made by Smolu¬ 
chowski for sols do not hold good. In the first place the mobility is not given 
by Stokes’ equation; in the second, smokes are so inhomogeneous initially 
that we cannot assume the simple value for ( r x + r 2 ) 2 jr x r 2 ; and, thirdly, the 
particles are not in general spherical. 

In a previous communicationt we have noted that in considering the 
coagulation of smokes, the Cunningham value for the mobility, namely 
(1 + AX/r)/ 6 TC 7 )f should be used, in which A is a constant, and X is the mean 
free path of the air molecules. Inserting this value into the equation for the 
diffusion we obtain 

D = Di + I) 2 = 4-1 ± Ax / r »~|. 

OtcvjN L r x r 2 J 

* * Roll. Chem, Beihefte,’ vol. 24, p, 1 (1927). 

• f 1 Roy. Soc. Proc.,’ A, vol. 116, p. 540 (1927). 
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If we assume a mean value r for and r a in the correction terms AX/jq and 


AX/r 8 , we find 




The error introduced by this procedure is not great provided we assign the 
proper mean value for r. Consequently the Smoluchowski coagulation factor 
becomes 



where r is the mean value of the radius for the particles in a cloud as a whole. 
For a homogeneous cloud this becomes 



From this equation, which we gave in the above-mentioned paper, it follows 
that the coagulation factor is not a constant for all clouds, but will vary from 
smoke to smoke depending on the average radius of the particles, and will 
also vary slightly during the coagulation of a given smoke. This latter varia¬ 
tion gives rise to a slight curvature in the coagulation curve, but it is so small 
as to be outside the limit of experimental error, except for smokes in which the 
average size of particle is very small. 

It is very difficult to assign practically the correct value to r. Strictly 
speaking, r is the radius of the average particle ; that is, the weighted mean 
radius taking account of size and number. To calculate this requires a know¬ 
ledge of the size distribution for each smoke, and this at present it is not 
practicable to obtain. The value which we have hitherto assigned, namely, 
the radius calculated from the average mass of a particle, is clearly incorrect, 
since if, as frequently happens, the smoke consists of a few large particles in 
which is concentrated most of the mass, and a large number of fine particles, 
a totally wrong radius will be obtained. 

It may be noted that for a fairly coarse smoke, that is, one in which the 
radius of the average particle is greater than, say, 2.10~ B cm., the term 
(I + AX/r) does not differ greatly from unity and is in the nature of a correction 
tern. For fine smokes, however, the term becomes large, and any error in 
the assignment of the correct value for r will cause an appreciable difference 
in the value of the coagulation factor. In the earliest stages of a smoke, soon 
after condensation it may approximate to a value of 100, and from this, in 
conjunction with the high concentration of particles obtaining at this time, it 
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follows that a high degree of complexity will be reached in a very short time 
interval. 

We will now proceed to the consideration of the term (r 2 -f r t ) i lr 1 r 2 in the 
Smoluchowski coagulation factor. This term has a minimum value of 4 for 
the collision of two particles of equal size. For the collision of different sized 
particles, the term may increase considerably, if there is a larger divergence 
of size. In the following table are given values of the faotor divided by 4 
for the collisions of particles of various sizes with one of unit size. 


Size of partioles colliding 
with unit particle. 

4r,r, 

1 

1-00 

2 

118 

3 

1-33 

4 

1*56 

5 

1-80 

10 

3-02 

25 

0*76 

50 

12*74 

100 

25*50 


It is obvious from this table that particles differing greatly in size will unite 
very much more rapidly than those of equal size. In other words, if a smoke 
contains initially a number of large and fine particles, the fine particles will 
tend rapidly to become less numerous. The actual velooity with which this 
occurs will depend upon the mobility of the particles, that is, on their size. 
For a coarse smoke even if there is a considerable divergence of size, the term 
(1 -f A X/r) will not differ greatly from unity, and consequently, though there 
is a tendency for the finer particles to disappear more rapidly than those of 
moderate size, this will take place slowly. For very fine particles, on the other 
hand, the term (1 ■+■ AX/r) may become 10 or 100, and in this case there will 
be a very rapid disappearance of the finest particles. 

This furnishes an explanation of the very noticeable disappearance of the 
particles from many volatilised smokes after the lapse of a few minutes, and 
generally of the type of system which is formed. For a very short period, 
probably a small fraction of a seoond, after condensation, a considerable size 
range is present, but owing to the great mobility of these very fine partioles, 
the finest tend to disappear almost instantly and leave a fairly homogeneous 
smoke. If now this smoke is rapidly diluted before coagulation to large 
particles of small mobility has taken place, a fairly homogeneous smoke will 
result, since any remaining fine particles will soon coagulate with the larger 
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ones. This case applies to the blown smokes. If, however, coagulation is 
alio wed to proceed for a short period longer, a considerable size range comprising 
large partices of low mobility will be formed, and under these conditions the 
in homogeneity with respect to the larger particles will tend to remain, and the 
ordinary type of smoke will be obtained. On further coagulation a homogeneous 
smoke will, of course, tend towards heterogeneity, but an inhomogeneous 
smoke may tend to become more homogeneous, since the rate of increase of 
size range due to coagulation may well be less than the decrease due to the 
disappearance of the smaller particles. 

Now microscopic examination indicates that in a heterogeneous smoke, 
numbers of particles of the same order of magnitude are found for ranges of 
radius of 1 to 4 or 1 to 5 , whilst the finest particles seen on the slide probably 
consist of more than one size range grouped together. In addition, the finest 
particles visible in the cell are almost certainly invisible on a slide examined 
by direct light. We may therefore assume that for an ordinary inhomogeneous 
cloud the range of radius to be taken into account is about 1 to 7 . The effect 
of the presence of various size ranges on the average value of the factor 
( r i + r a) 2 M r i f 2> assuming that equal numbers of particles of the various radii 
are present, is indicated in the following table 


Range of radius. 

Average value of 
<*» + <-,)* 

4v,n 

1 

1-00 

1 to 2 

3-06 

1 to 3 

Ml 

1 to 4 

115 

1 to 5 

MO 

1 to 6 

1*21 

1 to 7 

1-24 

, 1 to 8 

1*27 


It will be seen that even a considerable size range has a comparatively small 
effect on the average value of the factor, that is, on the coagulation constant. 
This is due to the fact that by far the greater number of collisions take plaoe 
between particles of approximately equal size, so that the large increase in the 
factor, due to divergence in size, is counterbalanced by the comparative rarity 
of such collisions. It may be noted that in calculating this table, it has been 
assumed that the factor (1 + AX/r) has the same value for each size of particles. 
Very little error is introduced by this assumption provided the particles axe 
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not very small, as collisions in which the error would be appreciable are 
relatively few*. 

It might be supposed that, owing to the variation of the size range during 
coagulation, the average value of the factor (r t + might change 

appreciably with time. In the case of a homogeneous cloud, the size dis¬ 
tribution at any period has been calculated by Smoluchowski. From his size 
distribution it is easy to find the percentage of particles of various radii present 
at any period, and hence the average value of (rj + r 2 ) 2 /4r 1 r 2 . In the following 
table are given the average values of the factor for a smoke originally homo¬ 
geneous, when the number of particles has decreased owing to coagulation to 
0*50, 0*25, 0*125 of the number originally present:— 


Fraction of initial number 
of particles present. 

Average value o{ 

(n + r,J* 

4r,r, 

1-00 

100 

0*50 

1*01 

0-25 

1*09 

0125 

116 


It appears from this table that this factor, and so the coagulation constant, 
tends to increase slightly with time, especially in the later stages of the smoke, 
and that consequently a curvature opposite in sense to that produced by the 
factor (1 + AX/r) is introduced into the coagulation curves. Actually the 
effect is rather smaller than that calculated, since the more rapid combination 
of particles of divergent sizes tends to keep the smoke more uniform. 

In the case of heterogeneous smokes the corresponding distribution equations 
have been worked out, but the labour involved in the arithmetical calculations 
is so great that numerical results have not been obtained. It seems clear, 
however, that the alteration of the factor with time should be less for a hetero¬ 
geneous smoke owing to the greater influence of the above-mentioned tendency. 

The opposed action of the two factors (1 + AX/r) and (** + r a ) 8 /4r x r B b&a 
interesting consequences in the case of fine smokes, e.g1 mg. For these 
smokes the coagulation graphs should exhibit an appreciable curvature, but 
actually it is sometimes found that they approximate closely to a straight line. 
It may be assumed that, in this case, the variation of the two factors com¬ 
pensates. In the case of coarse smokes it might be thought that an upward 
curvature should be obtained. Actually such smokes coagulate much more 
slowly owing to the smaller value of the factor (1 -f AX/r). The range is 



Process of Coagulation in Smokes . 


519 


more restricted therefore after a given time, and so a marked curvature would 
not be expected. In practice an upward tendency is often noticeable, but 
owing to the rapid rate of fall of the larger particles in such smokes, the 
curvature would tend to be exaggerated by experimental error. It may be 
noted that whereas the effect of the factor (1 -f A A/r) would be most marked 
n the early stages of the smoke, that of the factor (r t -f rg) 8 ^^ would appear 
mainly in the later stages. A sigmoid coagulation curve might thus be obtained, 
the coagulation being more rapid at first and latterly, whilst in the intermediate 
period it would be slower. Indications of such curves have, in fact, been 
obtained experimentally, but as the variations are small they almost fall 
within the limit of the error of experiment. 

In addition to the factors hitherto considered which may exert an influence 
on the rate of coagulation, another assumption is made by Smoluchowski, 
which for many smokes does not hold good. In the deduction it is assumed 
that coagulation takes place between spherical particles, and since this applies 
to all stages of the coagulation process, it follows that the new particles formed 
by collision must also be spherical, that is, that the particles must be liquid. 
Now in the case of solids, even if we suppose the original particles to be spherical, 
those formed by coagulation will be irregular. This irregularity is unlikely 
to be pronounced unless chain formation takes place. Chain-like structures 
are, however, chiefly found in the highly-electrified smokes produced by 
volatilisation from an arc, and are not at all common in those made by the 
methods we have described. In the absence of such structures the rapid 
initial coagulation should tend, by the time that counts are possible, to have 
formed approximately spherical particles, and visual observation gives a 
general confirmation of this view. Now it has been shown by Millikan* that 
slight irregularities in the shape make very little difference to the rate of fall 
of a particle, so that in our case the mobility, and consequently the rate of 
coagulation, should be little affected. Actually, of the two substances used 
for producing the smokes discussed in this communication, resin forms particles 
which seem to be fluid when examined microscopically, whilst owing to the 
rapid absorption of water by the particles in volatilised ammonium chloride 
smokes, it seems likely that even in the comparatively dry air of the chamber 
irregularities would tend to be removed by solution. We may therefore assume 
that for the materials here considered, the error introduced by deviation of 
the shape from the spherical is small, if not entirely negligible. 

From these considerations, it will be understood that it is a matter of extreme 
♦ ‘ Physical Review,’ vol. 22, p. 1 (1923). 
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difficulty to deduce an equation to represent the course of coagulation of smokes 
of varying weight concentration, even when all other factors are kept as 
constant as possible. We have not yet succeeded in finding a satisfactory 
method for determining the complete size distribution, and consequently it 
is impossible either to assign an accurate value for the size range or to take 
account of its variation with time. We can therefore only evaluate the factor 
( r i + r 2 ) 2 /^ r i r 2 approximately, whilst even an approximate valuation of the 
average radius is open to grave errors. 

These difficulties are, of course, most accentuated for the very heterogeneous 
smokes produced without an air blast. We have, however, found that the 
course of coagulation of all the smokes formed in this way for which we have 
measured the weight concentration, may be reproduced by the semi-empirical 
coagulation factor:— 

K = |S;. 1-25(1+Aif. 

where r in this case is the average radius calculated from weight concentration 
and number. In this equation, the value 1 *25 has been inserted for the factor 
(*i + r 2 ) a /^ r i r 2 0 i nce experimentally it is probable that a range of radius from 
1 to 7 is present with approximately equal numbers of each size. The square 
of the factor (1 + AX/r) has been introduced in order to endeavour to take 
account of the fact that the error in estimating the average radius from weight 
and number is much greater in the early stages of a smoke than in the later. 
This is apparent when we consider that in the early stages, whereas by far the 
greater part of the mass of the cloud may be concentrated in a comparatively 
few particles, the greater number may be very fine. On the other hand, in 
the later stages, the size of the average particle will be much greater owing to 
the tendency of the fine particles to disappear, and will be much nearer to the 
radius given from weight and number. It will, of course, be understood that 
this is a purely empirical way of introducing this correction, and that the 
index of the term might well be some number other than 2 for smokes of 
different heterogeneity. At the same time, the formula has the practical 
advantage of enabling the behaviour of these smokes to be closely reproduced. 
Now we have previously shown that 

~ = 1-76. 

3>]N 

AX =» 9 . IQ"*. 
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The coagulation equation therefore becomes 

a « rr 0 + 2*20.I(T*(1 + 9.10" fl r“ 1 ) t. 

Since r is the average radius of the particles at any time estimated for the 
weight concentration and number, it follows that it will have different values 
at different times. For the purpose of calculation, it is convenient to express 
r in terras of op, which may be done in the following way. 

If M is the mass in grams per cubic metre of the cloud, n is the number of 
particles per cubic centimetre, and c the particulate volume, the mass of each 
particle is M . I0~ 6 /n = Ms , 10""® = Jt: r s p, where r is the average radius and 
p the density of the particles. Considering the particles as spheres, the average 
radius is therefore given by 

r = (3Mcr. l<r e /4rcp)* = (2*39 . 10“ 7 M<r/p)*. 

Inserting this value for r in the coagulation equation we have 

a = er 0 + 2*20.1(T 8 [1 + 9 . 10“® (2-39 Mo . 10- 7 /p)“*P- 

This equation cannot be easily solved for a. The times corresponding to vary¬ 
ing values of ct are therefore calculated from the equation in the form 

f _ _ Q ~~<*0 _ 

2 ■■ 20.10“ 8 [ 1 + 9.10""® (2 ■ 39 Mo . 10“ 7 /p)-*] 2 * 

If wc assume the density of the ammonium chloride particles to be normal, 
p s= 1'5, and the equation becomes 

t «_!Lz;£q_ 

2-20 . 10“ 8 [I + 9 . Kr®/5*42 . IO^wM] 2 

where m is the concentration of the smoke in milligrams *per cubic metre . This 
equation was used for the calculation of the curves given in figs. 5 and 6. It 
will be seen that the agreement with the experimental points is as close as can 
be expected considering the assumption made in the deduction of the equation. 

In the case of many of the blown smokes, the problem is considerably 
simplified. For these the size range seems to be sufficiently small for the 
factor to approximate to unity. Also, since large particles are to a great extent 
absent in the early stages, the value of r calculated from the weight con¬ 
centration and number gives a fairly accurate measure of the radius of the 
average particle. Consequently, in these cases the coagulation process is 
very nearly in conformity with the simple formula previously given (loc. cit 
551), viz., 

a » a 0 + 1*76.1<T 8 (1 + 9 . l<T®/r)*. 
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Process of Coagutaiionm Smokes. 

In this equation also it is, of course, necessary to take into account the variation 
of the average radius with time so that, as explained above, the formula 
become b 

a = <j 0 + 1-76 . lO" 8 [1 + 9 . 10~ # (2 • 39M<r . l<r T /pr 4 ] 
or 

/ =_IZLSfl___. 

1*76. l<r 8 [l + 9 . 10"®(2*39Ma . Ur 7 /p)“*] 

The lower dotted curve given in fig. 8 is calculated from the formula for a blown 
resin smoke having a concentration of 16 mg, per cubic metre. It will be 
seen that this is in close agreement with the curve drawn through the experi¬ 
mental points. It must, however, be noted that the agreement is not so good 
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Fig. 8.—Particulate Volume Curves of Resin Smoke. 

for all blown smokes. It is only when the conditions are such that the smoke 
produoed is fairly uniform in the early stages that the simple coagulation formula 
is satisfactory. The upper curve refers to a 16 mg. resin smoke which was 
produced in the old way, that is, to a very heterogeneous smoke. The corre¬ 
sponding dotted curve is calculated from the simple formula, assuming that 
a 0 = 1 -2 X 10~ e . It will be seen that in this case, which is typical of unblown 
clouds, there is a wide divergence between the theoretical and the practical 
curves. 
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The Structure arid Electrification of Smoke Particles . 

By H. S. Patterson, R, Whytlaw-Gray, F.R.S., and W. Cawoojd, Leeds 

University. 

(Received April 25, 1929.) 

[Platbs 4, 5.] 

The experiments described in the previous paper refer to coagulating systems 
in which the particles are approximately spherical in form, and in which 
Brownian movement is mainly the cause of collision. It is evident that a 
simple theoretical treatment is applicable to this type only. 

Before ammonium chloride and resin were selected for producing the smokes 
suitable for our purpose, a large amount of preliminary work was carried out 
on various systems in order to determine the form and structure of the particles, 
and also to discover whether electrification was a factor influencing the 
coagulation process to any marked extent. This work brought to light 
interesting facts which are of some consequence when attempting a general 
survey of aerial disperse systems. 


Structure. 

As regards structure the microscopic methods employed previously for 
large aggregates have been refined and improved so as to allow of the examina¬ 
tion of the so-called ultra-microscopic particles present in these dilute smokes. 
The deposits were collected on microscopic cover-glasses and examined by 
means of a 2 mm. Leit z apochromatic objective in conjunction with a Korietka 
achromatic substage condenser. This combination was used dry (for contact 
with oil immediately alters the structure of the aggregates) but it gives approxi¬ 
mately a two-thirds cone of illumination. For visual work a 58 or an H. Wratten 
light filter was used and for photography a C or a C + D. Sometimes it was 
advantageous to use dark ground illumination and then a Beck oil immersion 
dark ground focussing illuminator in conjection with a 4 mm. Zeiss apochro¬ 
matic objective was found to give the best results. 

In general it has been found that the type of particle depends mainly on the 
method by which the smoke is produced. High temperature reactions and 
the arc discharge favour the formation of loose aggregates and a high degree 
of complexity whilst volatilisation at a lower temperature gives rise to larger 
particles of a more compact structure composed of relatively few units. Of 
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the first type we have studied the smokes of CdO, MgO, Ag and Au formed by 
the arc discharge in air and of the second As 4 0 35 IIgCl 2 and a number of organic 
materials which cari be volatilised at comparatively low temperatures. 

Results. 

(a) Are Smokes . 

Cadmium Oxide .—The complexes consist very largely of chains. The 
larger chains may be 10“ 8 cm. long and consist of hundreds of fine particles 
of the order of 10~ 6 cm. radius. The particles as photographed by transmitted 
light do not all appear to be in contact, but are separated by quite a definite 
space (Plate 4, fig. 1). Observation shows that this appearance is mainly due 
to the particles in the strings not all lying in the same plane, and consequently 
not all being simultaneously in focus, though it is possible that arnicroscopic 
particles may be present. Some evidence for this bas been advanced by 
Walmsley* as the result of an X-ray examination of similar material. With 
dark ground illumination the diffraction discs tend to fill up the gaps in the 
chain, but no greater degree of complexity is revealed. It is perhaps sur¬ 
prising that with particles of this small magnitude no Brownian motion is 
detectable in the chains, even when these project in free air. 

Silver. —The chains for the dilute silver smokes studied are very much 
shorter and the packing is apparently closer. 

Gold .The greater number of particles in a gold smoke consist of chains 
and loose aggregates. Occasionally, as in the case of silver, large spheres are 
present, and these often have attached to them fine hair-like chains of particles. 

Magnesium Oxide .—The particles in a smoke dispersed from an arc show a 
close resemblance to those of cadmium oxide. Intermingled with the fine 
particles forming the chains are, however, a few larger units, whilst occasionally 
single spheres of much larger size may be noticed. There is little indication 
of crystalline structure in the units of large size which can be resolved clearly ; 
they produce the impression of somewhat irregular vitreous spheres (Plate 4, 
fig. 2). 

A totally different type of particle is produced by burning magnesium ribbon 
in air. In this case the aggregates are built up of minute cubic crystals 
frequently united by their corners into systems of considerable complexity. 
Some of the larger consist of a single cube with a few smaller cubes attached 
at various points. The greater number of the particles are made up of minute 
apparent spheres, doubtless in reality cubes beyond the limit of resolution 
* * Proc. Phys. Soe., 1 vol. 40, p. 7 (1927). 
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of the microscope. A typical photograph of this smoke has been reproduced 
already.* It should be noted that in this and in all other cases collection by 
sedimentation tends to exaggerate the proportion of the larger and more 
complex particles. 

(6) Volatilised Smokes . 

Arsenic Trioxide .—Particles of this substance show only a slight degree of 
aggregation and consist almost entirely of octahedral crystals, which are very 
much larger than the primary particles in arc smokes* 

Mercuric Chloride .—The greater number of the particles are irregularly 
spherical in form and consist of tightly-packed crystalline aggregates similar 
in size to those of arsenic trioxide. Sometimes transparent spheres may be 
noticed which suggests that the original particles were supercooled liquid 
which subsequently crystallised. Occasionally needles of the usual crystalline 
form are observed. 

Organic Su betances . 

We have examined smokes produced by volatilising fluorescein, acetanilide, 
said, resin, m-xylene-azo-p-naphthol, a- and p-naphthalenc-azo-p-naphthol 
and other organic materials. Of these, acetanilide forms a mixture of needle- 
shaped crystals and small spherical particles. Fluorescein and resin give non¬ 
crystalline spheres, the absence of aggregates being very noticeable in the 
latter, indicating that coalescence rather than aggregation takes place. The 
salol particles consist mainly of supercooled liquid droplets, which do not 
easily wet the slide, but on standing crystallisation appears to take place. At 
the same time either condensation of vapour or the spreading of a thin film 
forms remarkable ring-like structures round the central particle. Experi¬ 
ments were also tried with various dye-stuffs. Prof. Rowe, of the Department 
of Colour Chemistry, very kindly suggested and prepared for us various azo¬ 
dyes, which he considered might be stable on volatilisation. Of these a- and 
(S-naphthalene-azo-(3-naphthol formed spheres or short prismatic crystals, 
which on the slide gave little indication of secondary change. M-xylene-azo- 
P-naphthol gave rise to the most remarkable effects after the particles had been 
deposited by sedimentation. At first a mixture of red supercooled spherical 
droplets, together with some closely packed crystal aggregates, were formed. 
On standing some of the crystalline particles developed hair-like tails of 
remarkable length and extreme tenuity. As the tail grew, not only did the 
crystal aggregate tend to diminish in size, but the surrounding droplets 

* * Roy. Soe. Proe.,’ A, vol. 113, p. 310 (1926). 
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evaporated. In the final stages, in many cases, merely very long hairs only 
were left (Plate 5, fig. 3); in others the original nucleus formed the head of a 
tadpole-like structure (Plate 5, fig. 4). In the larger particles the dimension 
of the crystalline nucleus was of the order of 10' 4 cm., whilst the tail was 
sometimes as long as 0*15 mm. The tail decreased in thickness from the 
nucleus outwards, the order of thickness being 10~ 5 cm. ; this can only be 
estimated as the true thickness may be well beyond the limit of microscopic 
resolution. The tails did not lie wholly in the plane of the slide and were in 
consequence difficult to photograph. In view of the remarkable structure of 
these particles, experiments were made with other substances of similar chemical 
constitution to see whether similar effects would occur. The materials used 
were benzene-azo-(3-naphthol, and two of the toluene (3-naphthols. The effect 
in all these materials was very much less marked and the only approximation 
to tails observed was the formation in some cases of hair-like crystals growing 
from a central nucleus. 

Electrification. 

Before the possible effect of electrification on coagulation could be considered 
it wub necessary to obtain reliable data. The literature contains many observa¬ 
tions on the charged particles in smokes, but no quantitative data on the 
variation of number with time or on the relative proportions of opposite 
sign are available. 

The most direct method of obtaining the proportion of electrified particles 
at different periods during the life of the smoke is by direct counting. Methods 
based on the transport of electricity in an electric field are both difficult to 
carry out and to interpret. 

The method we have used consists essentially in observing the particles 
in a special ultramicroscope cell and then applying a horizontal electric field. 
The particles then sort themselves into three classes according to whether they 
are positively or negatively charged, or whether they are neutral. The general 
arrangement of the apparatus will be clear from the diagram. A is an observa¬ 
tion cell open at the top, placed inside the cubic metre chamber containing the 
smoke. It is illuminated by a vertical focussed beam of light from an arc, 
the lens system and prism being shown at B and C. The smoke contents of 
the cell could be changed by applying a gentle suction at D. Two electrodes 
at EE were arranged to give a horizontal electric field. Observations were 
made with a microscope FF projecting through the wall of the chamber and 
carrying a diaphragm in the eyepiece. In working, a count was first made of 
the total particles, the electric field was then applied, when the charged 
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particles moving horizontally in opposite directions were enumerated. It 
will be noted that in this apparatus all frictional effects have been eliminated 



Method of Viewing. Method of Olumination. 


A, observation cell; B, illuminating objective; C, glass prism; D, lead from suction; 

E, electrified plates; F, viewing objective; G, rack for focussing; H, eyepiece; 

I, side of ohamber; K, condenser for arc beam. 

sinoe the smoke does not pass through connecting tubes, but simply drifts 
gently into the cell. Earlier experiments showed that erroneous results were 
often caused by this source of error. About 300 particles were investigated 
for each point in order to obtain a good statistical average. It may be noted 
that with practice a large number of particles can be counted in this way- 
very quickly, so that the average obtained applies only to a short time interval. 
Counts with this cell gave the proportions of the three types of particles present 
in the smoke at anytime, but these numbers are purely relative, since the volume 
in which the count was made is indeterminate. The total number of particles 
was determined independently by making alternate counts by the method 
described in a previous paper * By combining the two sets of results it was 
possible to obtain the actual number of the three types present per cubic 
centimetre of cloud at definite time intervals. 

Another point also calls for comment. It is not possible to obtain such 
intense illumination in the electrical cell as in the cell used for counting the 
total. Consequently a certain fraction of the smaller particles may not be 
enumerated. This might lead to entirely wrong percentages of the total 

* f Roy. Soc, Proc., 1 A, vol. 116, p. 340 (1027). 
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if the percentages of the larger particles carrying charges were different from 
those of the smaller. We have endeavoured to investigate this (a) by examining 
smokes differing widely in weight concentration, that is to say, differing in 
average size of particle, and (6) by confining our observations in alternate 
counts to bright and faint particles. The results indicate no appreciable 
difference between the percentage of electrified particles of different sizes. 


Experimental Results. 

Preliminary experiments showed, as might be expected, that the electrical 
character of smokes depends very largely on the method used for their forma¬ 
tion. In conformity with the experience of others* we find that violent chemical 
reactions, such as the combustion of magnesium ribbon, give rise to highly 
electrified smokes, the individual particles appearing to carry a considerable 
number of unit charges. Smokes formed in this way are closely analogous in 
their electrical condition. On the other hand, smokes volatilised at a com¬ 
paratively low temperature contain as a rule very few electrified particles 
initially, but these particles rapidly acquire charges as the cloud ages. 

Ammonium Chloride .—A series of smokes of different weight concentration 
produced in the usual way from a closed heater were studied. Some of the 
results are shown in the appended tables. 


7*5 mg. clouds. 


(O). 


(A). 


(e). 

Time 

Fraction 

| Number 

Time 

1 

Fraction 

Number 

Time 

Fraction 

Number 

from 

of 

per c.c. 

from 

of 

per o.c. 

from 

of 

per o.c. 

start, 

particles 

charged 

start, 

particles 

charged 

start, 

particles 

oharged 

min. 

charged. 

i 

X 10~*. 

min. 

charged. 

X 10-*, 

min. 

charged. 

x 1<K 

' 71 

0*06 

0 045 

9* 

0*07 

0*047 

8* 

0*08 

0*090 

31 

0*25 

0*086 

25 

0*18 

0*071 

28 

0*19 

0*096 

47i 

0*42 

0*117 

41 

0*32 

0*095 

47 

0*36 

0*115 

66 

0-61 

0*125 

64 

0*49 

0*119 

694 

0*46 

0*105 

m 

0*60 

0*134 

92 

0*62 

0*132 

1084 

0*60 

0*069 

106 

0*65 

0*133 

124 

0*71 

0*134 

137 

0*69 

0*084 


* Do Broglie, * Ann. China. Phys./ vol. 16, p. 6 (1900); I>e Broglie and Brizard,' C. R„* 
vol, 148, p. 1467, and vol. 149, pp. 923, 924 (1909). 
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15 mg. clouds. 


(a). 

(»)- 

Time 

Fraction 

Number 

Time 
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from 

of 

per c.c. 

from 

of 

per c.o. 

start. 

particles 

charged 

start, 

particles 

charged 

X 10“*. 

min. 

charged. 

X 10"*. 

min. 

charged. 

ei 

007 

0-051 

8 

0 04 

0 035 

24J 

0*20 

0*104 

22 

0*20 

0*120 

41 

0-28 

0-111 

39 

0*34 

0*144 

74} 

0*50 

0*136 

59 

0*42 

0*132 

97} 

0*60 

0*133 

78 

0-55 

0*154 

119} 

0*59 

0*113 

97 

0*64 

0*134 

143} 

0*77 

0*125 





30 mg. clouds. 
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(6). 
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Time 
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of 
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of 

per c.c. 
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of 

per c.c. 
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particles 

charged 
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particles 

charged 

start, 

particles 

charged 

min. 

charged. 

X 1<H. 

min. 

charged. 

X 10"*. 

min. 

charged. 

X 10"*. 

6} 

0*03 

0*034 

7 

0*06 

0*089 


0*05 

O : O02 

22 

0*13 

0*089 

25} 

0*20 

0*143 

22 

0*08 

0 051 

52 

0*35 

0*155 

56 

0*34 

0-136 

38} 

0*22 

0-100 

72 

0*46 

0*163 

74 

0*41 

0-127 

58 

0*33 

0*117 

104 

0*56 

0*150 

128 

0*60 

0*139 

75} 

0*54 

0*160 

127 

0*64 

0*159 




101 

0*55 

0*135 







119 

0-66 
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of 
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8 
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n* 

0*08 

0 073 
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35 
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67 

0*41 


53 

0*41 

0194 
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0*53 


iSt 

0*47 


127} 

0*66 

0*148 

0*67 

0*168 



162 

0*70 

0*129 












530 H. S. Patterson, R. Whytlaw-Gray and W* Cawood. 

It will be seen that at the start the number of electrified particles is small but 
increases rapidly at first, apparently tending towards a limit of about 70 per 
cent, in the later stages. Beyond this point we have obtained some indication 
that the percentage slowly increases. It will be noted also from these figures 
that the particles in the clouds of higher concentration appear not to become 
electrified quite so rapidly. 

In these tables we have given merely the values for the total number of 
electrified particles per cubic centimetre, but since each sign was counted 
separately we have also data for estimating whether the smoke as a whole is 
charged. Though, as could be expected, considerable variations occur in the 
individual points, the numbers of positively and negatively electrified particles 
are, within the limits of error, equal when a number of points is considered. 
The smokes, therefore, as a whole are electrically neutral. 

The effect of X-rays on the electrification of these smokes has also been 
investigated by placing a Coolidge tube inside the chamber during the dispersal 
of the smoke. In this case, apparently, a high percentage of charged particles 
is immediately formed, and this percentage persists practically unchanged for 
long periods. This is shown in the results below :— 


-— .y— --—— 

Time from start, min. 

5 

7 

! 

23 

25 

49 

62 

64 

67 

84 

87 | 

IO 4 ] 

100 

122 

124 

Fraction of particles 
charged . 

0*76 

0*77 

0*83 

0*79 

0*73 

0*75 

0*85 

0-75 

0*79 

0-81 

0-76 

0*81 

0*70 

0*79 



On the average, then, about 78 per cent, of the particles are charged. 


Magnesium Oxide. 

The smokes were made by burning about 6 inches of magnesium ribbon 
inside the chamber. The results of two experiments chosen at random from a 
series of experiments are given below. 


A. 


Time from 
start, min. 

Fraction of 
particles charged. 

Fraction 

positive. 

Fraction 

negative. 

7 

0*89 

0*38 

0*61 

28 

0*90 

0*47 

0*44 

49 

0*88 

0*47 

0*41 

74 

0*88 

0*40 

0*47 

89 

0*95 

0*40 

0*45 

97 

0*91 

0*45 

0*40 
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Time from 
start, min. 

Fraction of 
particles charged. 

Fraction 

positive. 

Fraotion 

negative. 

5 

0*01 

0*48 

0*43 

22 

0*92 

0*44 

0*48 

30 

0-89 

0*45 * 

0*45 

58 

0*91 

0*49 

0*42 

75 

0*93 

0*45 

0*48 

m , 

0*86 

0*42 

0*45 

108 

0*87 

0*47 

0*40 


It will be seen that, as in the case of clouds charged by X-rays, the fraction of 
electrified particles remains constant. In each of the experiments quoted on 
the average 90 per cent, of the particles are charged, whilst the positives are 
respectively 44 per cent, and 46 per cent., and the negatives 46 per cent, and 
44 per cent. It is clear that equal numbers of opposite sign are present, and 
since there is no experimental reason whatever for doubting that the positive 
and negative charges carried by the particles are on the average equal, it 
follows that the clouds as a whole must be electrically neutral. 

Silver.—Smoke produced from the arc gave results closely parallel to those 
just described. This is another example of a highly charged smoke. 

Discussion of the Results . 

From these results it is clear that the electrification of a smoke depends 
largely on the way in which it is produced. The particles in smokes volatilised 
from a heater are initially but slightly charged, whilst those made by the arc or 
by burning magnesium ribbon are highly charged. The latter call for little 
comment; the ionisation around an arc or in the neighbourhood of burning 
magnesium is likely to be so great that heavy charges would be caught by the 
particles. That this is the case is evidenced by the high percentage of charged 
particles persisting for some hours. For it is obvious that a charge will only 
be neutralised and an uncharged particle produced when the particles carrying 
equal and opposite charges coagulate. The chance of this taking place depends 
on the range of charge present in the smoke, and this must be considerable if a 
high percentage of charged particles is to endure. 

The electrification of smokes volatilised from a heater is more difficult to 
explain. It might be thought that the catching of ions from the air by particles 
would afford a full explanation of the results, but when the matter is considered 
in detail a difficulty arises. We are much indebted to Mr. Ewles of the Physics 
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Department for kindly measuring the ionisation of the* air in our chamber* 
This was found to correspond to a rate production of 30 ions per second, or 
1800 per minute. Now our results show that in the first 10 minutes or so after 
a smoke is dispersed, the rate of increase of charged particles is about 5000 per 
minute. Immediately after dispersal the ionisation in the chamber may be 
entirely altered owing to emission from the heater, so that these results are not 
surprising. In the second quarter of an hour, and probably also in the later 
stages, the same difficulty occurs. For this second period, the rate of increase 
of charged particles is between 2000 and 3000 per minute, but since charges are 
being neutralised simultaneously by collision, the number of ions involved 
must be greater than this. It therefore seems likely that the rate at which 
charges are caught is about twice as great as the measured rate of production 
of ions in the chamber. Although we are not in a position definitely to explain 
this anomaly, it seems likely that the rate of ionisation measured in dust-free 
air may be different from that when smoke is present, or indeed the smoke 
particles themselves may be directly electrified by the radiation which ionises 
the air. Until a wider investigation has been made, however, it would be 
premature to attempt any further interpretation of the facts. 

In conclusion we should like to say that our experiments have brought to 
light no marked difference in the coagulation rates of comparable smokes 
which differ greatly in electrical character. The difference between the rate 
of coagulation of comparable smokes of MgO and ammonium chloride indicate 
that electrification exercises little, if any, effect. Moreover, we have as yet 
detected no appreciable difference in the coagulation of ammonium chloride 
smokes of the same weight concentration, dispersed either normally or in the 
presence of X-rays. 
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Ionisation by Collision in Monatomic Gases . 

By J. 8 . Townsend, F.R.S., Wykeham Professor of Physics, Oxford, and 
S. P. MacCallum, I).Phil., Fellow of New College, Oxford. 

(Received May 6, 1929.) 

1. Two papers by Dr. R. Atkinson on the development of currents in gases 
have recently appeared in the 1 Proceedings of the Royal Society ’ where he 
refers to some work which has been done in the Electrical Laboratory, Oxford. 

We wish to make some remarks on the theories of ionisation which he 
advocates and to draw attention to some contradictions. 

In liia first paper Atkinson describes a theory of ionisation which may be 
called the “ Stosse zweiter Art ” theory. It is stated that the principles on 
which this theory is based are not ad hoc assumptions but are well know n and 
generally accepted. 11 Thus if they succeed in accounting for Prof. Townsend's 
results they must be accepted as the only assumptions that cover the whole 
experimental field.” 

We are unable to share the general and complete confidence placed in these 
views, and we are unable to find definite experimental evidence in support 
of the principles on which the theory is based. We find that if these principles 
be accepted it would be impossible to obtain a consistent explanation of many 
simple phenomena which are observed in electric discharges in monatomic 
gases. 

2. There are two principal processes involved in the assumptions which 
make up the complete “ Stosse zweiter Art ” theory. The first action takes 
place in the collisions between electrons and atoms of a monatomic gas, when 
the electrons move in a field of force and acquire amounts of energy which are 
equal to or slightly greater than that corresponding to a certain critical potential. 
In one of these collisions an electron loses all its energy and the normal atom 
is converted into a metastable atom. There are several critical potentials 
but in gases at high pressures “ it is only the first critical potential together 
with any others which may lie close to it that can be operative.”* Very few 
electrons ever reach an energy much above that of the first critical potential. 
The first critical potential may not be a radiation potential; that is, in this 

* It would appear that these effects are obtained at pressures of a few millimetres such 
as are used in our experiments. 
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metastable state the atom does not radiate energy. The metastable atoms, 
being electrically neutral, move by diffusion throughout the gas. 

3. The second process, which accounts for the increase of conductivity, 
consists in the ionisation of molecules of gases which are “ always ” present 
as traces of impurity. These molecules are ionised by the transference of 
energy from the metastable atoms with which they collide. The number of 
atoms ionised in this way is said to be independent of the amount of impurity 
within wide limits, and multiplying or dividing the amount of impurity by 
10 would have very little effect on the increase of the current. Large increases 
in current are thus obtained when the partial pressure of the impurity is as 
low as 10" 6 mm. where no appreciable effect would be obtained due to direct 
collisions between electrons and molecules of the impurity. For example, it is 
stated that the results of the experiments* which we obtained with neon at 
37 mm. pressure in no way invalidate these contentions. In fact if the “ well 
known ” and “ generally accepted ” principles on which the “ Stosse zweiter 
Art” theory depends were true, large increases of conductivity, due to impurity, 
would he obtained in monatomic gases at 40 mm. pressure, unless the gas 
were purified to such an extent that the pressure due to impurities were less 
than one part in 40 million of the pressure of the gas. It would be difficult 
to establish a claim to have obtained this degree of purity so that from this 
point of view the Stosse zweiter Art theory may be supposed to cover the whole 
experimental field. 

4. The experiments with helium which are supposed to be explained by 
this theory are very numerous. In this gas the first critical potential is given 
as 19-77 volts, so that when electrons acquire energy in amounts corresponding 
to this voltage they become operative and convert the normal atoms of the 
gas into metastable atoms. Increases of conductivity should therefore be 
obtained when the electrons attain this amount of energy. It is interesting 
to consider Bazzoni’s experiments’)* with helium, which are also quoted as 
examples of experiments, which may be explained by the Stosse zweiter Art. 
In these experiments the currents flow from a heated filament to a co-axial 
cylindrical electrode. The apparatus, which was very simple, was contained 
in a quartz envelope and was heated strongly to drive off impurities. The gas 
was found by spectroscopic examination to be free from mercury vapour or 
any other impurity. Large increases in current were obtained when the 
potential difference between the electrodes was increased above the value 20*4 

♦ Townsend and MacCallum, 1 Phil. Mag./ vol. 5, p. 095 (1928). 

t Bazzoni, 4 Phil. Mag./ vol. 32, p. 506 (1916), 
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volts. There was no marked increase in the current when the potential 
between the filament and the cylinder was 25 volts which is near the ionisation 
potential usually given for helium, 

Bazzoni attributed the increase in conductivity observed in this experiment 
to ionisation of the gas by the direct collisions of electrons with atoms, when 
the energy of the electron was 20*4 volts. 

5. The principal difficulty in arriving at any definite conclusion about 
helium is that experimenters have obtained widely different results, although 
the well-known methods of purifying the gas and testing it spectroscopically 
were adopted. 

In order to discover the cause of these discrepancies we undertook a more 
complete investigation of helium and neon, a few years ago ; and after various 
attempts we have obtained quite consistent results and made measurements 
of the conductivity in which experimental errors are very small. In the course 
of these investigations we found that the ordinary spectroscopic method of 
detecting impurities is not an adequate test. We found it necessary to adopt 
a much more sensitive test depending on the sparking potential, which indicates 
to what extent currents may be affected by impurities. 

Some of the results which have been obtained with these gases have already 
been published, but the investigations are not yet completed, 

6. We have already pointed out that there are many phenomena which show 
that any hypotheses such as those involved in the theory of the Stosse zweiter 
Art are untenable. In order to make this quite clear it is necessary to take 
numerical examples to show what results would follow from the first hypothesis 
which states that very few electrons attain energy above that corresponding 
to the first critical potential. The conditions with regard to force and pressure, 
for which the theory was adopted, were those usually obtained in experiments 
with photoelectric currents between parallel plates where large increases in 
conductivity are obtained by increasing the electric force. The ratio of the 
force to the pressure is of the order of the value of X/p for the minimum spark¬ 
ing potential. In neon the minimum sparking potential is obtained when the 
ratio X/p is 62. Thus the first hypothesis may be supposed to hold in experi¬ 
ments where X/p.is less than 30. 

Let us consider the energy acquired by the electrons in photoelectric currents 
between parallel plates with a constant force of 100 volts per centimetre, 
negleoting losses of energy in small amounts, and taking the first critical 
potential to be 16 volts and the ionising potential to be 21 volts in neon. The 
electrons acquire the energy corresponding to the first critical potential in 
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passing through the plane 1*6 mm. from the negative electrode and those 
that lose no energy in collisions acquire the energy of 21 volts when they reach 
the plane, 2*1 mm. from the negative electrode. 

The number of electrons that traverse the distance between the planes 
without colliding with atoms is a maximum when the direction of motion of 
the electrons is normal to the planes, and for the purpose of this calculation 
it may be assumed that all the electrons are moving in the direction of the 
electric force with the velocity of 16 volts in passing through the first plane. 
Thus if n be the number of electrons passing through the first plane the number 
that do not collide with atoms in traversing the space between the two planes 
is x being the distance between the planes and l the main free path 

of the electrons. The others which collide with atoms have their direction of 
motion changed, and it may be supposed that most of them lose energy in 
amounts corresponding to critical potentials since they make several collisions 
with atoms in the space between the planes. 

Since there are many critical potentials, and very few electrons attain energies 
much above the first critical potential, it may be supposed that with the gas 
at 5 mm. pressure (X/p = 20) less than 10 per cent, of the electrons attain 
the ionising potential. 

The number that attain the ionising potential may be taken to be of the order 
nt~ w/l and this number diminishes rapidly as the pressure increases since l 
is inversely proportional to the pressure. With a pressure of 20 mm. (X/p=5) 
the number of electrons that attain the ionising potential would be of the 
order n x 10~ 4 and with a pressure of 50 mm. (X/p = 2) the number would 
be of the order n X 1CT 10 . Under these conditions there would be no appreci¬ 
able increase of current due to ionisation of atoms of a monatomic gas by the 
direct collisions with electrons in any experiments where X/p was small (of 
the order X/p = 2), whether the gas be pure or impure. 

7, In the experiments on photoelectric currents the increases in the current 
with the distance between the plates are much greater than the rate of increase 
indicated by the above figures, and it would be necessary to attribute the 
increases to impurities (or to some other process of ionisation) if the above 
hypothesis were approximately correct. The photoelectric current being 
small, very small traces of impurities would suffice to provide the additional 
electrons and positive ions generated in the gas, and it might be impossible to 
detect impurities in such small quantities with a spectroscope. But when the 
large currents which are maintained in gases with small electric forces are 
considered, it beoomes immediately evident that the hypotheses involved in 
the Sfcosse zweiter Art theory are untenable. 
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In the ordinary long discharge tubes the electric force is very small in the 
uniform luminous column, which for certain pressures of the gas extends from 
the positive electrode to within a short distance of the negative electrode, and 
the conductivity is maintained by ions generated in the gas. In the well- 
known neon tubes which emit the neon red light large currents of the order of 
10" a amperes are obtained in wide tubes with the gas at a few millimetres 
pressure the value of X jp being about 2 or 2 * 5 in the uniform positive column. 
According to the above hypothesis all the positive ions in the gas must under 
these conditions be derived from impurities and the gas would not conduct 
(when X/p is small), unless it contained impurities in amounts sufficient to 
provide the positive ions in a current of the order of 10“ 2 amperes. And since 
the positive ions move under the electric force toward the cathode, it would 
be necessary to suppose that near the positive electrode there is some con¬ 
tinuous supply of impurities to provide positive ions to take the place of those 
that move to the negative electrode. 

It is not necessary to make any observations with a spectroscope in order 
to see that the current is not maintained by impurities. With a gas, slightly 
impure, the positive column is discoloured but the discoloration is moved by 
the current towards the negative electrode. The characteristic red colour of 
pure neon is thus obtained at first in the part of the tube near the positive 
electrode, and subsequently throughout the whole tube except at the end of 
the positive column adjacent to the cathode. 

In order to obtain any rational explanation of the conductivity of the 
positive column of a neon tube it is necessary to suppose that the greater part 
of the positive ions are derived from ionisation of the atoms of neon. And 
we are led to the conclusion that ionisation of atoms of neon can be obtained 
with values of X/p in the range from X/p — 1 to X/p = 2. 

8. It is interesting to examine these theories by considering the light emitted 
by the gas as well as the conductivity. The accepted theory of the light in the 
visible spectrum, indicates that in order to obtain a large number of lines it is 
necessary that the atoms should acquire energy in amounts corresponding to 
many critical potentials, so that it must be supposed that in many collisions 
with atoms the electrons have energies which are practically the same as the 
ionising potential. Thus any hypotheses, such as the first hypothesis involved 
in the Stosse zweiter Art theory, which im poses a limit to the energy which the 
electrons may attain is not in agreement with the fact that the number of lines 
in the spectrum of the positive column is very large when the gas is at a high 
pressure and the conductivity is maintained with a small force (X/p of the 
order 2). 
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So long as the lines in the spectrum of the light emitted from the positive 
column are those which are universally attributed to neon, we feel that it is 
unreasonable to suppose that the conductivity is principally due to impurities. 

9. In his second paper Atkinson continues his comments on our experiments 
and gives another theory of conductivity where the ionisation of monatomic 
gases at high pressures is attributed to the direct collisions of electrons with 
atoms of the gas, which is quite contrary in principle to the theory he advocated 
in his first paper. The reason for this inconsistency is not explained except 
that he states we have now shown *that spectroscopic purity is essential. 

In liis first paper it was maintained that the Stosse zweiter Art embodied 
the only assumptions which cover the whole experimental field, and it was 
made quite clear that it applied to experiments such as those made by Bazzoni, 
who stated very definitely that the gas he used was spectroscopically pure. 
It may be mentioned here that in our earlier experiments with helium the gas 
was tested by the ordinary spectroscopic method and it was found to contain 
no impurities as far as could be observed, and it may be presumed that other 
experimenters who said they used pure gases also tested the gases spectro¬ 
scopically although they may not have considered it necessary to mention such 
an ordinary precaution. 

In a note at the foot of his first paper it is stated that the contentions there 
set forth are in no way invalidated by the results of the experiments we made 
with neon at 37 mm. pressure, and it is these very experiments which he uses 
to illustrate his second theory. 

10. The second theory includes many of the principal hypotheses which 
form the basis of the original theory of ionisation by collision known as 
Townsend's theory. It is now assumed that electrons produced in the gas 
are due to collisions of the electrons with atoms, and that there is a steady state 
in which the increase in current, due to this process, is continuous and may 
be represented by the formula n = n 0 e°* where the coefficient a is connected 
with the force and the pressure by the relationoc/p =/(X jp). The new theory 
differs from the original theory of ionisation by collision by the introduction 
of the hypothesis that an electron ionises an atom of a monatomic gas in the 
first or second collision immediately after it has acquired an amount of energy 
corresponding to the ionising potential. This additional hypothesis indicates 
large increases in photoelectric or thermionic currents when the potential 
difference between the electrodes is just above the ionising potential whether 
the gas be pure or impure. 

The greater part of Atkinson's second paper is devoted to showing that the 
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probability of losses of energy of electrons in critical amounts, less than the 
ionising potential, is small, a conclusion from our experiments which we have 
found it necessary to emphasise on many occasions for many years past. 

Many physicists have accepted the hypotheses that the probability of losses 
of energy in critical amounts is large, and we have frequently indicated that such 
hypotheses cannot be reconciled with many ordinary phenomena. We may 
take this opportunity here of pointing out errors of this kind made by Atkinson 
himself. In his first paper, referring to collisions of electrons (with energies 
from 0 to 20 volts) which occur with molecules of impurities, he says that 
“ practically in every such case the electron will lose all its energy/* 

The high probability of ionisation in the collisions of electrons with atoms of 
monatomic gases, which is a characteristic feature of his second theory is 
another example of the same kind of error. 

11. This theory bears a strong resemblance to the theory given by Franck 
and Hertz* to explain their experiments where recurring maxima were observed 
in the rate of increase of current with potential, at points where the potentials 
of the accelerating field was a multiple of the ionising potential, a theory which 
may also be said to have been “ universally accepted ” for some years. In 
this theory the electrons arc supposed to ionise atoms of the gas when they 
attain the energy corresponding to the ionising potential, and the loss of energy 
in collisions with atoms that are not ionised is supposed to be negligible. It 
is remarkable that in the experiments where recurring maxima have been 
observed the potentials are multiples of 20*5 volts in helium and 16 volts in 
neon. The theory of recurring maxima has been adopted by Holst and 
Oosterhuis,f and objections to the conclusions they have drawn from the 
theory have already been pointed out.J 

12. Atkinson is wrong when he states that we appear to have assumed that 
the quantum theory predicts a high probability of loss of energy in collisions. 
We have made no statement to this effect. We do not consider that the quantum 
theory gives any indication of the probability of transfer of energy from electrons 
to atoms or molecules of the gas. All that the quantum theory indicates is 
that when energy is transferred in large amounts these amounts should be 
proportional to the frequency of certain spectral lines (in those collisions 
where there is no permanent change of structure of the atom or molecule such 

♦ Franck and Hertz, * Phys. Z./ vol. 17, p. 411 (1916). 

t Holet and Oosterhuis, * C. R./ vol. 174, p. 577 (1922), and ' Phil. Mag./ vol. 46, 
p, 1117 (1923). 

t Townsend, 4 Phil. Mag./ vol. 45, p, 444 (1923). 
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as ionisation or dissociation). This does not conflict with any theory of 
conductivity. 

Atkinson is also wrong when he states that the only definite statement of the 
authors with regard to the distribution of energy in the steady state has been 
that it might approach a Maxwellian one. We have frequently pointed out 
that there is no case where the actual distribution of the energy in a stream of 
electrons is known. The distribution of the velocities has been discussed in 
a paper* published in the ‘ Philosophical Magazine.' 

It was there stated that it was of importance not to introduce any hypothesis 
as to the distribution of energy in investigating ionisation by collision. 
Referring to the distribution of energy in a stream at various distances x from 
the cathode it was stated (p. 1073) that for small values of x*“the mean 
kinetic energy of the electrons and the distribution of the energy about the 
mean value changes with the distance.” In the steady state for larger 
values of x, where the current is given by the formula n = the mean 
kinetic energy U “ and the distribution about the mean is independent of x.” 

It was also stated (p. 1076) that in the initial stages where x is small “ the 
mean energy of the group may attain the value U before ionisation by collision 
begins to have any appreciable effect on the current.” The reason being 
“ that comparatively few of the electrons have energies much different from 
the mean energy of the group in the earlier stages of motion through the gas.” 
It was not suggested that any of these various distributions resembled the 
Maxwellian distribution. 

13. In order to indicate the most rational conclusions which may be drawn 
from the simplest experiments on the conductivity of monatomic gases it is 
sufficient to consider the photoelectric currents between parallel plates when 
increases in conductivity are obtained by the process of ionisation by collision. 
For this purpose we may refer to the experiments which we have published in 
a recent paper on the Electrical Properties of Neon.f 

We shall assume that the gas was pure so that the increases in the current 
above the saturation current are due to the ionisation of atoms of the gas, 
and that in neon the first critical potential is 16 volts and the ionisation potential 
is 21 volts. As there are several critical potentials between 16 and 21 volts, 
the average potential of the group may be taken as 18 volts. These figures 
may not be exactly correct but they serve to illustrate the principles on which 
definite conclusions may be obtained from the experiments. The unit of 

♦ Townsend, ‘ Phil. Mag.,’ vol 45, p. 1071 (1023). 
t Townsend and MacCallum, * Phil. Mag.,’ vol. 6, p. 867 (1928). 
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energy of an electron may be taken as that corresponding to 1 volt so that, if 
E be the energy of an electron the velocity of agitation is 5-8 X 10 7 X VE 
cm. per second. 

14. The curve (fig. 4, loc, cit .) gives the relation between the current and the 
distance x between the plates when there is a constant force of 100 volts per 
centimetre and a constant gas pressure of 3*3 mm. for the initial stages of the 
development of the currents. If n 0 be the constant current obtained with 
distances x between the plates of less than 2 mm., the current 2w 0 is obtained 
when the distance is 7 mm., the potential difference between the plates at this 
point being 70 volts. The following are the values of the currents at inter¬ 
mediate distances 


X. 

»/»o- 

X. 

»/»„. 

0-3 

1*08 

0*5 

1*46 

0*4 

1*27 

0*6 

1*71 


The loss of energy of an electron due to small losses in ordinary collisions 
(of the order of 6 X 10“ 6 E) may be neglected in this experiment (where 
X/p — 30), compared with a loss of 18 volts. If an electron loses this amount 1 
of energy it cannot subsequently acquire a sufficient amount of energy to ionise 
an atom in the space between the negative electrode and a plane at 3-9 mm. 
from this electrode. The experiments show that the current is increased from 
n 0 to 1 * 25n 0 by the electrons which are generated within this space. Thus 
the energy E of the electrons in the collisions with the atoms which are ionised 
varies from 21 to 39 volts and the average energy E in these collisions is about 
32 volts, which is the potential at a plane 1 • 1 mm. from the plane where the 
energy of the electrons is 21 volts. Thus while the electrons are moving in 
the gas with energies above that corresponding to the ionisation potential 
they make several collisions with atoms without losing energy in large amounts 
(of 18 volts). 

15. The average number of such collisions which are made by electrons at 
distances less than 3 * 9 mm. from the negative electrode may be taken as the 
number of collisions made by an electron in moving the distance 1*1 mm. 
This number depends on the velocity of agitation U of the electron, the 
velocity W in the direction of the electric force and the mean free path l* 


2 p 


VOL, OXXIV,— A. 


* Townsend, * Electricity in Gases/ p. 286. 
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The number of collisions made by an electron in moving the distance Sx in 
the direction of the electric force is 


U . SxjW. I 


0-82 .e.X.l*' 


taking the usual formula for W, 

/ w X.e.1.0-82\ 

l w= — )■ 


a) 


It will bo observed that the number of collisions is proportioned to the 
kinetic energy of the electron JmU 2 and when no energy is lost in collisions this 
energy is x.e. X, where X is the electric force, and £,the distance of the electron 
from the negative electrode. The number of collisions made by electrons in 
the space between the planes at distances 2*1 and 3*2 mm. from the negative 
electrode is therefore obtained by simple integration. The value to be attributed 
to l depends upon the specification of a collision and for the purposes of this 
calculation the mean free path of an electron in neon at 1 mm. pressure will be 
taken as 0*1 cm. 

The number of collisions made by an electron in traversing the distance 
between the planes x = 0*21 and x = 0* 32 is thus found to be 80. 

Thus an electron after it has attained the ionising potential makes, on the 
average, 80 collisions without loss of energy, before it ionises an atom in the 
space between the planes x = 0*21 and x = 0*39. The average energy in 
the collisions with atoms that are ionised is 32 volts. 

16. The proportion of the number of collisions with atoms that are ionised 
to the number in which the losses of energy are 18 volts may be found by con¬ 
sidering the coefficients of ionisation a for the steady state where the increase 
of current due to the collisions of electrons with atoms is given by the formula 
n == In this case the mean energy E of a group n does not change as 

the stream moves in the direction of the electric force. The number of electrons 
in the group increases from to 2ni in traversing the space between two planes 
when the distance b between the planes is given by the formula e®* = 2. 
Hence aft = 0 * 693 and the potential difference between the planes X . b is 
0*693. X/a. 

In neon at 3*3 mm. pressure, and with an electric force of 100 volts per 
centimetre (X/p = 30), the value of a/pis 0*43, so that the potential X . b 
is 48 volts. Thus when the group has the mean energy E, corresponding to the 
steady state, the number in the group is increased from n to 2n when the group 
moves through the distance 4*8 mm. in the direction of the electric force, but 
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when the group starts with zero velocity from the negative electrode the number 
is not increased from n to 2 n until the electrons arrive at a plane 7 mm. from 
the negative electrode. This shows that the group must attain the energy 
of approximately 22 volts before the number is increased from n to 2 n in moving 
throughjf *8 mm. Hence in the steady state (where n = w 0 e°*) the average 
energy E is approximately 22 volts (when X/p = 30). 

37. In the steady state the number of electrons that pass through any plane 
at a distance x from the negative electrode has been found experimentally to 
be given by the formula n = n^ 0 *. The energy gained by a stream of electrons 
in passing through the space between the two planes at distances Xi and x 2 
from the negative electrode is 

n 0 X pe"* . dx = ^ . (n 2 — n x ), 

where X is the electric force, n x the number entering the space through the 
first plane and the number passing out through the second plane. The 

energy of the electrons entering the space is n x . E and the energy of those 

passing out is n 2 E. If c be the kinetic energy lost in ionising an atom the 
total energy lost by ionisation is (n 2 — n x )c . Hence 

X . (n t - nj/a - (», - n t ) (c + E) + F. (2) 

where F is the energy lost in the space between the planes in the collisions 
with atoms which are not ionised.* 

Let C 2 be the number of collisions in which electrons lose energy in large 
amounts and let the average of these amounts be 18 volts. With values of 
X/p greater than 15 the loss of energy of electrons in small amounts of the 
order of 6 x 10" 6 E may be neglected, and the following equation is obtained 

18C, = (f - c - S) C t , (3) 

where Cj is the number of collisions in which atoms are ionised (C, = wg — «x). 

In order to show how the ratio C 2 /C 1 depends on the electric force and pressure 
of the gas, it is convenient to have (n 2 — %) a simple multiple of nj. The 
distance between the planes may be taken so that 

or {x>i — xi)<p = 2-4p/«. 

This gives Cj = 10wi. 

It has been found that, in some collisions, atoms of neon are ionised by 
electrons having an energy of about 21 volts. The electrons may have some 

* Townsend, ‘ Phil. Mag.,’ vol. 45, p. 1071 (1928). 
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kinetic energy after the collision in which an atom is ionised, and if v be the 
energy of the two electrons after the collision, the loss of energy to the 
stream when an atom is ionised would therefore be (21 — v) volts, and this 
is the energy represented by c. Thus 21 volts may be taken as an upper limit 
to the value of c. 

18. The total number of collisions (C 3 ) between electrons and atoms in the 
space between the planes depends on the mean free path and on the distribution 
of the velocities of the electrons, As these are uncertain the ratio C 3 /n l 
cannot be determined accurately, but in order to indicate a probable value of 
the total number of collisions the ratios C $ln x have been calculated on the 
supposition that the energy of agitation is equal to E. The formula thus 
obtained is 

C B /wi ™ 2300 : E . p 2 /X a, {(n 2 — n x ) = 10n}, 

where X is expressed in volts per centimetre. In the following table the 
values of a/p, 0 2 /wx and C 3 jn X) are given for different values of X/p, the corre¬ 
sponding values of C x being 10 n x in each case (c being taken as 21 volts in 
equation (3) to determine the ratio C 2 /fti). 


Values of C 2 /tti and C 8 /ni, Ci being 10wi. 


Xlp. 

a/p. j 

1 E * 

C,/n,. | 

C,/w, X 10“*. 

HR) 

2*19 

37 

s i 

2*4 

100 

1*57 

31 

7 

4-5 

00 

0*99 

25 

8 

9 0 

30 

0*43 

22 

15 

39 

20 

0*24 

10 

24 

92 

10 

0*053 

16 

80 

690 

2*5 

001 ? 

12 

80 

W X 10« 


With the values of X/p, 10 and 2 *5 the total number of collisions C 3 is large 
and the total loss of energy in small amounts is appreciable. In these cases 
it is necessary to add a term (5-5.10“ 6 . E, C 8 ) representing this loss on the 
left of equation (3) to find C$/w x . 

The probable error in the determination of a/p is about 2 or 3 per cent, 
when X/p is greater than 10, the error in E is about 5 or 6 per cent., and in 
the smaller values of C*/wi the error may be 10 or 12 per cent. 

The ratio C 2 /Ci diminishes as X/p increases, thus with X/p = 10 there are 
80 collisions in which the electrons lose energy in amounts of 18 volts to every 
10 in which atoms are ionised, with X/p = 60 there are 8 collisions in which the 
loss is 18 volts to every 10 in which atoms are ionised. 
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The proportion of the number of collisions in which atoms are ionised or 
losses occur in amounts of 18 volts to the total number of collisions C 3 increases 
with the value of X/p. With the larger values of X/p the energy of the 
electrons exceeds 18 volts in most of the collisions. With X/p — ICO, 10 
atoms are ionised out of a total of 240 collisions, with X/p = 100, 10 are 
ionised out of a total of 450. Thus the probability of an atom being ionised 
increases with the energy of the electron in the collisions with the atoms. The 
probability of losses of energy occurring in amounts of 18 volts also increases 
with the energy of the electrons. 

The above figures show that it would be quite impossible to form a theory 
of conductivity on the hypothesis that electrons, when they acquire energies 
above certain critical amounts, lose energy in these amounts in collisions with 
atoms without taking into consideration the fact that the probability of any 
such losses occurring is small. 


The Magnetic Anisotropy of Naphthalene Crystals . 

By S. Bhagavantam. 

(Communicated by Sir C. Y. Raman, F.R.S.— Received March 4, 1929.) 

1 . Introduction . 

In a recent paper Raman and Krishnan* have shown how the phenomenon of 
birefringence exhibited by liquids in a magnetic field can be utilised to deter¬ 
mine the degree of magnetic anisotropy of the molecules concerned. Since 
magnetic double refraction is an effect arising from the molecules being both 
magnetically and optically anisotropic, and the 6ptical anisotropy is known from 
studies on light scattering, the magnetic anisotropy can be evaluated from the 
known value'of the Cotton-M outou constantIn this way, they showed that the 
benzene molecule has a high degree of magnetic anisotropy, the susceptibility in 
a direction perpendicular to the benzene ring being about twice as great as that 
in any direction parallel to the ring. In another paperj they showed how this 
magnetic anisotropy may reasonably be explained in terms of the special 

* ‘ Roy. Soc. Proc./ A, vol. 113, p. 511 (1927). 

t * Roy. Soc. Proo./ A, vol. 117, p. 1 (1927); see also 1 Phil. Mag./ vol. 5, p. 498 (1928). 

{ • Comptes Rendus/ vol. 184, p. 449 (19271. 
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structure of the benzene molecule. Considerations of the same kind suggest 
that the higher members of the aromatic series (e.g.> naphthalene and anthra¬ 
cene) should exhibit an even more striking degree of anisotropy. Some 
calculations, as yet unpublished, by Krishnan indicate that the naphthalene 
molecule should have, in directions perpendicular to the ring, a susceptibility 
about four times as large as in directions parallel to the ring. 

It is known that diamagnetism of crystals is in general anisotropic. In a 
recent paper Raman and Krishnan* have discussed the case of nitrates and 
carbonates and shown how the anisotropy of the crystals is in each case con¬ 
nected with the structure of the individual ions. If, as stated above, the 
naphthalene molecule possesses a large magnetic anisotropy in the liquid 
state, it is reasonable to expect that naphthalene crystals in the solid state 
should also exhibit a very pronounced magnetic anisotropy. In fact, Braggf 
and OxleyJ have made some qualitative observations on the magnetic behaviour 
of naphthalene crystals which support this inference, but no quantitative 
results are available. The present work was undertaken with a view to obtain 
some measurements of the susceptibility of the crystals in different directions 
and with the hope that such data would be of assistance in determining the 
orientation of the molecules in the crystal lattice. 

2. Its Crystalline Form. 

It is necessary to use extra pure naphthalene in the investigation. It is 
carefully tested for freedom from impurities containing iron. The substance 
readily crystallises from alcohol solution, the crystals being formed as thin 
flakes. According to Groth§ the crystals take the shape given below in fig. 1, 
the flakes being parallel to the ab plane. They belong to the monoclinic 
prismatic class: 

a : 6 : c :: 1-3777 ; 1 : 1-4364, p » 122° 49', 

c is the (001) face and there is a perfect cleavage along that plane, r is the 
(20l) face and p is the (110) face. 

It may be noted that according to Groth the crystals formed from alcoholic 
solution are often elongated along the b axis, thus taking the hexagonal form 
shown in fig. 1 in which BD and GF are the longest sides. Actually, however, 
in the course of this investigation it is often found that the reverse is the case, 

* ‘ Roy. Soo, Proc., 1 A vol. 115, p. 549 (1927). 
t Sir William Bragg, ‘ Proc. Roy. Inat.’ (1927). 
t * Boy. Soc. Proo.,* A, vol. 98, p, 207 (1921). 

$ * Chem, Kriat.,’ vol. 5, p. 364 (1019). 
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so much so that the lines GF and BI) practically disappear, thus giving rise to 
a form approximating to a four-aided figure as shown in fig, % the other two 



Fig. 1. Fig. 2. 

sides being rarely visible. Both forms of the crystal, however, have the same 
interfacial angles. It is found possible to obtain crystals of both habits in 
the same dish, i.e., under the same conditions of concentration and temperature. 
These forms are the only ones observed, the type indicated in fig. 2 always 
preponderating. 

Coming back to the crystal faces as marked in fig. 1 it is evident that the line 
that is common to the 4< c ” face and 44 r ” face, both of which contain the 
41 b ” axis, will be parallel to the <f b ” axis. In order to identify this axis, 
the six angles between the lines enclosing the 44 c ’* face have been calculated 
and the observed values are compared with the calculated values. The angles 
can be easily measured under a microscope with a cross wire in the eyepiece 
and a graduated rotating stage. 


Angle as marked 
in fig. X. 

A, 

B. 

XX. 

E. 

F. 

C. 

Calculated. 

Observed . 

' 3® 

° PS i 

_ j 

o * 

54 1 

58 0 

o / 

54 1 

50 0 

o , 

71 58 

74 0 

0 / 

54 1 

58 0 

o / 

54 1 

54 0 


Only the acute angles have been given, in the actual case the angles being 
their supplements. It is seen that they roughly agree and the “ b ” axis is 
at once identified as the one that is bounded by the two equal angles each 
54° I', that is, in fig. 1, with the lines BD or GF. 

3. Behaviour in a Uniform Field . 

Since in the monoclinic prismatic class of crystals, the b axis is an axis of 
sy mm etry, it must coincide with one of the axes of the magnetic ellipsoid, the 
other two lying in the ac plane. We may infer, therefore, that when the plate is 
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hung with (3-4) vertical in a homogeneous field, the“ b ” axis, t.e., the line (1-2) 
should move into either an equatorial or an axial position. Actually it is 
found that the crystal plate, when suspended with the line (3-4) vertical, 
swings into an equatorial position. 

To find the two other magnetic axes which will necessarily lie in a plane 
perpendicular to the " b ” axis but need not coincide with the crystallographic 
ones, the deportment of the crystal in a homogeneous field is studied. For this 
purpose it is suspended in the field by means of a fine silk fibre, attached to it 
by the smallest possible amount of Canada balsam. Referring to fig. 1, when 
the crystal hangs with the “ b ” axis (line 1-2 in fig. 1) vertical, the cleavage 
plane sets at about 60° with the field. When the crystal is turned over and 
suspended with the line (2-1) vertical, it again makes an angle of about 60° 
with the field on the opposite side. It is clear, therefore, that the magnetic 
axis in the ac plane which sets itself along the lines of force makes an angle of 
about 60° with the “ a ” axis. The crystallographic data show that the supple¬ 
ment of the angle between the a and c axes is 57° 11' which differs little from 
60°. Hence it follows that the second magnetic axis practically coincides with 
the c axis and that the third axis is a line perpendicular to both the “ b ” and 
“ c ” axes. Numerous crystals of naphthalene have been examined and the 
foregoing results are obtained in every case. It is evident, therefore, that OM, 
06, Oe, the axes of the magnetic ellipsoid are situated in relation to Oa, 06, 
Oo, the crystallographic axes in the manner represented in fig. 3. 

4. Measurement of Susceptibility . 

(a) Tractive Forces in a Non-Uniform Field .—A suspension of glass fibre 
about 1J metres long is attached at the upper end to an index rotating on a 
graduated circle. The crystal is fixed at its lower end with the smallest possible 
amount of Canada balsam and hangs in a non-uniform field with a large gradient. 
The glass fibre is sufficiently thick to prevent rotation of the crystal and is 
viewed in focus through a microscope. When the field is put on, the crystal 
moves into a weaker part of the field and the deflections produced are observed. 
Since they are small, we may, as a first approximation, assume that the 
deflection in each case is proportional to the mechanical force acting on the 
crystal and hence to the susceptibility in the direction of the field. The 
crystal may be placed in different orientations relati vely to the field by rotating 
the index and the deflections noted. The results with a particular crystal 
ore tabulated below :— 
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Orientation. 

Deflection. 

Calculated susceptibility. 

b axis along the field . 

10 divisions 

1 « „ 

22 „ 

— 700 x 10“ 7 
-420 X 10- 7 
-1540 x 10- 7 

Or ... 

OM . 



The figures given in column 3 are obtained by taking the mean of the three 
principal susceptibilities to be equal to that obtained by Pascal for naphthalene 
from the additive values. They represent the gramme-molecular susceptibility. 

(b) The Null Method .—The method of Rabi* has also been followed with 
some modifications. The crystal is suspended in the same manner as previously 
but is surrounded by an aqueous solution of MnCl 2 of suitable concentration. 
The particular concentration for which there is no motion of the crystal along 
the direction of the gradient is hit off after a few trials. The principle applied 
is that, under these conditions, the force acting on the crystal in the direction 
of the gradient is zero, if the vol nine susceptibility of the crystal (in the direction 
of the held) is the same as that of the surrounding solution. If the con¬ 
centration of the solution is known, its volume susceptibility can at once be 
calculated and hence that of the crystal in the particular direction. The 
value obtained for the gramme-molecular susceptibility along the h axis was 
—710 X 1(T 7 and along the c axis —390 x JO ' 7 . Taking the mean sus¬ 
ceptibility calculated from Pascal’s data as —897 X 1.0~\ the third value along 
the line perpendicular to b and c works out as —1590 X 10~ 7 . The value is 
numerically so high that it is not easy to find an immersion liquid with which 
it can be directly compared by the null method. Even a saturated solution of 
potassium iodide is found to have far too low a value when compared to the 
susceptibility in thitS direction. These values noted above* coincide in their 
order of magnitude with the values directly obtained and noted previously. 

5. The Optical Anisotropy of Naphthalene, 

Groth mentions that naphthalene crystals exhibit a high degree of bire¬ 
fringence. It was thought that it would be of interest to study this quantita¬ 
tively and find whether there is any analogy between the magnetic and optical 
characters of the substance, lie states that naphthalene exhibits in the 
polariscope an axial figure lying in the ac plane. This has been confirmed. It 
may be noted that in order to observe the figures successfully, monochromatic 
light should be used and the crystals chosen should be very thin. These facts 


* 4 Phys. Rev.,* vol. 29, p. 174 (1927). 
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themselves indicate that the birefringence of the crystal is very large. The 
thin flakes of the crystal exhibit in the polariscope the rings surrounding only 
one of the optic axes, the other axis lying outside the field of vision. It is 
clear from the observations that the ac plane contains the optic axes. 

The inclination of the visible uptic axis to the normal to the surface has 
been obtained by comparing the interference figure with that of borax of known 
axial angle. The apparent inclination of the optic axis to the normal comes 
out to be 48° 18'. The obtuse bisectrix appears to emerge just beyond the 
field of vision on the other side of the normal. Its distance from the centre 
of the field corresponds roughly to an angle of about 33°. Since the c axis 
is also inclined to the normal at an angle of 32° 49', it can be inferred that the 
obtuse bisectrix coincides roughly with it. This is checked independently 
by calculation and the deviation is found to be only 3°. Furt her the maximum 
birefringence for sodium light has also been estimated, by measuring the 
thickness and counting the number of complete rings in a particular case. 

Thickness of the plate = 0-0033 cm. 

Number of complete rings = 28 ; X for sodium light — 0*0000589 cm. 

Maximum birefringence = 0*499. 

By the method of immersion* the two principal values of the refractive index 
in the cleavage plane have been obtained, one of them being 1-775 along the b 
axis and the other 1-570 along the a axis. A rotation apparatus fixed to the 
stage of a microscope has also been used to find the inclination of the optic 
axis to the normal. The apparent angle found by this method is 48°, which is 
very nearly the same as the one obtained by means of the interference figure. 
The principal indices in the ac plane calculated from the above data work out 
as 1-932 along the obtuse bisectrix which is inclined at 3° to the o axis and 
1 * 442 along the other principal axis in the plane. The results can be tabulated 
as below. 


Axis as marked in fig. 3. 

Susceptibility. 

Refractive index. 

OM 

— 1590 x 10 -» 

1*442 


06 

— 710 x 10~ T 

1*775 


Oc 

“390 x 10-’ 

1*932 



This gives a maximum birefringence of 0 • 490, which agrees with the fore¬ 
going value. It is to be noted that the axes of the optical and the magnetic 

* See Johannsen, ‘ Manual of Petrographic Methods,’ p. 253. 
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ellipsoids roughly coincide and the magnitudes of the numerical values follow 
the reverse order in the two cases. 

The density of the crystal is 1 • 152 and the refractive index of the liquid 
naphthalene at 99*6° is 1 *583 and its density at the same temperature is 
0*9634. If the crystal were an isotropic solid to which the Lorentz formula 
is applicable, its calculated refractive index would be 1*721, whereas the mean 
of the three observed indices is 1*716. Thus there appears to be a diminution 
of 1 *6 per cent, in the Lorentz constant as the substance passes from the liquid 
into the solid state. Such a diminution in the Lorentz constant with increasing 
density is to be expected from theoretical considerations.* 

6. A Discussion of the Results. 

A glance at the table given in the previous page shows that the optical and 
the magnetic susceptibilities along the three axes follow a reverse order in 
their magnitudes, the direction of the maximum diamagnetic susceptibility 
coinciding with the direction of the minimum refractive index. This result 
enables us to explain the experimental fact that the naphthalene derivatives 
in the liquid state show a strong positive birefringence in a magnetic field. 
The expression for the Cotton-Mouton constant C m is 

3 (n* - 1) [(A - B) (A' - W) + (K - Q (B' - O') + (C ~~ A) (W - A')] 
80ren o X*Tv ’ (A + B + C) 2 

where A, B, C are the moments induced along the three principal axes of the 
molecule by unit electric force in the incident light waves, acting respectively 
along those three axes and A', B', C' are the magnetic moments induced in the 
molecule by unit magnetic field acting in the same three directions. It is 
clear that if the optical moments follow the order A, B, C and the magnetic 
ones follow the reverse order O', B\ A', then the expression takes a positive 
value. It is to be remembered in this connection that the magnetic moments 
are negative as the crystal is diamagnetic. The magnitude of the effect 
depends upon the difference of the magnetic susceptibilities in the three 
directions. In a case like that of naphthalene, where we have pronounced 
differences, the effect must be positive and very large. 

It now remains to be seen how far the data will assist us in fixing the plane 
of the molecule in the crystal lattice. The dimensions of the unit cell as 
determined by the X-ray data are, in A.U.:— 

a = 8*34; 6 = 6*05; c * 8*69, 

and the unit cell is of the form shown in fig. 4. 

* Raman and Kiishnan, * Roy. Soc. Proc./ A, rol 117, p. 640 (1928). 
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Bragg* places one molecule at each corner of the cell and two at the centres of 
the faces OO' ami cc f as shown in fig. 4. Thus each cell contains two molecules, 



Fig. 3. Fig. 4. 

both of them being similarly orientated. Further, by comparing it with the 
dimensions of the unit cell of anthracene, he concludes that the length of the 
molecule is along the line oc, i.c., the c axis. In fixing the plane of the molecule, 
he remarks, “ on making up a model, however, it is seen that it is much more 
likely that the plane of the molecule lies nearer to the ac plane than the be 
plane. The molecules lock together much better if that is so. Moreover, if 
the molecules lie in the he plane they would be close neighbours in that plane, 
and at the same time there would be wide gaps between consecutive planes.” 
However, it is found very difficult to reconcile this placing of the molecule 
with the magnetic and the optical data given above. 

In this connection the work of Owen and Honda and Tak6 Son6 on graphite 
and diamond is very significant.t They have found that graphite shows a 
large diamagnetic anisotropy, the susceptibility in a direction perpendicular 
to the hexagonal ring being nearly seven times as large as in directions parallel 
to the ring, whereas diamond is practically isotropic. There is a similar con¬ 
trast when we compare the magnetic behaviour of the aromatic and the aliphatic 
series of carbon compounds. The aromatics show a large magnetic anisotropy, 
whereas the aliphatics show a comparatively feeble anisotropy. This parallel¬ 
ism can be explained by the well-known fact that the structure of graphite 
resembles that of aromatics whereas the structure of diamond is analogous 
to that of aliphatics. The arrangement of the carbon atoms in naphthalene 
closely resembles that in graphite. Hence we are led to conclude that the 

* ‘ X-rays and Crystal Structure/ p. 233 (1925). 

f Owen, ‘Ann. Physik/ vol. 37, p. 657 (1912); Honda and Tak6 Son6, ‘Sci. Rep. 
Tohoku Univ./ vol. 2, p. 25 (1913), 
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direction of maximum diamagnetic susceptibility is perpendicular to the plane 
of the ring. This at once suggests that the plane of the molecule should be the 
be plane (figs. 3 and 4), as OM has the largest susceptibility. 

Independent evidence is also available from observations on light scattering 
in liquids. Eamanathan* calculated the moments induced in the benzene 
molecule when the incident electric field in the light wave acts along the three 
principal axes of the molecule. He concluded that the molecule has an axis 
of optical symmetry, perpendicular to the plaue of the ring. When the 
incident field is parallel to this axis, the optical moment induced is much 
smaller than when the field acts along directions perpendicular to it. Similar 
considerations indicate that in naphthalene, the optical moment induced when 
the incident field is in a direction perpendicular to the plane of the molecule is 
much less in comparison with the moments induced when the incident field 
acts in directions parallel to the ring. This again suggests that the plane of the 
molecule is to coincide with the be plane (figs. 3 and 4), for along the line OM 
we have the minimum refractive index. This conclusion is in accordance with 
the one arrived at from the magnetic data. 

7. Summary of the Results. 

Quantitative studies show that naphthalene crystals exhibit a remarkable 
degree of magnetic and optical anisotropy. Two of the magnetic axes of the 
naphthalene crystal are found to coincide with two of the crystallographic 
axes, namely, 6 and c, and the third is a line perpendicular to both of them. 
The principal susceptibilities were found to be as follows:— 

X*, along the b axis —710 X 10“ 7 ; along the c axis —390 X 10“ 7 ; and 
along a line perpendicular to both these —1590 X 10“ 7 . 

Two of the axes of the optical ellipsoid are found to similarly coincide with b 
and c axes to within about 3° and the data for the refractive indices for 
the D-line are as follows :— 

Along the b axis, 1-775; along the c axis, 1-932 ; and along a line per¬ 
pendicular to both these, 1 -442. 

Bragg supposes that the two molecules in the cell are similarly orientated 
with their planes parallel to the ac plane. Contrary to this, the foregoing 
results suggest that the molecules arc so orientated as to have their planes 
parallel to the 6c plane of the unit cell in the crystal. 

The maximum axis of the magnetic ellipsoid is found to roughly coincide 

* • Roy. Soc. Froo.,* A, vol. 110, p. 123 (1926). 
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with the minimum axis of the optical ellipsoid and vice versa. This leads us 
to a simple explanation of the strong positive birefringence exhibited by 
aromatic liquids in a magnetic field. 

I have much pleasure in acknowledging the great help rendered by Mr. 
Kriaknan during the progress of this work and the kind encouragement of 
Prof. C. V. Raman. I take this opportunity of expressing my gratefulness to 
both of them. The investigation was carried out in the laboratory of the Indian 
Association for the Cultivation of Science, Calcutta. 
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Recent progress in enzyme chemistry has been largely due to the use of 
adsorbents. In vitamin studies also, adsorbents such as Fuller's earth have 
been introduced with marked success.* A prominent feature of such work is 
the influence of hydrogen ion concentration upon the efficiency of the adsorp¬ 
tion. A technique recently introduced by Kinnersley and Petersf for con¬ 
centrating the antineuritic vitamin (B 1) involves at one stage the adsorption 
of the vitamin by acid-treated Norite charcoal. In this case also it has been 
found that the hydrogen ion concentration influences considerably the degree 
of adsorption. 

Adsorbents which are themselves of acidic or basic character might be 
expected to be influenced in their behaviour by hydrogen ion concentration, 
but in the case of charcoal the reason for the change in adsorptive power is 
more obscure. Bartell and Miller | have stressed the importance of using 
pure charcoals in the study of adsorption phenomena. It is probable indeed 
that many of the anomalous results obtained by workers in this subject have 
been due to the use of various impure charcoals. The acid-treated charcoal 

* Seidell, ‘ U.S. Public Health Rep.,’ vol. 81, p. 314 (1916). 
t * Biochem. JV vol. 21, p. 777 (1927). 
t * J. Amer. Chem. Soc,,* vol. 64, p. 1866 (1922)* 
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used in the vitamin work contained about 1 per cent, of mineral impurity. 
It was important therefore to discover whether the effect of hydrogen ion 
concentration on the adsorption by pure charcoals was equally marked, and 
if so whether these effects could be correlated with the recognised chemical 
properties of various adsorbates. 

In this paper we propose to show that the adsorption of simple weak organic 
acids and bases by pure charcoal is much influenced by hydrogen ion con¬ 
centration. The experiments upon these substances are described in the first 
part of the paper while the results obtained with histidine and histamine and 
some of the simpler amino acids are described in the second part. 

Previous Work. 

It is beyond the scope of this paper to review all the work which has been done 
upon charcoal adsorption. The elaborate studies of Miller and his associates 
have shown the importance of obtaining a pure charcoal. They have further 
demonstrated that provided a pure charcoal be used the results obtained with 
charcoals from different sources do not differ fundamentally. Bartell and 
Miller* have found evidence for the belief that the adsorption of salts is pre¬ 
dominantly hydrolytic. This view is not confirmed by Kolthofff or by Schilow 
and LepinJ. , 

The effect of hydrogen ion concentration on adsorption by charcoal seems to 
have been little studied. Michaelis and Rona§ appear to have been the first 
to note variations that could be ascribed to this cause. In their paper, which 
was qualitative rather than quantitative in character, they distinguish three 
types of adsorption, typified by albumin, amylase and trypsin. More recently 
Fromageot and Wurmser || found that in the case of formic, acetic, propionic, 
oxalic, citric, succinic and pyruvic acids the adsorption of the acids was much 
greater than that of the corresponding sodium salts. In many cases the latter 
seemed not to be adsorbed at all. These workers further found that the curve 
relating hydrogen ion concentration with the adsorption of citric and oxalic 
acids followed in a general way their dissociation curves. There were, how¬ 
ever, marked deviations from which they concluded that there was no simple 
relation between the adsorption of different radicles and their dissociation 

* 4 J. Amer. Ohem. Soc.,’ vol. 54, p. 1866 (1922), and vol. 56, p. 1150 (1924). 
t * Z. Electrochem.,* vol. 33, p, 497 (1927). 
t ‘ Z. Phys. Ohem./ vol. 94, p. 25 (1920). 

§ * Biochem. Z.,’ vol. 25, p. 369 (1910). 

|| 4 C. R.; vol. 179, p. 972 (1924). 
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constants. These results were obtained with what was described as a highly 
purified charcoal, but the actual ash content was not stated. 

Rather later Skumburdia* showed that the sodium salt of iso-valerianic 
acid was less adsorbed than the acid itself. The latter worker seems to have 
been in ignorance of the results obtained by the French workers, which indeed 
have escaped attention in the literature. 

Experimental. 

The following details of technique are generally applicable to the experi¬ 
ments- performed in the course of this investigation. Commercial Norite 
charcoal was purified by extraction with mixed hydrochloric and hydrofluoric 
acids as described by Mi 1 ler.f After this treatment its aeti vity as an adsorbent 
for hydrochloric acid was about one-third that of the untreated charcoal. The 
charcoal used in the research came from one 12-lb. sample of Norite charcoal. 
It was extracted in quantities of about 30 gm. at a time in platinum basins. 
After extraction, the charcoal underwent a thorough washing with hot water, 
first by decantation and finally on a Buchner funnel until the washings were 
chloride free. The charcoal was finally ignited to a bright red heat in vacuo 
to remove small traces of volatile matter and irreversibly adsorbed acids. 
It was not found that the results differed with different samples of extracted 
charcoal. The ash content of the charcoal so purified was less than 0*07 
per cent. 

In view of the difficulty of purifying large amounts of charcoal and in order 
to facilitate manipulation, the experiments were performed upon a small 
scale. The solutions were diluted to 0 *2 per cent, in order to eliminate effects 
other than true surface effects as far as possible ; for histidine and histamine 
even more dilute solutions were used. In the case of the simple acids and 
bases, various hydrogen ion concentrations were obtained by partial neutralisa¬ 
tion with strong acids and bases. The resulting mixtures of the weak acids 
and bases with their salts were to some extent self-buffering. In the case of 
other substances small amounts of buffer solutions were added. A total volume 
of 22 or 23 c.c. was shaken with charcoal in a shaking machine placed in a 
room maintained at 20° C. ± 0*1. Unless otherwise stated the solutions were 
shaken with charcoal in the proportion of 10 mg. of charcoal to 1 c.c. Twelve 
hours were usually allowed for equilibrium to be attained. This, however, was 
purely a matter of convenience as experiments with hydrochloric acid showed 

* ‘ Koll. Z./ vol. 44, p. 127 (1*08). 
t 4 J. Phys. Chom.,’ vol. 30, p. 1031 (1926). 
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that equilibrium was established in less than 4 hours ; this substance, moreover, 
was found by Miller to be one of the slowest adsorbates to come into equilibrium. 
As many of the substances employed formed good media for the growth of 
micro-organisms, it was found necessary in certain cases to shake for periods 
much less than 12 hours to minimise the destructive effect of growing bacteria. 
At the end of each experiment the mixture was centrifuged and the clear 
solution decanted from the charcoal. The equilibrium values of the hydrogen 
ion concentration were determined by the bubbling hydrogen electrode exc ept 
in the case of the very dilute histidine and histamine solutions, where 
colorimetric estimations were made. In all cases in which Bamples of the 
centrifugate could not be analysed immediately, the solutions were stored in 
the laboratory cold store to reduce errors caused by the growth of bacteria. 
That an error from this source might be serious was shown by the fact that a 
0*01 per cent, histidine solution was found to have lost about 30 per cent, 
of its histidine after standing for lesg than 24 hours at room temperature. 

The substances used were with one exception either B.D.IL or Kahlbaum 
products. The simple acids and bases were further purified by distillation. 
Succinic acid was used as its crystalline sodium salt, while histidine and 
histamine were used as the hydrochloride and acid phosphate respectively. 
The glutamic acid was prepared by us from gluten flour and recrystallised 
from aqueous alcohol. 

Methods of Estimation. 

(а) Propionic and Caproic Acids .—The simple acids were estimated by 
titrating between the limits of pH 3 and 10, using brom-phenol-blue and 
thymol-phthalein as indicators. For each analysis a 5-c.c. sample was titrated 
with standard acid to pH 3 and a similar sample with standard alkali to pH 10. 
A control sample of the solution before adsorption was similarly titrated. The 
range pH 3 to pH 10 covers the ionisation of the weak acid and not those of 
the strong acid or base with which it is associated, so that within the limits of 
accuracy required only the weaker acid is titrated. This method is essentially 
similar to that used by van Slyke and Palmer* and by Harris.! 

(б) Succinic Acid .—The method employed for the estimation of succinic 
acid was essentially the same as that used by Moyle4 The test samples were 
all made exactly neutral to brom-cresol-purple. Excess silver nitrate was 
then added. The precipitated silver succinate was allowed to coagulate for an 

* ‘ J. Biol. Chem./ vol. 41, p. 567 (1920). 
f ‘ Roy. Soc. Proo.,* B, vol. 95, p. 440 (1924). 
t ‘ Biochem. J./ vol. 18, p. 351 (1924). 
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hour or so. It was then filtered off on a black filter* Instead of washing with 
dilute ammonium nitrate, however, the washing was done with three changes 
of distilled water. Correction was made for the solubility of silver succinate 
by analysing two proofs from the original solution with each series of experi¬ 
ments. If the two proofs did not agree, the series w T as neglected. Care was 
taken that approximately the same volume of water wer washed through each 
sample in any one series. The precipitates were then dissolved in 2-N nitric 
acid and the papers well washed with hot water. The silver was then estimated 
by thiocyanate. 

(c) n-propylamine and n-btitylamitte.--~Tlw amines were estimated by dis¬ 
tilling in steam from a strongly alkaline solution into N/70 sulphuric acid and 
titrating with N/70 caustic sods. Methyl red was used as an indicator. The 
distillations were carried out in an apparatus identical with that usually em¬ 
ployed for micro-Kjeldahl analyses. 

(d) The Amino Acids. -Glycine, alanine, glutamic and aspartic acids were 
estimated by the “ van Slyke ” micro analysis apparatus for determining amino 
nitrogen. Histidine presented more difficulty. It was finally estimated by 
the micro-colorimetric method described by Koeasler and Hanke.* Very 
dilute solutions (0*01 per cent.) could be employed for the estimation and 
duplicate experiments agreed within 5 per cent. The results obtained were 
sufficiently accurate for the purposes required, i.e., to demonstrate any large 
change in adsorption with hydrion concentration. In the experiments 0*01 
per ceut. solutions of histidine hydrochloride were used, these being treated in 
this case with 5 mg. of charcoal for each cubic centimetre of solution, the total 
volumes being 10 or 11 c.c. Histamine was estimated in a similar way, using, 
however, 0*02 per cent, solutions of the acid phosphate which gives a colour 
reaction of intensity comparable with that given by a 0*01 per cent, solution 
of histidine hydrochloride. 

It was found that experiments with histidine and histamine had to be con¬ 
ducted especially quickly to avoid errors due to bacterial action. Estimations 
were therefore carried out as soon as possible after the completion of shaking 
with charcoal, and the whole experiment finished in a day. Owing to the 
difficulties of excluding carbon dioxide from these dilute solutions, the pH 
values were determined colorimetrically to an accuracy of 0*1 pH. 

Experimental Results . 

Section /. Monocarboxylic Acids .—The results are plotted in figs. 1 and 2. 
It will be seen that between pH 3 • 5 and 5 • 5 the adsorption of propionic acid 
* 4 J. Biol. Chem.,’ vol. 39, p. 497 (1919). 
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Fia. 1.*—Showing the influence of hydrogen ion concentration on the adsorption of propionic 
acid. The adsorption is expressed in milligrams per 200 mg. of charcoal from 20 c.c. 
of solution containing originally 1 * 8 mg, per cubic centimetre. The hvdrogon ion 
concentration is expressed in pH units. 

* The scale on the right-hand side of figs. 1 to 5 inclusive represents the adsorption as a 
percentage of the total amount of adsorbate originally present. 



Fio. 2.—Showing the influence of hydrogen ion concentration on the adsorption of c&proic 
acid. The adsorption is expressed in milligrams per 200 mg. of charcoal from 20 c.c. 
of solution containing originally 1*94 mg. of the acid per cubic centimetre. The 
hydrogen ion concentration is expressed in pH unitB. 


2 Q 2 
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falls amost to zero. As the dissociation constant of propionic acid given by 
Ostwald* is 1*31 x 10~ 6 , this region covers almost exactly the ionisation range 
of propionic acid. The adsorption of c-aproic acid falls off equally suddenly 
and rapidly between pH 4-8 and 7*5. This range is rather more alkaline 
than would correspond with the ionisation range of eaproic acid, Ka is given 
by Ostwald ( loc . cit.) as 1 -45 x 10 "* 5 . There is, however, no doubt of the 
general relation between adsorption and ionisation. 

Dimrbaxylic Adds — The only member of this series that has been investi¬ 
gated is succinic acid. The results are shown graphically in fig. 3. In solutions 



Fra. 3.—Showing the influence of hydrogen ion concentration on the adsorption of succinic 
acid. The adsorption is expressed in milligrams per 200 mg. of charcoal from 20 c.c. 
of solution containing originally 1 *28 to 1 -40 mg. of acid per cubic centimetre. 

more alkaline than pH 7*0, the adsorption is nil. From pH 7*0 to pH 4*0, 
the adsorption rises rapidly until it is about 16 mg. per 200 mg. of charcoal. 
In solutions more acid than pH 3 • 0, there is some indication that the adsorption 
falls off. It is at once obvious that the adsorption is greatest under con¬ 
ditions in which the ionisation of succinic acid is virtually nil. The value 
given by Ostwald (loc. cit.) for Ka! is 6 • 65 X 10~ 6 and that given by Chandlerf 
for Ka 2 is 2*7 X KT* 6 . Assuming these figures, which were determined at 
25° C., to be approximately true at 20° 0. the degree of adsorption of succinic 

* ‘ Z. Phys. Chera,,* vbL 3, pp. 170, 241 (1889). 
t 4 J. Amcr. Chem. Soc.,’ vol. 30, p. 694 (1908). 
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acid is in almost exact proportion to the degree of ionisation as plotted from 
the dissociation curve. The coincidence of these two phenomena in all three 
cases points strongly to the conclusion that adsorption proceeds predominately 
through the unionised molecules. 

It may be concluded that for the acids studied, which may be regarded as 
typical of the series, the decrease in adsorption with increasing acidity of the 
solution may be correlated almost quantitatively with the percentage of 
unionised molecules present. Ionisation is therefore a large factor in deter¬ 
mining adsorption, and it is the unionised molecule that is adsorbed. This 
conclusion confirms and extends that reached by Fromageot and Wunnser 
(loc. tit,). 

If the conclusion put forward as a result of a study of the adsorption of 
acids is correct, it should be possible to demonstrate a similar relation in the 
case of the bases. Bases should tend to be most adsorbed in alkaline solution. 
The following experiments show that this is so. 

The Adsorption of Normal Amines. .The results for the two amines investi¬ 
gated, w-propylamine and butyl amine are shown in figs. 4 and 5. In the 



Fig. 4.—Showing the influence of hydrogen ion on the adsorption of n-propylamine. The 
adsorption is expressed in milligrams per 200 mg, of charcoal from 20 c.c. of solution 
containing orginally from I* 89 to 1 *92 mg. per cubic centimetre. 

case of the bases the adsorption increases progressively with increasing 
alkalinity of the solutions, and therefore with decreasing ionisation of the 
bases. In these cases, however, the curve does not rise abruptly like those of 
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the carboxylic acids and cannot therefore be correlated directly with the ionisa¬ 
tion curve. Several possible explanations of this phenomenon may be given, 



Fia. 5.—Showing the influence of hydrogen ion on the adsorption of n-butylamine. The 
adsorption is expressed in milligrams per 200 mg. of charcoal from ?0 c.c. of solution 
containing originally from 1-66 to 1*71 mg. per cubic centimetre. The hydrogen 
ion concentration is expressed in units. 


but it is thought better to leave the question until more work has been done. 
The results obtained with the amines support the general view that adsorption 
increases with decreasing ionisation. 

It must not be forgotten in this connection that the purified charcoals had 
been treated with acid. Subsequent to this, they had been heated to a high 
temperature. Experiment has shown that these charcoals give a neutral 
extract with water and that a current of air in which a sample of the charcoal 
has been ignited is free from hydrogen chloride ; but the possibility that very 
minute traces of acid are still present in the charcoal and are influencing the 
adsorption of the bases cannot be entirely ignored. 

Section IL The Adsorption of Amino Adds .—In Section I it has been 
shown that ionised substances tend not to be adsorbed, so that it would be 
expected upon the classical view of the ionisation of the amino acids that there 
would be a maximum adsorption at the iso-electric point, the region of least 
dissociation. It has been stated, especially by Michaelis, that the simple amino 
acids such as glycine are not adsorbed by charcoal at any pH. We doubted 
this statement at the outset of the research upon theoretical grounds, but it 
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has been completely confirmed for the mono-amino-mono-carboxylic acids 
studied. Both glycine and alanine showed no adsorption at any pH. The 
experimental results for alanine are shown in the table. It would seem 
therefore that the adsorption of the mono-amino-mono-carboxylic acids 
(R-CH a -NH a -COOH) cannot be predicted by supposing them to behave as a 


Table.—The Adsorption of Alanine. 

The “ nitrogen volumes ” are those determined by analysis in the 
van Slyke apparatus. 


! 

Solution**. 

Nitrogen volumes 
corrected for dilution 
by buffers and blank. 

Adsorption in mg. of 
amino nitrogen per 

200 mg. of charcoal. 


o.c. 

mg. 

Proofs . 

2-70 

— 

Dilute HCJ, pH. 2 . 

2-70 

0 00 

Acetate buffer, pH 3 . 

2*68 

0*01 

Phosphate buffer, pH 4. 

2*70 

0*00 

Alanine solution, unbuffered, pH 4 

2*66 

0*02 

Acetate buffer, pH tt .. 

2*09 

0*00 

Phosphate buffer, pH 9 

2*08 

0*01 


mixture of a weak acid and a weak base. Experiments upon the di-carboxylic 
mono-amino acids, aspartic and glutamic acids, showed that they w T ere slightly 
adsorbed with a tendency to a minimum at pH 5. This effect was, however, 
slight. The maximum adsorption was in fact never more than 10 per cent., 
so that more experimental work is needed to establish it with certainty. It 
may be concluded that the simple amino acids per se do not show the profound 
changes in adsorption shown by the normal weak acids and bases. 

In view of the work of Warburg* upon the oxidation of the amino acids 
upon the surface of charcoal, it was necessary to establish that the effects 
described in this paper could not be due to the oxidation of the substances 
concerned on the surface of the charcoal. A consideration of the variety of 
the effects alone is sufficient to exclude such a possibility, but in order to make 
certain we carried out a few experiments in a Barcroft apparatus upon the 
oxygen uptake of the charcoal used in the presence of aspartic acid. The 
results of these convinced us tliat the effects of catalytic oxidation could be 
ignored in this connection. 

Histidine and Histamine .—It was considered of interest to study the 


* ‘ Biochem. Z./ vol, 119, p. 134 (1921). 
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adsorption of a ring umino acid. Histidine was therefore studied, and also 
the base histamine in order to provide an interesting comparison. 


CH—N 

\ 

CH 

/ 

C—NH 

I 

CH. 

I " 

CHNH, 

COOH 

Histidine. 


CH—N 



II / 

C—NH 

I 

CH, 

I 

ch 2 nh 2 


Histamine. 


Both of these are of biochemical interest. Whereas histidine is a normal con* 
stituent of proteins and is one of the amino acids especially needed in nutrition, 
histamine is a powerful excitant of smooth muscle tissue, and generally has 
marked pharmacological projMirties Any striking difference in adsorption is 
likely to be significant in interpreting the differences of action between these 
two substances. 

Bhg. 6 gives the results obtained. These show that histidine and histamine 
follow a similar curve form pH 3 to pH 7*3 approximately, their adsorption 
rising rapidly between pH 4*5 and pH 6*5. To the alkaline side of pH 7*3 
the curves deviate. WTiereas the curve for histamine rises rapidly to com¬ 
pletion (within the limits of experimental error), that of histidine tends to fall. 
It is interesting to find out whether the curves obtained can be correlated with 
the known dissociation constants for histidine. According to Harris ( loc . 
cit.) the curve for Kb lies between the limits of pH 4 to 7 approximately, and 
that for Ka between 7 and 10. The point at which these curves cross is about 
pH 7. That is to say, the percentage of unionised molecules is maximal at 
pH 7 which is sufficiently near the turning-point of the histidine curve to 
suggest that the two phenomena are closely related. The marked deviation of 
histamine from histidine to the alkaline side of pH 7*5 can only be attributed 
to the absence of the carboxyl grouping from the former; further, as the simpler 
amino acids showed no adsorption, the rise from pH 4 to pH 7 must be correlated 
with the ionisation of a basic grouping. Hence these results are quite consistent 
with the classical view of the dissociation of the amino acids, according to 
which in the case of histidine the change in ionisation to the alkaline side is 
due to the ionisation of the carboxyl group. On the other hand, the results 
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Pig. 6. —Showing the influence of hydrogen ion concentration on the adsorption of histi¬ 
dine (circles), and histamine (triangles). The adsorptions are expressed as percentages 
of the total amounts originally present in solution which are adsorbed by GO mg. 
of charcoal. The hydrogen ion concentrations are expressed in pH units. 

for alanine and glycine cannot readily be reconciled with such a view. Whether 
they are explicable by the newer views of the constitution of amino acids,* 
it remains for further work to determine. 

Discussion of Results .f 

In the cases of the acids and bases studied there is a pronounced decrease 
in adsorption with increasing ionisation. For the acids the fall in the adsorption 
may be correlated almost quantitatively with the percentage of unionised 
molecules present. For the amines the adsorption is maximal in alkaline 
solutions in which the ionisation of the bases is virtually nil, and the adsorption 
is virtually nil in acid solutions in which the ionisation is maxima). The 

* Bjarrum, 4 Z, Phys. Chera./ vol. 104, p. 147 (1023). 

f We have assumed for the purposes of this research that the effects obtained have 
taken place at a carbon-water interface. It is likely, however, that conditions at any 
interface are rendered very complex (Hardy, 1928) in view of the profound effect of small 
traces of impurities. No special attempt was made to remove adsorbed gases from the 
charcoals used in our work. 
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decrease in adsorption with decreasing pH is in these cases too gradual to be 
compared quantitatively with the ionisation curve of the base. These results 
confirm, amplify and extend the conclusions of Fromageot and Wurmser. 

From these results it is reasonable to conclude that adsorption proceeds 
through the medium of unionised molecules. This conclusion has also been 
reached by Schilow (loc. tit.) and others. Hydrolytic adsorption of the Hodiixm 
salts of the simple acids such as that observed by Miller (loc. cit .) has not been 
noticed, nor has there been found molecular adsorption of these salts such as 
that described by Kolthoff (loc. cit.). With the charcoals used in this work the 
adsorption of succinic, propionic, and caproic acids is nil in solutions of acidity 
corresponding with the existence of their sodium salts. As Miller and Kolthoff 
used sugar charcoals this difference in the properties of two different forms of 
pure carbon is of interest. 

The theory advanced by Bartell and Miller* seems to be untenable for 
the weak acids and bases, as it assumes that adsorption takes place through 
the medium of the ion, although the final result may be the adsorption of the 
molecule. 

The results described here are consistent with Langmuir’s theory of adsorp¬ 
tion from solution,f if the charcoal is pictured as an uncharged surface. 
According to this theory there is a kinetic equilibrium between molecules 
arriving at the surface from the interior of the solution, and those passing from 
the surface to the interior. Hence adsorbed molecules are continually being 
displaced by solvent or solute molecules. It is possible that entry into the 
surface by the ions is largely prevented by surrounding water sheaths (hydra¬ 
tion). In the case of charcoal, it is likely that the kinetic equilibria are com¬ 
plicated by capillary effects (as has been suggested by Langmuir). 

Some Biological Considerations. 

The predominance of surface in the reactions of the living cell makes a 
discussion of these findings of interest in this connection. Charcoal is perhaps 
the nearest approach which we have to a neutral surface. Though it is certain 
that many of the cell surfaces are charged, adsorption effects due to this might 
be expected to be superimposed upon any which would take place in its 
absence. Some idea as to such underlying events can be obtained from these 
results with charcoal. In the absence of specially charged surfaces, we learn 

* * J. Phys. ChemV vol. 28, p, 992 (1924). 

t Langmuir, * J. Amor, Chem. Soo/ vol. 39, p. 1848 (1917); Henry, * Phil Mag./ vol 
44, p'689 (1922). 
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that at the reaction of the living cells (say pH 6 * 6 to 7 ■ 4), simple weak aliphatic 
acids will not be adsorbed. The simpler weak bases will be slightly but 
definitely adsorbed. Hence there will be no accumulation at the interfaces 
of the cell of such substances as lactic acid or of ^-hydroxy-butyric acid, unless 
such acids become attached to basic portions of protein or to other surfaces 
which may happen to have some basic dissociating group. Doubtless the 
considerable adsorption of the bases, which rises especially to the alkaline side 
of the true neutral point is of real significance in regard to their physiological 
activity. It can be imagined for instance that if the slightly adsorbed 
histidine becomes converted by some enzyme system in the cell into the 
strongly adsorbed histamine, in the course of which the solution immediately 
adjacent to the surface is made more alkaline, then ideal conditions for action 
of the base at a surface would be reached. The case of the amino acids is 
peculiar. A neutral surface does not apparently adsorb the simpler amino 
acids. Why is it then that such acids upon injection into the blood stream 
leave it again so rapidly for the tissues ? To quote a definite instance, Seth 
and Luck 1 ** have shown that 1 gm. of glycine injected intraveneously into the 
dog, disappears from the 'circulation almost completely in a matter of 
17 minutes. Similar results were obtained for alanine. Mere distribution will 
not explain these results. They may possibly be partly due to ready synthesis 
to peptide in the tissue, but it seems to be likely also that they indicate the 
presence of some charged surface able to retain the acids. There would seem 
to be little doubt that the facts described here must be taken into general 
account, even if they require to be modified iu detail to suit the particulars 
of specialised structures. 

Summary . 

The influence of hydrogen ion concentration upon the adsorption of various 
substances by purified charcoal has been studied. 

In the case of propionic, eaproie and succinic acids, adsorption decreases 
with increasing alkalinity between the limits of C H 10~ 3 ‘°~10“ 7f °(pH 3'0-7*0). 
This change follows approximately the ionisation curves of the acids. 

In the case of the bases n-propylamine and ?i-butylamine, adsorption increases 
with increasing alkalinity, becoming maximal at C H 10“ n *° (pH 11*0). The 
effect is not so directly correlated with ionisation. 

The amino acids glycine, alanine and aspartic acid, show no pronounced 
adsorption at any C E . The adsorption of the amino acid histidine has been 

* «Biochem. J. # * vol. 19, p. 306 (1920), 
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compared with that of the corresponding base histamine. The adsorption of 
these substances follow a similar curve from 0 H l()“ 4 * 0 ~]0"" 7 * 8 (pH 4*0~7*3). 
After this they deviate. The adsorption of histamine rising to completion at 
C s 10~ 10, ° (pH 10*0) whereas the adsorption of histidine slightly decreases 
with increasing alkalinity. 

The results with histidine are explicable upon the classical view of the dis¬ 
sociation of the amino acids, whereas those with glycine, alanine and aspartic 
acid seem to require further explanation. 

It is concluded that adsorption in the case of the substances studied proceeds 
predominately through the unionised moledule. 

We wish to express our gratitude to Sir Harold Hartley for the loan of 
apparatus. 


The Effect of a Nuclear Spin on the Optical Spectra , 

By J. Hargreaves, B.A., Clare College, Cambridge. 

(Communicated by R. II. Fowler, F.R.S.—Received April 3, 1929.) 

Introduction. 

Some recent work has been done by Back and Goudsmidt on the “ hyperline ” 
structure of the optical spectrum of bismuth,* and more recently similar work 
has been carried out for caesium by Jackson, f In each of these investigations 
the fine structure was examined closely with a view to revealing a still finer 
structure, and it was found in both cases that the lines attributed to electronic 
spin were themselves composed of several distinct lines. In fact, for caesium, 
each of the fine (electron spin) lines of the principal series was found to split 
up into two ; for bismuth the 'hyperfine structure was more complicated. 
Back and Goudsmidt attributed the structure to a nuclear spin, and working 
out the consequences of this on the lines of the old quantum mechanics they 
found that a nuclear spin of 4| quanta is necessary to account for the facts ; 
a spin of a £ quantum is similarly attributed by Jackson to the nucleus of 
caesium. The hypothesis explains very satisfactorily in a qualitative way the 
results of observation. In the work described in the present paper the methods 

* ‘ Z. Phyeik/ vol. 43, p. 321 (1927), and vol. 47, p. 174 (1928). 
f * Roy. Soc. Proo.,’ A, voJ. 121, p, 432 (1928). 
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of the new quantum mechanics have been applied to the problem. More 
precisely, we consider the motion of a single electron in a Coulowbian field 
due to a nucleus possessing a | quantum of spin. It will be seen that the results 
can easily be extended to the case of any central field, and the principle could 
also be extended to the case of an atom with a nuclear spin of ^(wA/27t), but the 
detailed working out would be very heavy for n > 1 (at any rate, using the 
methods explained in this paper), owing to the large number of wave functions 
which would be necessary to specify any state of the atom. 

It will be seen that the results we obtain are substantially the same as 
Jackson's so far as the energy levels are concerned, but the calculated intensities 
are not consistent with the observed transitions, and we deduce a combination 
rule which is radically different from Jackson’s. 

In the following section we explain briefly the results obtained by an 
application of the old quantum theory. 

§ I. We suppose that the electron has a total angular momentum jh (h will 
be used throughout to denote Planck’s constant divided by 2 tt), where j is 
half an integer (the electron spin is included in j), and that the nucleus has a 
spin of amount ih. Consider the way in which the two angular momenta 
combine, supposing the result to be quantised, and equal in magnitude to f h. 
Then 

\j — i\ <f<\j + i\, 

so that / can take integral or half-integral values (according as | j i | are 
integers or half-integers) between the limits indicated. Hence the total 
number of possible values of/is 2 q + 1, where q is the lesser of the two numbers 
j and i. Accordingly, if we define the total electronic angular momentum 
properly (viz . y j | & ± £|, where* - 0, 1, 2, etc., for the S, P, D, etc., levels) 
we find at once the number of separate levels into which the 8, P, D, ... levels 
split up, when we give i any particular value. 

For ceesium i =» £, and for the S levels j = J so that / = 0, 1 . For the P 
levels/ =: 0, 1, 1 or 2. Each of the spin doublets splits up into two, and there 
are therefore two S levels, and four components for each of the higher levels. 
The case of bismuth is not so simple : i = 4$ and so the maximum number of 
levels is 10. The number of levels for the S, P, D terms are 2, 6,10 respectively. 

The above analysis gives us no clue as to the possible transitions. Any 
state of the atom is labelled by four quantum numbers n, *, j, /. The rules of 
combination for the k and j are of course unchanged, since the total intensity 
of the spin fine-structure lines must remain the same, but we do not know the 
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rule lor /. Jackson’s resuite indicate (as we should expect) that / can only 
change by i 1, or 0. Further rules are given which will be explained later. 

In fig. 1 are shown the multiplet S and P levels, with the appropriate quan¬ 
tum numbers, and the corresponding spin configuration. ThuB t J all( l I f 


P 

0-0 



1 l 
t t 


1 I 
l t 


s 

o-ol 



1 1 
11 


Fig. 1.—The dotted linos represent unobserved transitions. 


indicate states in which the electron spin and nuclear spin are parallel but of 
opposite signs (called antiparallel states), while t j and j j indicate states 
in which they are parallel and of the same sign (parallel states). (We shall 
see that the assumption that in any state the spin axes are either parallel or 
antiparallel is justified.) The first arrow will always indicate the electron. 
Further, owing to the difference in sign between electron and nuclear charges, 
the magnetic moments are of opposite sign. Accordingly the parallel con¬ 
figuration leads to opposite signs in the increments of energy due to the two 
spins. Bearing these considerations in mind it is easy to construct the levels 
shown in the figure. The transitions observed by Jackson are also shown. 
Other transitions were either absent, too weak to observe, or else possibly 
they were too close to those indicated to be separated from them. The figure 
indicates that there are no transitions (or only weak ones) between parallel 
and antiparallel states. 

We might notice before proceeding that a comparison of the observed and 
calculated values of the increment of energy suggests (as indicated by Jackson) 
that the ratio of magnetic to mechanical moment in the nucleus is not given 
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by ejm'c (where m' is the nuclear mass), as we might expect by comparison with 
the electronic spin, but by (approx.) 2e/w'c. It is suggested that this is due 
to the nuclear charge being situated chiefly in the outer part of the nucleus. 
It would seem that this question, as well as the actual amount of mechanical 
moment, is connected very closely with the actual structure of the nucleus 
and its relativistic motion. 

§ 2. The question of the line structure due to electronic spin has been dealt 
with in the new mechanics by Pauli,* Darwin,f and more recently DiracJ has 
shown that the electronic spin itself is a relativity effect. We shall deal with 
the present problem on the lines of Pauli’s treatment, introducing, in addition 
to the electronic spin variables, similar ones for the nuclear spin. It would 
appear difficult to introduce the necessary modification into Dirac’s relativity 
equation, and anyhow such a procedure would introduce two similar effects 
in different ways. Pauli’s treatment was found to yield very good approxi¬ 
mate results for the electron spin, failing only in the determination of the S 
levels, and so we should expect a similar treatment in the present problem to 
yield useful results, though we shall find that the S levels are not given correctly. 
We shall, however, show that empirical equations can be constructed which 
give the correct S levels. 

We have to choose a number of dynamical variables which will be sufficient 
to describe the motion of the system. In addition to the variables x , 
etc., we shall suppose the electron and nuclear spins to be represented by two 
vectors S' — S/, 8/, 8/ and S" = S/', S v ", S r ", respectively. For com 
venience wc write 

S' = \h cr, S" = \hp. (1) 


x > ?/> z * Pv> P«> satisfy the usual quantum conditions aud in addition the 
quantities S/, S/', etc., satisfy the “ Vertauschungs ” relations for angular 
momentum variables, e.g 

S/8,' - S/S/ - iAS/ 

or 


er v <r, — G t rs v = 2 ia x *"J 

and similarly k (2) 

PvP« - P«P» = 2 i P* J 


with similar relations obtained by cyclic interclmnge of the suffixes. Further 
* ‘ Z. Phyaik,’ vol. 48, p. 601 (1027). 

t ‘ Roy. Soo. Proo.,’ A, yol. 116, p. 1 (1927), and vol. 116, p. 227 (1927); quoted as toe. 
tit. I and Q respectively. 

% ‘ Roy. Soc. Proo., 1 A, vol. 117, p. 610 (1928), and vol. 118, p. 861 (1928). Also Darwin, 
* Roy. Soo. Proo.,’ A, vol. 118, p. 664 (1928). 
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any one of the a’s commutes with any one of the p’s, and a a or p commutes 
with any other variable such as x or p x , e.g t , 

v*P* ~ VfP* = 0 1 

h (3) 

(7 X ® — XG x ~0 J 

The characteristic values of the an and p’s must be ± I. The maximum number 
of variables whicli commute among themselves is five, and therefore we can 
express five appropriate variables as diagonal matrices at any given instant 
of time. We choose z, y , z, or*, p„ and hence require to find the wave functions 

+ te y» p«). 

Since cr, and p z may each have only two discrete characteristic values, viz., 
± the wave function ^ splits up into four distinct wave functions which 
we shall write as :— 

<\>{x, y,z, 1, 1) = <M», y> z ) 

(x, y, z, —1, I) — ^ (x, y, z) 

y, *, 1, — 1) = (J» v (®, y, z) 

+ ( x > y> z > — i. —i) =-- ; <J^s (*, y »*) 

We must in addition introduce tlie normalising condition : 

S f+.4».«*T=l > (5) 

o, ft V, * J 

the integral being extended over all space (dr — dxdydz). We chooBe then the 
matrix scheme in which x, y, z, a t , p, arc diagonal, and the wave functions 4» 
are then the eigenfunctions of the Hamiltonian. The conditions expressed in 
(2)and (3), together with the fact that the o’s andp’s have ±1 for their character¬ 
istic values, are exactly the conditions to be satisfied by similar matrices in 
Dirac’s paper,* and therefore we can, by a canonical transformation which 
leaves all diagonal matrices unchanged, bring them to the forms: 



°e— /0, 1, 0, 0\ Gy — /0, — i, 0, 0\ a, — /l, 0, 0, 0\ 

[ 1, 0, 0, 0 \ / i, 0, 0, 0 1 / 0, -1, 0, 0 \ 

\ 0, 0, 0, 1 ) 10, 0, 0, -i J 1 0, 0, 1, 0 I 

V 0, 1, 0/ V 0, i, 0/ \0, 0, 0, -1/ 

P*= /0, 0, 1, (K p v = /0, 0, — i, 0\ p, = /l, 0, 0, 0\ 

I 0, 0, 0, 1 \ / 0, 0, 0, —» \ / 0, 1, 0, 0 \ 

l 1, 0, 0, 0 J l », 0, 0, 0 / l 0, 0, -1, 0 I 

' 0, 1, 0, 0/ \o, *, 0, o/ \0, 0, 0, -1/ 



* ‘ Roy. Soo. Proo.,’ A, vol. U7, p. 610 (1928). 
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This is not a unique solution, but it is the simplest that we can construct, and 
Crowed square matrices are the simplest ones we can use, just as Pauli's 
2-rowed matrices were the simplest in his problem. Larger matrices only lead 
to the repetition of the solutions, and give the same physical results. 

The quantities a, p satisfy in addition to (2) the equations 

OzOy = — a v a 9 •= ia„ etc. (7 } 

We now treat the <t’k and p's as operators and find the a, fi, y, X components 
which are the result of operating on by polynomial functions of the c’s 
and p’s. We therefore consider where g is any polynomial in the c's 

and p's, and contains no other dynamical variable, so that g commutes with 
x. y, z , p x , p v , p z . Our matrix scheme being that defined above we have. 


(x\ y\z\ a/, p/ I g | ... p t ") 

- 9 P/, ?n S (x‘ ~ *") * W - y") * (z f - z") % (8) 


and so 


9* <*’ - P/) = - I <*' ••• ?*\9\ x ” — P ">**■” '*</" *" *<*" - p,") 




<»> 


The a, [i, y, S components are obtained by giving a/, p/ their appropriate 
characteristic values, and are derived from the elements of g in the first, second, 
third and fourth rows respectively of its matrix (as is easily seen by inspecting 
the matrices for a t , p.. in (fi)). Thus if g (obtained by substitution of the 
values for o, p from (fi) in the algebraic exprejwiou'for*//) wh the matrix 


ft = 


then 


«l.l> 

a u to 

«, 3 . 


°‘l. !• 

2’ 

«*.3- 

«».« | 

«3,I> 

to 

a 3.3> 

"3.* / 

««.)» 

a 4. to 

«i.3< 

«<./ 

» + «i.a + «i.3 

+ a 


y no) 


and similar expressions for (9 ^)» (#¥)*• This simple rule is used in 

calculating the results of all such operations in the subsequent work, and it 
seems unnecessary to write down the explicit expressions required. 

Since the o*s and p's commutes the characteristic values of or* ~f p*, etc., 
are the sums and differences of the characteristic values of p 9 separately, 
i.t. ± 2, 0. This means that the spin axes of the nucleus and electron must 
be parallel or antiparallel, and it will he seen later that in any particular state 
the spin configuration is definitely fixed, being as indicated in fig. 1. 

VCXU CXXJV.-—A. 2r 
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§ 3. We now come to the specific problem, being the motion of an electron 
of mass m and charge e in a Coulomb field of intensity Ze/r a , due to a heavy 
nucleus of mass m\ which has a mechanical moment \h. We suppose that a 
uniform magnetic field of intensity H is superposed in the direction O z, as in 
Darwin's earlier problem, in order to make the system non-degenerate. This 
procedure simplifies the work considerably and by making H —► 0 we obtain 
the required results. 

There will be an increment of energy in the system due to the presence of 
the nuclear moment. If p, p 0 are the magnetic moments of the nucleus and 
electron respectively, p 0 is given by 

fjL 0 =s eh/2mc, 

while (j. will be of the order of —ZeA/2 m'c (Jackson’s investigation shows that 
for cflesiura this must be multiplied by a factor which is approximately 2). 
Since p, 0 > fx the problem is really one of a perturbation on the electron spin 
problem. We shall neglect quantities of the order of fx 0 fx, or. in other words, 
we shall neglect the mutual energy of the two spins, and take into account only 
the interaction energy of the nuclear moment and the orbital momentum, 
which is 6i a much greater order. It should be noticed that we neglect ja 0 2 
although fi 0 2 > p. This is quite legitimate for our purpose, since the inclusion 
of (X s would merely lead to a shift in the levels, and not to a splitting up into 
several levels, which is the object of our investigation. 

The components of nuclear magnetic moment are jxp r , jxp k . (xp g , and give 
rise to a vector potential A, (= A,, A r A,), where 



etc. The additional term in the Hamiltonian is therefore 

™ lpA) “ <*■ tv- ~ m> + - + -i 

= 3<p m ). <*» 

where M is the orbital angular momentum of the electron. The term due to 
electron spin is* 

and we see therefore that qualitatively a nuclear spin has the same effect as 
an electron spin. The complete Hamiltonian for the case in which electron 
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spin is included has been given bv Darwin.* We have therefore to add to 
this just the terra in (11). and doing this the Hamiltonian may be written 


H — £ H r , 

r I) 


where 


H» = s 7~ (j»* 2 4 VS + V. 2 ) + V : H, 


2me 


<W, 




H 4 - [*„»«,: H s = ^~(PM) ; H« - pHp, 


mcr 



(13) 


H 0 is the non-relati viatic, non-spin Hamiltonian ; H, is the relativity correc¬ 
tion. where W 0 is an eigen wert of H 0 ; H a is the electron spin correction and Ii 6 
the nuclear spin correction ; while H 3 , H 4 , H 0 arc the energies of the orbital 
momentum, electron magnet, and nuclear magnet respectively in the magnetic 
field H. 

The Schrddinger wave-equation is then 

(It) 


in which W = ih 0/3/; f t = — ih 3/3a?, etc., while the a and p operators are 
interpreted according to (10). Calculating the results of these operations (14) 
may be written as four equations in an ^ ^a and we had immediately 

W+. « (H 0 + H,) {(*. - »*,) ^ S +4 + PoH+. 

- - sS {{ *’ “ ^ ^ + + > aH ^’ (161) 

Wfo - (H 0 + H.) {(*, + t W t ) 4/. - k.4,,1 - P*H^ 

- 1 ^~ *.v» - {(*» — **»)'*'* + ( ir> --) 

w+ t . (H 0 + H,) h - £jj*^ ((k,— iK,) 4,, + k.<m + p,H4, T 

- Hr *'*,) 4-. - «.*,} - |iH^, (15.3) 


* JsOC. Cit. II. 


2 B 2 
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W+, = (H„ + Hj) - ^4’ {(*. + *«,) - *.W - 

Wf'Cf* 


tAeH 


— ^5 {(«■* + «,) v* — «vy«} — i^H^t. 

2/mi iwcr* 


where 


a .a t . 

^ar — 2/ sr* A *r * ®w * 
Cz Vif 


(ir>.4) 


(16) 


The last two terms in each equation are due to the nuclear moment. The 
equations without these extra terms are equivalent to Darwin’s equations twice 
over (with anti. ^ — <J^). 

The solution of the equation 

=, H ff y 


is 


4» — P* * u e- iyk ' Ji * - W, * +1 ( — )PJ(cob 0) e" 1 * r -'Wrf/* < ( i7) 

* * * r ' na 


where 


pj&<*> - - <* -«)' (i - ^i±r % . 


(IN) 


v*/ 2* . fc! 

and a is the radius of Bohr's one-quantum orbit of hydrogen. The following 
relations are taken from Darwin* and will he required later : 

K f iK v) ' - «)P B ,*..+ 1 (l)t) 

(*J! J “*) P*, k. It — * iM T W )P«,*,M—1 J 

P f**«in bdQdtft IP* (coo e)e i '"M i8 =-_■ • ,- 4 ~ (k -f «)!(*-«)! 

Jo Jo 2* + 1 

[ f* sin GdOt/<£P]| (cos 0)Pj! (cos 0) w) * X =±* 0 

Jo Jo 

unlaw k' A ± 1, where 

X ss: sin eos 6, or sin 0 ; 

i J>*** (c “ 91 v - Hrfm^n' ' 


y m 


where Y = PjrJ (cos 6) e <( ” ’»* sin OtT* 

P*.i (co« 0) e - ™* coo 0, or P“J} (coo 0)e sin 0 e**. 

Regarding the problem ao one of a perturbation on the relativity problem 
we write (H 0 + H,)^ = (W 0 + W t ) y. The unperturbed system is degenerate, 

* Lor. eit., 1, p. &; loc, cti, II, p. 234. 
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and> therefore, using Schrodingers perturbation method* we try to find a 
solution of the form 


( 21 ) 



— S P Rt 

k t u 

l-.«exp{ 

-nwo+w, 

+ 

AW. ( k , n)) tjh} 

4^ 

- S6^P nJ 

l:.u 

t.»exp{ 

-nw 0 +w, 

+ 

AW a (jfc, u)) t/h} 


- £ C ktU Pnj 
k.u 

:,u eX P (' 

-i(W 0 +w, 

+ 

AW y (k, u)) tjh} 

4* 

P B , 

A*.t* 

t,u<* X P{ 

-*'(W ) , + W 1 

+ 

AW, (A, u) )t/k} 

the 

a’s, dl s 

are constants, and AW 

„ (A, «), etc., are 


depending on k , u. Therefore 

(W-Wo-Wi) 4>« =5 SAW*(A, w)a fr<ll P Wttttt exp{— i(W 0 H-W 1 +AW a (fc, */)) f/A}, 

( 22 ) 

etc., since W = ihdjbL Substitute from (21), (22) in equations (15), multiply 
each equation by P„ tfc(tt and integrate over all space, noting that (the ortho 

gonality relation) | = 0, unless u' — u. Using (19) we obtain 

from (15.1): 

A W tt (A, w) Jj" Pn,Jk,i|i n,k,u dx 

= ( — (A + w + l)^.i*+l + *«**.«}( \ Vft.k.uPnMud? 

2 me J r 



+ ( U + U a k.u Pn.k t uPn,k.u^ r 



+ ii—{— (& u + ■+• ?ia fc.u} f 3 IVfc.toPn.fc.to 

we Jr 




(2‘i) 

where 

to = (jl 0 H, <*/ = [xH, 


Writing*)* 




4Z 4 wVjio 


* 

and 


cAV *2A(2A+l)(2A + 2) 

■P« -*•£■[£ Pn.fc-P-.k.. dr 

OM'ii 1 

cAV : 3Jfc<2* -h 1) (2Jb St) 

* * Ann. Phyoik,’ vol. 81, p. 108 (1928). 

t D*rwin, too. eft. H, and Walter, ‘ Z. Phyoik,’ vol. 28, p. 825 (1828) 


(24) 
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(23) may be written 

AW. (k, u) a k ' U = p, {««*,. — (k + u + l)£>*,w+i} + (« + 1) <■>»*.« 

+ P 2 {«<**.«! — (k + « + l)c*,„+i} + w**,. (25*1) 

with similar equations from (15.2), (15.3), (15.4), viz., 

AW, (A, u) b hu =■■ p, {— ub kiU - (A — u + 1) + (m — 1) 

+ P* {w5 k> „ — (A w + 1) <4 + (l) (25.2) 

AW r ( k , u) c* # 14 = j3j { + (A + w + J) + ( u + 1) u 

+ + — <*>'<>,« < 25 * 3 ) 

AW e (£, «) d itU — p t {— f«4,„ — (A — « + 1) c*, w -i) + (u — 1) <t>4. u 

+ p 2 {— ud*.* — (i — u + 1) — <o'<4 tU (25.4) 

If we now suppose that AW* (k, u) — AW ^(k, u + 1) = AW y (A\ n + 1) 
AW* (Jb, u + 2) « AW, and in (25.1) to (25.4) write w, u + 1, u + 1, u + 2 
respectively for u s we can eliminate the constants a h ^ b k u +\> c fcitt+1 , 
and obtain a quartic equation for AW. The equations for (25) become 

(AW — (p, + Pg) u — ( u + i) w — <*>} a fc>M + p x (k + u + 1) &*.«+1 

+ P 2 + w + 1 )^*,ii+i = lb (2(5.1) 

{AW + (Pi - P 2 ),(« + 1) - — <*>'} &±,«+i + Pi (* — u)a ktU 

+ Ps (& + u + 2)d* iU+ 2=^= 0, (26.2) 

(AW — (p, — p 2 ) (u + 1) — (u + 2) to 4* <o'} c k ' U +1 + p a (& — u) a ktU 

+ Pi(& + ** + 2)££* fW4 ; a =» 0, (26.3) 

{AW + (Pi + P 2 )(« + 2) - («+l)w + + Pa(fc — w — l)fyk.u+i 

+ Pi (& — w — l)Cfc,«+i~ 0. (26.4). 

In this way we obtain solutions of our equations in which a Ku < 6 fc , u+Xl 

d kt M f2 are finite, other terms being small, the finite terms containing the same 

time factor. 

In the particular case where p 2 — 0 / * 0 equations (26.1) and (26.2) reduce 
to Darwin's pair of equations, and (26.3), (26.4) give the same pair with c, 4 
substituted for a 3 b. This provides a useful check on the algebra. The 
quartic equation in AW in this case has two pairs of equal roots. 

§ 4. So far we have treated the nuclear and electron spin moments on an 
equal footing, but in order to solve the equations (26) we shall treat the nuclear 
spin as a perturbation on the electron spin, since p s K Pi* We may now take 
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H =■ 0 and therefore to — co' = 0, since we are not interested in the Zeeman 
effect. The superposed field has served its purpose of giving us non-degenerate 
solutions in which the AW’s are all different. If we neglect p a we obtain the 
double quadratic equation 

{ AW 2 4 .(5, AW - $*k (i f 1)}* 0 (27) 


giving two levels twice over 

AW = p r k or AW r = — p, (k + 1), 


If, further, 
and 


if, w 


«> ^4,u+Jj 

J/' 

' ” 4, u *f1 9 


4. u+1 » ^ 4, u42 ? 

" 4, u f 1 » « 4. u ! 2 > 


(28) 


are the values of the constants in the two solutions respectively we have 

(ft »)»'k.u + (ft -f « + 1) A't.u+J = <>| 

(ft -- « — ])f'*.«+i+ (ft + « f 2)rf't.u+j== oj 

an<i 

, r# r// 

a *, « - n u j.j 

„ff Jfl 1 1 

* *, *1 + 1 ^ « 


(210 


(30) 


4.V + 2 


We therefore assume solutions (for p a ^ 0) of the form (1) AW s= $ y k 4 Jq 
with increments e,\ e a ', e 3 ', e 4 ' in the corresponding a, 6, c, d, or (2) AW = 
— p 3 (jfc 4 1) 4 $2 w ith similar increments e x ", e 4 ". Substituting in the 
equations (26) and eliminating the e s we get quadratics for S,, $ a , giving to a 
sufficiently good approximation the roots in AW. It will be sufficient in our 
subsequent work to neglect the e’s, but we shall need to find the three ratios 
a : b : c : d in each of the four solutions (only two of these ratios being given 
in (29) or (30)). 

Carrying out the first substitution indicated and neglecting products of S v 
e/, e 4 ', we obtain with the help of (29) 

{(‘2ft + 1)8, + M (2ft + 3)} {*, - M = 0, 

giving roots 

We can similarly solve for S 2 and the results we obtain finally are 
AW -■ j5,ft - M (2ft + 3)/(2ft + 1), M + 

~^(ft+l)- P*{ft + l), or -Mft + l)+Mft + l)(2*-l)/(2ft + l), (31) 
^, and (} 2 being of opposite sign (due to the difference in sign of p, p 0 ) the roots 
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as written are in descending order of magnitude. The ratio a k%u M ©an 
now be found for each root, the other ratios being given by (29) or (30). 

The second and third roots in (31) are exact, as may easily be verified, and 
we could, knowing this, solve the equations for the other roots exactly, but 
this is unnecessary, and anyhow we should have to derive the above approxi¬ 
mations in order to make them manageable. The complete solutions are given 
in the following section. 

§ 5. Using (5), the normalising condition is 

fr, « "I" (bk,n + l 4* «+fe,«+i 

+ dk.t *4 2 Jpn.fc.M+2 P»,*,h+9 d* ^ (*^2) 

Since all the integrands contain the same function / n#fc (r) of r , we shall 
suppose this normalised, and, therefore, using the relations (20), (32) gives 

<* + *> !(*-«)! + («.•« + 4.*+i) (k + tr -f- 1) t (fe — t* — 1)! 

+ din i 2 (k + V + 2)! (k - U - 2) ! « 1. (33) 

The common factor in the integrals (see equations (20)), viz., 

4w/(8i+ l)(2i~l), 

can be absorbed in the normalisation of / Wtfc (r). The complete normalised 
solutions are:— 



(34.1) 


(34.2) 
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III. aw == - M* + 1) - M* + l) 1 

«?,« = (k - u) (k - n - !)/{(* + u) \ (k - U) ! 2k(2k + 1)}; l. (34.3) 

&*.»!-1 — c k, u+l — dk,M+t ~ u k, It J 

IV. AW » - p,(* + 1) + £>.,(k + 1 )W ~ l)/(2k + I) 

' "iu - (* - u) (k -f H 4 l)/{(ifc + „)! (k - u) ! 2k(2k + 1)}; ! (UA) 
l _ j (k- " - 1). 

®k. u+l “ h ' **k. Mil '— "A, « M> n , ' '"T' l ”^ T V * 

(A* it + 1) J 


u can take all integral value** between — (k + 2) and A, since for these values 
at least one of V n k iit P nk P w> * tW . f2 exists, but there are certain special 
cases in which the relations I- IV do not hold as they stand. 

(i) For u = A*, only a k%u is different from zero. If we repeated the work with 
this assumption we should find that only the root II exists for this value 
of tt. However, this is automatically accounted for in the relations between 
the constants, since in I, IIT and IV a kH contains a factor (k — «) which is 
zero for u *=* A*. 

(ii) For u = A — 1, r4.u+s =* 0. Here the root III is missing, and this 
also is accounted for, since in III contains a factor (A — v — 1). 

(iii) For u— ™-(A-fl), 0. The root III is again missing. 

(A + u )! does not now exist, and we therefore express the constants in terms 
of or c ktU+ j. Further in III 

al % = (k - u) (k — v — l)(k + w 4 1)/{(* - n )! (k + w + J)! 2A(2A 4 1)}- 0, 

the corresponding root being therefore excluded. 

(iv) For u = — (A 4 2), only the root II exists. r/ fc( * 42 is now the only 
non-zero constant, and we therefore express the other constants in relations 
HV in terms of it. It is then found that these relations give d ktU + t 0, 
except for the root II, as required. 

All these exceptional cases are therefore contained in the general relations 
1-IV, and need therefore no longer concern us. It is important to notice the 
range of u for the different roots, viz.:— 

Fori, -(i+l)<K(Hl) 

For 11, ~(k + 2) < « < k 

For III, ~A<«<A~2 
For IV, -(*4 !)<»<*-1 
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§ 6 , The method employed has given a wrong result for k^O, since 
| ip n .*. u P n ,fc, u dT is divergent for A — 0 . The nature of the failure is, 

of course, the same as in the case of electron spin alone. In order to make 
this investigation complete in itself we shall assume a solution, showing that 
empirical equations can be constructed which give this solution, and further 
do not alter the solutions for 0 . In the case of electron spin alone the 
solutions of AW are $ x k 9 — $ x (k + 1), and (for a Coulomb field) Ji, contains 
[2k {2k + l)(2k + 2)] -1 as a factor. Therefore although (Jj ia divergent at 
k — 0 we may attach a meaning to lim (; on the other hand — (i, (k -f- 1 ) 

A-* 0 

is divergent at k = 0 . The assumption of the single solution (pi£)*«o 
justified by Darwin’s later work, using the Dirac relativity equation. Further, 
it may easily be verified by a comparison of the two papers that the values of 
the constants a, 6 on this assumption are exactly those found by the more 
accurate treatment of the problem. The difficulties in the present problem 
are quite analogous to those of the earlier one, and therefore we shall, without 
any mathematical justification but encouraged by the success of making similar 
assumptions in the earlier problem, assume two solutions of the form 
m + and [p % k ~ M(2 k + 3)/(2A + l)]*-* 


discarding the other two expressions for AW which are divergent for k =* 0 . 
We shall moreover assume the values of the constants given in I and II with 

k SSS 0. 

In the electron-spin problem the effect of Dirac’s relativity equation is to 
add a term to each of the equations for tfo. This is equivalent to the 
addition of a term — irdtyjdr inside the first bracket {} on the right-hand 
side of (15.1), with similar additions in the other equations (15). These extra 
terms, as shown by Darwin, have the effect of leaving the P, D, and higher 
levels unchanged, while they give the correct levels for the 8 terms. This 
additional term is equivalent to the addition of an operator to the Hamiltonian 

— r ® 


2 mcr 3 Wr ' 


ThiR is equal to 
„ 3 


2 mcr 3 dx 


+ y 3 “ + z 


5 


)- 


*£» (EP). 

me 


where E is the electric intensity. This additional term in equations (15) 
with =£ 0 gives one root corresponding to AW = (p 3 A)*«. 0 . If we add a 

similar term — — (Ep) for the nuclear moment we get the one root 
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{(Pi + P 2 ) This simple addition is therefore insufficient to give the 

two necessary S levels. It is found by trial that the modifications indicated 
in the following equations give the required results,— 

(W - w 0 - W,) - g {(*, - *r.) h + «.+. - ir | *.} 

- (<** - ,K ») - ir §; *«} ■ < 3<u > 

( W - W 0 - W.) +, = - {<*, + iw.) 4». - «r.fc - if !>] 

“ S 5 { (K * ” lKy) + + ir h ^ “ 2i, '£^ v j ’ 

(36.2) 

(W - W 0 - W.) b {(it, - **,) *, + k,<K - ir m 

- {(** + ~"*+> + ir k ^ ■■ 2lV £;■ **} ’ 

(36.3) 

(W - W„ — W,) <J>| = — {(*« + iK y) <K — **'W — * r ^4-t] 

— |(*x + iK v) Ve — **4'* “ " ^T r 7* J • (36.4) 


It is easily seen that these equations give the same P, 1) levels as before, for 
after substitution from (21) the additional terms in (36) lead to integrals 
containing 


r^{r W -* +l<r) ) f *{7 W -*+» (r) }' trfr 


{7 W„, t+ ,(r) 


2 ~|co 


= 0 for k jt 0 , 

since W Hl t + j (r) — 0 (/ +1 ) at the origin and approaches zero exponentially 
at oo. To find the solution for k — 0 we suppose (neglecting second order 
quantities as usual) that, either 

(i) ^ = <|* « V, - 0 , 
or 

(ii) (|/ a S=S — rt, 4 1 * ~ MVo.0, Vt — ' «Pn. 0. (1> 

or 

(iii) 'J'. = ^» = 't'r ~ °» 4 1 * = ^o p ».o.o- 
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* - *> y 

We substitute in equations (36) T multiply by r“ l W„, jj—and integrate! 

■- dU i 

over all space. In (i) 

« 0 AW = V\ „, *! —) r '/ {- W», | (*—)| r*dr, 

u ' 2me me Jr an dr { r an ’) 

AW = [i 1(0 + Pa ( o 

say. Case (iii) gives the same solution tor AW. In case (ii). 


AW — fi 1(0 6 0 [i 2t0 (b {) 2c w ), 

r 0 AV\ = fij.o c> o Pa.u ( c u 

therefore, 

[AW (Pi.o + p2.o)HAW (Pi.o 3(i^ 0 )] “ th 


giving the desired solutions. Further the relations between the constant a 0 , 
A w? c u , d 0 in case (i), (ii) (with AW = (Si >0 + p a#0 ), an( i (iu) are exactly those 
obtained from II in § 5, putting k = 0, and m = 0 , — 1, — 2, respectively. 
Also the values of the constants in case (ii) with AW = p 1#0 — 3p tt 0 are 
exactly those obtained from I, § 5, with k =» 0, u = — I. These four solutions 
are, moreover, the only ones we can obtain from I and II with k = 0. 

§ 7. Before proceeding to find the intensities of the various transitions we 
shall consider the assignment of appropriate quantum numbers to the levels 
I-IV. In order to do this we shall find the value of the total angular momentum. 
The orbital angular momentum has been shown to be equal to \/[k(k + 1)] A. 
We shall try to find the total angular momentum of the system in the form 
VI /(/+ 1)]A, and take / as the new quantum number, so that we shall then 
have five quantum numbers to describe a state of the atom, via,, », k » m* 
<“ H + h /* 

If Jt % is the matrix which represents the square of the total angular momen¬ 
tum we have 


— (m - s Pv + hha t + ^p*) 2 + ... + ... 

- ((W. ~ *?»)* 4- ... + ...1+ h{(n, + p«) ( VP . — *f>,) + — + —} 

4- — {<t» 8 4- p«* 4- 2<r x p. r 4- ... 4- "•} (H7) 

We have to find the diagonal element# oLJP in the matrix scheme in which 
the Hamiltonian is a diagonal matrix, so that if M 2 is a typical element 


M* = Z f dr. 

«. J®, 7 . I J 


(38) 
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The first term in is due to the orbital angular momentum and therefore gives 
a term k (k + 1) A 2 in M 2 . The second term in M % written as an operator is : 

— ih % |( jf ^ — 2 (<r x + p,) + etc. | = — ib? {*, (<r, + p,) + etc.}, 

and the corresponding part of M 2 is 

— ih 2 j 4„ { K x (y« + 4y) — i* v (4,» -f 4r) + 2*,4„}d~ 

— ih 2 f 4 W (4« + 4*) *4 (4« — 4«)} 

— a* j 4 > {«* ( 4 « i- 4 .) + ( 4 « — 4 *)W~ 

— tA*j 4* {** (4n + 4>) "4 "M4 s t 4») — 2»f,y ,}<!-. (39) 

The third term in J/' 1 is, since <t 2 — 1. etc., 

■'Jr r JA* to»p* t ••• 4 •••)• 

giving a term in M* wliich is 

* _ __ _ _ 

*A* 4 |A* | 14-4- + 4p< a Vr “ 4/s) 4 4r( a 4* 4r) 4 4*4*I' /t > (40) 

Using (19) and (20) the terms in (39) and (40) can be show n to give 

*A* 4 2«A*«* „ (A : u) ! (k . «) ! 

- 2 (m i- 2 K, t ,() r " : 2 )! (A - n - 2 )! 

— 2 A® (k « t 1)! (A — «)! «*. u (A*,«fj 4 j) 

-- 2A*(A « — 1) • (A f « t 2)! dk fU [ i (b kiV f- c* „,,) 

4- (A + «)! (A - «)! f <£*+. (A f « r 2)! (A - « - 2)! 

+ (4A*,„ 1 1 o*.«4i - X, + i - cf., + i) (A 4- « 4- 1)! (A — « — 1)!]. 

Using the relations I IV, § 5, we can show at once that the different values of 
M* are, 

tor I, M* = A (A f 1) A*, so that / = A 
II, M* = (A 4- 1)(A 4- 2) A*, /A 4- 1 

III, M* = (A — 1) AA S / = A — 1 

IV, M* " A (A 4 - 1) A 2 / = A 
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This provides a justification for the quantum numbers assigned by Jackson to 
the four levels. It is dear that states I and IV have zero for their character¬ 
istic values of a x + p*. etc., while IT and III have + 2 and — 2 respectively. 

We can show in a similar way that the magnetic quantum number 
m* ts= u - j- 1, or that the total angular momentum round an axis parallel to 
an imposed uniform magnetic field is (u + 1) /*. For if M % is the dynamical 
variable for this quantity 

Jt % -■* (xj) y — yp x ) + Ma, 4 Wp, 

= — ih (x — y ~ 1 + \hrs t 4- 

3 

~ — ih 4" \h?, 

(if> being the azimuthal angle), so that the diagonal elements M, are given by 
M, — E ^ [ if.[j — ih + \!ks, + Up, ) i|) |^(/t 

= — ih S -f \h — 2^* 4 1 *) ^ 

= uh j 4/.4»«rfr + (w 4- 1) A j* (tfotj's + 4 tW ,l ~ 

+ (u 4- 2) h j <fi (pi d-t 4- h | {<£„<{/„ — dr 

— (« 1- l)/< j(£$.<{<,)<*T 

= (« + l)*. (48) 

Hi nee w can take all integral values between — (k 4~ 2) and k, tn* can take 
values between ± (k 4- 1), as we should expect on the grounds of the old 
quantum theory. 

§ 8. The algebraic formulae for the intensities are easily obtained. We 
already know that the possible changes in k, j are AJfc — ± 1 • A j—±. 1, 0. 
The fact that our investigation leads to the formerly known results when we 
put (J 4 = 0 is sufficient verification of this, though it may be easily verified 
algebraically. Therefore, the only lines whose intensities we shall calculate 
will be thoBe shown in fig. 2, between states with quantum number k, and states 
with quantum number k — 1. It is easily found by the formulae obtained 
below that the only changes in / are A/ — ± 1, 0, the transition for A/=; 2 
being forbidden (these are shown dotted in fig. 2). 
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Simple formulae for the intensities of the transitions (4, u) -+ (k — 1, « — 1), 
(k. n) ~*(k — I, «), (A:, n) -+(k — 1, n + 1) (Zeeman effect), have been given 



Fia. 2. 


by Darwin* for the electron spin doublets, and we shall merely require an 
extension of these. In finding the relative intensities of the lines of the multi- 
plot structure we may neglect the part of depending on r f since this is exactly 
the same in all the components. The total intensity of a transition from a 
.state with wave functions ^ to another with functions <J/ (the «j/s and 
being normalised) is given by 


2 If, * +.*'>!*. 

z f y, ? I J 1 


Using the formula? given in (20) we obtain formulae exactly analogous to those 
of Darwin, 

y* - k - 1 \ 

\u u - 1 / 

- [<4 + n )! (k - u )! 1* | - (b k . u+1 

^ »_L {k±u±l)Jk±u±2) , ,, I* 


( bk ,»+ 1 ^ fc - 1.1 


+ c k.M + l c 'b~l.n) 


1) (k - «) 


die. utt d k- l.nt , 


< * ■ "* k n 1 ) * 4 K* + M > ! <* " **> ! r [«*. • «V -i.. 

, k -f- w 4* 1 L , , „ v 

i * * ^_*" w~H ® "i ^ fc—l. 

. (I + « + 1 ) + U + 2 ) , ,, l a 

+ (T=V) (it -'7-“ l ‘“ +8 * 

* £<*:. eil. II, p. 242. 


(44.2) 
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. 14 4*1 


( k H - J7 I) = L(* + ! (* - «) ’ 1* . 

t ~f" U -f- 1 1 1 , c \ 

~T -JI I 0 fc~!.<* + 2 r tt-fl c Jfc— 1. u- 42 / 

a; — tt 


+ 


(* 


11 + •) (I + «■ r - 4 ) J /J| Q\ 

(1 — u) (k — u — 1) -I 


1 ) 


These formulae give the intensities of the Zeeman components, and we- obtain 
the total intensities by summing over all the possible values of n, as given in 
(38). We have simply to substitute in (41) the values of the constants a, b, 
c, d given in I IV, §5. The intensities thus calculated of the Zeeman com¬ 
ponents of the lines marked 1 10 in fig. 2 are given as follows 


0 ) 

( 2 ) 


(S) 


(4) 


(• r ») 


(«) 

(7) 

( 8 ) 

<») 

( 1 «) 


(1 + 1 ) ( 2 ft - 1 ) 
k (2k + 1) 

'Ik - 1 

KH- i)(2ft + 1) 


(61* - 21 — 2 - 4m. - 2-/*); 


(2k 2 {- 2k f 2 + 4m + 2 u 2 ); 


1(21 - 1 ) 

(k + 1) (21 + 1) 

_ 1 _ 

k 2 (2k + 1) (2k - 1) 

2k +• 1 
k 2 (2k - 1) 

2k 1 


(61* + 10/S* f 2 - 4 «. - 2 m*) ; 


(61* f 2k - 2 - 4 m - 2m*); 


k (2k + 1) 
1 


1*(21 + 1 ) (21 - I ) 
1(21 + I) 


(1 — 1 - 2 - 3m - m*) ; 

(21* + 21 + 2 -f 4 m 4 2u*); 

(1* - 31 + 2 (21 - 3) u + m*) ; 


(1 - 1 ) (21 — 1 ) 
21 4 1 


1(1 4 1) (21- I) 


(61* - 141 + 6 - 2m* - 4m); 
(21* - 21 + 2 + 4m + 2 


(21+ I) (1 I) 

1 (21 - 1 ) 


(61* - 21 - 2 - 4m - 2m*). 


In the first place, to our order of approximation the relative intensities are 
independent of the amount of separation. It appears that of the first three 
lines (2) is weak compared with (1) and (3) owing to the comparative smallness 
of the factor (2ft — l)/[ft(l + 1 )(2i + 1)]. For a similar reason (7) is weak 
compared with (8) and (10), For the rest we can say little as to the com- 
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parative strengths, as u <?an in ail cases take positive and negative values. The 
intensities could be summed for all values of u, but instead of carrying out this 
laborious calculation the numerical intensity ratios of the D series and P series 
have been determined. For these we simply sum the intensities of the lines 
(1) -(10) over the appropriate ranges of u for k = 2,1 respectively. The results 
are shown in fig. 3, together with the spin axes configuration. 


is 

Relative intensities 



Fxo. 3. 


It appears that the strongest linos are those in which there is no change in 
the spin configuration, while the next strongest are those in which there is one 
change, either that of the nucleus or that of the olectron. The weakest are 
those in which both directions are reversed. The line / = 0 -*■/ = 0 in the P 
series is accidentally zero (as is commonly the case for A j = 0). The ratios 
of the total intensities for transitions j — $-* j ~ h j — $ -* j — ({•, 
j a* | -*j ~ for the D series are 9:5:1 which agrees with the previous 
well known results for electron spin fine structure. Further the ratio of 
the total intensities for the lines j — j| -» j — J and j *=■ $ -* j — $ in the P 
series is 2 :1. These results provide a useful check on the numerical work. 

Jackson has only observed the P series, and the lines which he observed are 
shown in fig. 1. A comparison with fig. 5 shows a divergence of results in the 
transitions j «s £ -*j *= Whereas we have found a strong line and two equal 
lines of half the strength, Jackson has found two distinct lines only. It should 
vol. oxxrv.— a. 2 s 
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be noticed that the rule we have deduced for the relative intensities is quite 
consistent and holds good for the I) series as well as the P series. 

The separations of the electron spin doublet levels due to nuclear spin are 
given by 

- (2ft + 3)/(2ft f 3) - p s ft - - 4 ( k + l)/(2 ft + 1) 

and 

- M* + 1) i P. (* + 1)(2* - i)/(2ft + 1 ) - - 4 $ 2 k(k + l)/(2ft + 1). 

so that the separation is the same for each doublet. The ratio of this to the 
electron spin separation is 

-4t(ft+i) gj 

(2* + lJ* ’ p/ 

This differs from the ratio given by the old mechanics bv a factor 

-ik(k+\)i(2k + \r 

(or, in the case of the P levels 8/9). This does not affect appreciably Jackson s 
conclusions as to the magnetic moment of the nucleus. 


Summary. 

Using six dynamical variables for the spins of the nucleus and electron, the 
effect is calculated of a nuclear mechanical moment \h on the optical spectrum 
of an atom with a central field, and the results compared with Jackson's recent 
observations for caesium. It is found that each of the electron spin fine 
structure levels splits up into two. The method employed gives the wrong 
rasult for the vS levels, but empirical equations are constructed which give two 
levels (as required by experiment and elementary quantum theory considera¬ 
tions). The total angular momentum for each level is calculated in the form 
VUif+ 1)]^ a &d a new quantum number / accordingly assigned. The 
angular momentum round an axis parallel to the direction of a superposed 
uniform magnetic field is also calculated, thus fixing the magnetic quantum 
number. The intensities of the Zeeman components of the transitions are 
calculated and are found to be independent of the central field, while the rule 
A/-±1.0 is found. In particular the numerical values of the relative 
intensities of the lines of the P and D series are calculated. It is found 
that those transitions are strongest in which neither the spin axis of 
the electron nor that of the nucleus is reversed, the next strongest 
being those in which one is reversed. This does not agree with Jackson’s 
results, from which he deduced that there are only weak transitions (if any) 
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between states in which the spin axes are parallel and antiparallel respectively. 
The separation of the electron spin fine structure levels differs from Jackson’s 
estimation by a numerical factor which for the P levels is 8 / 9 . 

I desire to express my best thanks to Mr. R. H. Fowler, F.R.S., and to Dr. 
P. A. M. Dirac for their invaluable advice and criticism. 


A Comparison between the Behaviour at the Ac 3 Point of Single 
Crystal Iron and Polycrystal Iron , both in the Strained a'nd 
Unstrained State , 

By H. Quinnky, M.A. 

(Communicated by G. I. Taylor, F.R.S.—Received April 10> 1929.) 

The experiments described here were undertaken with the object of investi¬ 
gating the effect of the initial crystal size on the behaviour of pure iron, during 
its passage through the Ac 3 point, when the iron changes its allotropic form, 
and the crystalline structure changes from the body centred cubic lattice 
arrangement to the face centred cubic lattice. 

The energy of a crystal may be considered as consisting of the energy stored 
in the substance of the crystal itself and the energy stored in the surface, this 
surface energy being similar to the energy due to surface tension in a liquid. 
The energy per unit mass should be less in a specimen cut from a single crystal 
than in a specimen consisting of a number of crystals. Also, if a specimen is 
overstrained, it will contain additional energy due to the strain, and the strain 
will produce a greater surface energy. 

It seemed probable that the difference in internal energy would affect the 
behaviour of the iron at the Ac 3 point. There might be a difference in the 
temperature at which the allotropic change occurred, and there would probably 
be a difference in the heat evolution. 

Single crystals were prepared about 1 inch by \ inch by & inch and for each 
crystal a temperature time chart was taken. The crystal was contained in a 
silica tube which was heated in a suitable resistance furnace with a fixed steady 
current sufficient to raise the temperature of the furnace to well over 1000 ° C.* 

* Actually the highest temperature attained was never allowed to exceed 980° C. owing 
to fear of a change in the calibration of the thermocouples used, which were of the Pt-Pt 
Eh type. 


2 S 2 
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The silica tube was connected to a hyvao pump, and the pump was kept 
running continuously throughout the test so that oxidation was prevented 
during the process of heating. 

The thermocouple was bedded in the centre of the crystal. A small hole 
was drilled of sufficient diameter to insert the thermocouple, which was 
previously insulated with a very thin layer of pyruma putty burnt hard before 
attaching to the crystal. The leads (which unavoidably were partly included 
in the furnace) from the crystal to the cold junction were protected by a heavy 
porcelain tube, and the junction of this tube to the crystal was likewise sealed 
with pyruma putty. Actually, the specimen was placed in the hottest part 
of the furnace, so that the temperature of the thermocouple wires fell off as 
the distance from the crystal increased. Readings of temperature were taken 
on a galvanometer (fitted with anticreep suspension) at intervals of a quarter 
of a minute. 

The results of these testa indicate that there is no difference in the temperature 
of the Ac 3 point, whether the iron on being heated the first time passes from 
the single crystal to the polycrystal state on passing through the Ac s point, 
or, as is the case on heating a second time, passes from the (3 to the y state in 
the polycrystal state. There is, however, a marked difference in the form of 
the temperature-time curve at Ac 3 according as the transformation takes 
place on first passing through the Ac 3 point when the single crystal is converted 
into the polycrystal state, or, as is the case on second heating, when the change 
t is from (3 to y, but in the latter both the {3 and y states are of the polycrystal 
type. 

In fig. 1 three curves are shown. Curve 2 shows the temperature-time 
relation when the single crystal passes through the Ae s point, and curve 3 
shows the temperature-time relation when the resulting polycrystal iron on 
being again heated passes through the Ac a point. 

Curve 1. fig. 1, shows the two curves 2 and 3 superimposed. It will be seen 
that the portion of the curve beyond the critical point is continuously lower in 
the case of the single crystal than is the case when the change from (3 to y 
occurs with the small crystals. It may be assumed that the rate of supply of 
heat to the furnace is identical in the two cases. If one knew the exact form 
which the temperature-time curve would assume if there were no absorption 
of heat at the Ac 3 point, one could estimate the amount of heat absorbed at this 
point by measuring the distance AB, fig. 1, by which the observed curve drops 
below the hypothetical curve. Actually we do not know exactly what this 
curve is, because it is not exactly a straight line, and any change in the specific 
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Fro. 1b. 

This scale for temperature is T =s 27° C. 

heat of the metal at the Ac 3 point would alter the elope. On the other hand 
changes in specific heat, if they occur, might he expected to affect both curves 
1 and 2 equally, hence the difference shown as CD in curve 1, fig. 1, is a measure 
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of the heat absorbed. It was found, however, that if the temperature-time 
curve below the Ac 3 point was produced as a curve with uniform curvature 
it is approximately parallel to the observed curve above the Ac s point. This 
indicates that the change in specific beat is small. 

The fact, that when the curve is produced in this way it is approximately 
parallel to the actual observed curve after the Ac a point, enables us to estimate 
the true drop of temperature due to the heat absorption in any particular case. 

This temperature drop AB is not that of the specimen only, but that of the 
specimen and a certain proportion of the furnace. The heat of the furnace 
cannot be determined directly. 

It is possible, however, to arrive at an estimate of what would be the drop 
in temperature if the heat absorbed were confined to the specimen only by 
making experiments with specimens of different cross section, and for this 
purpose observations were made with a round specimen of Lowmoor iron nearly 
filling the cross section of the tube, and of length rather more than a third that 
of the furnace. This specimen was then turned down until its cross section 
was only 0 * 312 of its original section, and observations again taken in the same 
way. The results are shown in fig. 1a. 

The temperature lag AB was 1*12° C. for the large specimen and 0*67° C. 
for the small one. 

If C ri is the heat capacity per unit length of the large specimen and C r2 
of the small one 

C n : V r2 = ratio of cross sections = 3*2:1. 

This ratio is also the ratio of the total amounts of heat absorbed at the 
Ac s point, for these two specimens. If the heat capacity of the furnace per 
unit length is K r then the ratio of the temperature lag in the first case to that 
in the second is (K, + C r2 ) x O fl /( K, + C f3 ) X C r2 - This is measured by 
1*32/0*67 ; and since C f2 = 0*312 C fl we have 

0-312 1)312 + K f/°f l _ i_!2 _ „. 445 . 

1 + K,/C„ 0-76 C„ 

If the heat could be prevented from escaping from the furnace the drop in 
temperature would be greater than 1*12° C. in the ratio. (C rl + K f ) : C n , 
wo have therefore 

D/ — 1-12 (C„ + K,)/C rl = M2 x (1 + 0-445) = 1-62° C., 

where D, implies the drop in temperature in absence of heat capacity of 
furnace. 
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The same method that wan applied to determine the heat capacity of the 
furnace in the case of round specimens was applicable to the rectangular 
specimens. It is not possible to use directly the value of K, obtained from the 
experiment with round specimens because the rectangular specimens were 
not long compared with the diameter of the furnace. On the other hand it is 
to be expected that the same value for the affective heat capacity of the furnace 
would approximately be applicable to experiments with one, two, or three 
thicknesses of material, provided the length and breadth of the pieces were the 
same in all cases. Accordingly, separate heating curves were obtained with 
the furnace containing a single flat specimen, rather longer than those used in 
tig. 1, and these wore compared with corresponding curves obtained from testing 
double and treble thicknesses of metal. The separate pairs of curves are shown 
in fig. 1 b. 

In the case of the single crystal specimen* the distance AH was found to be 
O'25 inch, whence the temperature lag = 0*25 inch X 9 = 2*25° C. for 
single thickness, 3*7° C. for double thickness, and 4*68° for treble thickness. 

Calling K the effective heat capacity of the furnace for these rectangular 
specimens, we then have as before in the ease of the round specimen : 


k, f e 


n 


x 




K, + C„ ' C, 3 


3 07 
2*25 


and V n = 2(/j, 


where =-■= heat capacity per unit length of single specimen and C /3 = heat 
capacity per unit length of double specimen. 

Hence 


1 + K / /(J /1 


1 + K//C/J ___ 

2 + K,/C n ~ 

0*815 (2 | 


3*07 x 


- 0*815. 


- 1 *6 -f 0*815 Ky/C/j 0*185 K,jC n 


= 1 *03 - 1, = 0*03 or K,/C n = 3-41, 


and again we have for flat specimen 


11/ =s= 2*25 (I + K//C/J = 10° C., 


where Dy ----- drop of temperature in absence of heat transfer from furnace. 


* The heat absorption for pure iron such as is obtained by decarburizing mild steel is 
much greater than that obtained for ordinary commercial iron such as Lowmoor iron. 
The steel employed for deoarburizing was kindly provided by Sir William Lark©, Chairman 
of The National Federation of Iron and Steel Manufacturers, and the composition was 
according to the manufacturers, Messrs, David Colville & Sons, Ltd., C, 0*15; Si, 0*07 ; 
S, 0*040; P, 0*024; Mn, 0• 47 per cent. 
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Again, taking single and treble thickness, we have in the same way 

C* - 3C„, 


hence 


K, + C r , C n 2-5 


1 + K,/C n _ 5-2 1 
3 + K,/C n 2-5 3’ 


or 


2-5 + 2*5 K,/C n « 5*2 + 1*733 K,/C n , 
KflC n =*= 2-7/0*767 =* 3-52, 


as against 3-42 obtained for curves I and II. Tliis gives 

D/ = 2-25 (1 + KflV/i) = 2*25 (1 + 3-5) = 10-2°C. 

It will be noticed that the agreement between this value and the value 10° C. 
obtained from experiments with I and II thicknesses, is very good, which shows 
that the method employed is correct. 

Examining curves for polycrystal iron in the same way we have :— 
Temperature lag obtained from curves fig. 1 b marked also AB gives for 

single specimen.1 -35° C., 

double specimen.2*16° C., 

treble specimen.2 -7° C., 

using the same symbols as before we have :— 

K/ + C n C,, _ 2vlG 
K, + C„ C n 1-35' 


and since C„ — 2C,!, we have 

1 + K,/C„ _ 2-16 

2 + K,/C!,i 1-35 


X £ 


1-08 

1-35’ 


or 


1 4-JLt 

Cn 




1-35 + 1-35 K,IC fl = 2-16 + 1-08 K^C,,. 

0-27 K,/C n = 0-81, i.e., K f JC n = 3-00. 
Using the curves I and III another estimate for D, is obtained. 
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so that 


therefore 


1 + K,/C, _ 2-7 1 
3 + K,/C, 1-35 3 


0-1 

0-15 


0 * 666 , 


1 + K//C/1 

3 + K//C/! 

1 + K//C/1 


0 * 66 , 

1*98 + 0*66 Kf/C n , 


0*34 K f IC fl = 0*98, 

K f /C n = 0*98/0*34 = 2*90. 


This gives D,= (1 + 2*9) x 1*35 = 5 -26° C. The values of K//C /x for 
polycrystal iron are not in such good agreement as those obtained for a single 
crystal iron. 

The heat capacity for polycrystal iron cannot be appreciably different from 
that of the same specimen when converted into a single crystal, so that KflC n 
should have been the same in all cases. For the single crystals the values 
were 3*41 and 3-50 for the polycrystal they are 2*90 and 3*0. 


Comparison of K f and K f . 

It is of some interest to compare the effective heat capacities of the furnace 
in the two cases. A small difference might be expected because the flat speci¬ 
mens were not long compared with the diameter of the furnace. 

We found = 0*445 and K f /C n = 3*47 (mean value for large crystals) 
and the heat capacities per unit length of the round and flat specimens should 
be proportional, to their cross section. 

These were 0*562 square inch and 0*09 square inch respectively hence 

C fl = C n =: 0*562/0*09. 

Hence we have 

Effective heat capacity per unit length with long round specimen 

Effective heat capacity per unit length with short rectangular specimen* 

0^446 0JJ62 Q.gQ 

3-47 0-09 

This shows, that the effect of length is not great but the difference is in the 
right direction, because one might expect in the case of the short specimen an 
increase in effective heat capacity of the furnaoe due to the portion of it just 
beyond the ends of the specimen. 

The point on the curve, where the temperature is again approaching a steady 
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rate of rise, is an indication of the rate at which the temperature is equalised 
between the furnace and the specimen. 

After a time of absorption of heat the equalising of temperature, as between 
specimen and furnace, to its final steady rate of increase will probably follow 
a law which is likely to be roughly exponential, though the details of the heat 
transfer are much too complicated to calculate. It seems therefore that there 
is some justification for producing the observed curve as though it were an 
exponential until it meets the line representing the Ac 3 change at 910° C. 
This has been done in all cases represented in fig. 1 b. In that diagram B' 
is the point where the best fitting exponential curve meets the 910° C. line on 
being produced backwards, and A' is the point on the extrapolation of the first 
part of the heating curve immediately above B\ The value A'B' should agree 
roughly w T ith the estimated value D f calculated from the value AB. 

The values of I), previously calculated for single crystal were (10° C. and 
10 -2° C.). 

The values of A'B' measured from fig. 1 b in the three cases for single crystal 
specimens were- 

Single thickness.9° C. 

Double thickness.9*9° C. 

Treble thickness.11-52°C. 

It appears that the temperature drop estimated in this way is in very good 
agreement with that found previously. 

In the same way the points A"B" on curves fig. 1 b for polycrystal iron should 
agree roughly with the estimated values for the heat drop for polycrystal 
iron. 

The values of 1)/ for polycrystal iron were D, = 5*4° C. and 5*25° C. 

The values of A"B" were— 

Single thickness.5 * 62° C. 

Double thickness .. ..5 * 58° C. 

Treble thickness.7*20° 0. 

Again, it is seen that there is good agreement between the calculated tempera¬ 
ture drop and the values A"B". 

Estimate of Difference between Singh Crystal Heat Absorption and Polycrystal 
Heat Absorption at the A,e s Point . 

The mean value of K,/C n was found to be about 3*26 and to estimate the 
fall of temperature at Ac a in absence of heat capacity of furnace the observed 
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drop in temperature AB has to be multiplied by (C n + K f )jC fl = 4*25 in the 
case of single thickness and by (2C n -f K/)/2C fl = 2*625 in the case of double 
thickness and by (30/j + Ky)/3C fl ™ 2*08 in the case of treble thickness. 

Taking the difference in the values of AB (fig. 1 b) for single and polycrystal 
iron for these three cases the estimated drop of temperature in each case 
will be : 

Single thickness . . 0*9 X 4*25° 0. = 3*83° C. 

Double thickness .. 1 • 35 X 2*62° C. = 3*54° C. 

Treble thickness .. 2*7 X 2 • 08 °C. =* 5 • 60° C. 

Mean value 1*32° 0. 

We can compare the value 4 * 32° C. with the difference between A'B' and 
A"B"~ - 

Mean value for A'B' 10 • 1 ° C. 

Mean value for A"B" = 6*1° 0. 

difference of mean values ■ 4° C. 

Tt appears therefore that with the iron employed in these experiments the 
difference in heat drop between single crystal and polycrystal states, at the 
Ac 3 point, is about 4° C. 

Change in Heat Absorption due to Plastic Strain . 

The writer owes a great debt of gratitude to Mr. S. Lees, M.A., Hopkinson 
Lecturer in Thermodynamics and Fellow of St. John's College, Cambridge, 
for his help and advice. He suggested, that the difference between the single 
crystal and polycrystal iron at the Ae 3 point could be accounted for, as already 
stated, by the existence of surface energy at the crystal faces of the polycrystal 
iron, rt was further considered, that, if this be the true explanation of the 
difference between single crystal and polycrystal iron on passing through 
the Ao 3 point, then mechanical overstrain, which leads to a breaking np of the 
crystals of the metal might reduce the heat absorption at the critical point in 
question owing to the increase in crystal surface area. 

A number of temperature-time curves of overstrained iron are shown in 
figs. 2 and 3. The overstrain was intentionally of a very severe character 
with a view to producing the largest possible degree of breaking up of the 
crystals before examining their behaviour at the Ac* point. 

Fig. 2 shows in the upper part a comparison between the temperature-time 
curve for a heavily overstrained single crystal and an unstrained single crystal. 
The two curves are superimposed, 1 being the overstrained single crystal and 




Fra. 8. 


The soale for Temperature ia 1" = 48° C. 


2 the results obtained from a similar unstrained single crystal. In the lower 
part a comparison is shown between the temperature-time curve for the 
resulting polyorystal iron and a corresponding temperature-time curve for 
unstrained single crystal iron, these curves are marked 3 and 4. 

It will be seen from fig. 2 that the heat absorption is considerably reduced 
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at the Ac 3 point when the single crystal is heavily overstrained and the heat 
absorption for the overstrained Bingle crystal is more nearly equal to that 
obtained when unstrained polycrystal iron passes through the Ac 3 point. 

A further comparison is shown in fig. 3 between the temperature-time curves 
obtained for strained and unstrained polycrystal iron marked I and II respec¬ 
tively, It will be seen that the curve for strained material actually ends above 
the dotted curve, which is a continuation of the first heating curve. This 
indicates that the ordinary absorption of heat at the Ac 3 point is associated 
with an evolution of heat due to release of strain energy at the critical point 
Ac 3 , and that the net result may be an actual evolution of heat. 

As already stated the precise determination of whether this is so or not 
depends upon a knowledge of the specific heats of the metal before and after 
the critical point Ac 8 .* 

The parallelism between the extrapolation of the heating curve before the 
Ac s point and the observed curve after heating is again observed, and the 
difference in heat absorption, between the strained and unstrained metal can 
again be deduced from a knowledge of the value CD. A mean valuef for CD 
from a number of experiments gave CD 0*055 which represents 0*88° C. 

The specimens were of rectangular cross section and similar to those previously 
examined so that the heat absorption in the absence of heat capacity of furnace 
is obtained from CD in the manner already described. 

Using the conversion factor 4 • 25 previously found for specimens of the same 
size the difference between the temperature drop in the two cases, in the 
absence of heat capacity of the furnace, is found to be equal to 0*055 X lfi X 
4*25 — 3*74° C. 

This indicates that the surface energy is largely released at the critical point 
Ac a when the allotropic change for (J and y iron proceeds in the case of pure 
iron at a temperature of 910° C. 

Farren and TaylorJ observed an increase in the internal energy of metal in 
the overstrained state. They recorded for mild steel an inorease in internal 

* Experiments so far conducted by various investigators into the question of variation 
of specific heat of iron and steel by the method of mixture calorimetry appear to overlook 
a possible change of state consequent on cooling in the calorimeter. In the case of steel 
this may render the values so obtained at fault in so far as heating is concerned. Even 
in the case of pure iron it may well be true that the changes in internal energy consequent 
on variation in grain size above and below the critical point Ac 3 may also introduce errors 
of the same kind. 

f Fig. 3 contains only a selection of the results from which this mean Is taken. 

t 4 Roy. Soc. Proc./ A, vol. 107 (1925), 
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energy equal to 14 per cent, of the work done. The calculated rise of tempera¬ 
ture due to the heat equivalent of the work done was about 1£° C. higher than 
the actual rise in temperature. 

The degree of overstrain was less than that required to produce rupture in 
tension, and as the extent of the overstrain possible in tension is limited by 
the formation of a neck, the majority of the specimen is much less overstrained 
than that which occurs in the neighbourhood of breakdown. 

On the other hand, where temperature-time curves of overstrained iron are 
shown in figs. 2 and 3, the overstrain was of a very severe character. The 
specimens were first compressed, then twisted in torsion and again compressed 
to a rectangular cross section, in order to break up the crystals to the fullest 
extent. 

Although the value 3*75° C. determined from the temperature-time curves 
is in excess of the 1£° C. referred to above, it is possible, however, that 3 ■ 75° C. 
represents less than 34 per cent, of the heat equivalent of the work done. 
Moreover the determination of the value 3*75° C. from the temperature-time 
curve could not be measured to the same degree of accuracy as the experiments 
described by Farren and Taylor. 

Further the overstrained material used in these experiments was pure iron 
whereas in the experiments of Farren and Taylor the material was mild steel. 

Comparison between the Dilatation of Single Crystal and Polycrystal Iron . 

An estimate of the relative contraction of single crystal and polycrystal iron 
is shown in fig. 4. 

AB gives the contraction at Ac 3 for single crystal iron and A'B' gives the 
corresponding contraction for polycrystal iron. A'B' is roughly half AB. 
It appears therefore that the change from a single crystal to a polycrystal state 
reduces the contraction at the Ac 8 point in the same ratio as the corre¬ 
sponding reduction in heat absorption. The accuracy of these values for 
dilatation are open to question owing, in the first place, to the high temperature 
reached in the case of pure iron at the critical point Ac 3 and the consequent 
softness of the metal, and, further, owing to rapid oxidation, but a comparison 
is justifiable. It would be an advantage to be able to record dilatation in 
vacuo as was the case in taking the heating curves, because the results indicate 
that the precise form of the dilatation curve depends upon the initial 
state of the metal due to either thermal or mechanical treatment. 
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In conclusion, I should like to thank Prof. C. E. Inglis for the opportunity 
and encouragement to do this work at the Engineering Laboratory, Cambridge. 

It is owing to the very kind interest taken in these observations by Prof. 
G. I. Taylor, F.R.S., that the results obtained were analysed in the manner 
described. The experiments necessary for determining the equivalent heat 
capacity of the furnace and the method of applying them, were done under his 
direction. 
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The Absorption Spectra of Halogens and Inter-halogen Compounds 
in Solution in Carbon Tetrachloride. 

By A. E. Gillam and R. A. Mobton. 

(Communicated by Prof. E, C. C. Baly, C.B.E., F.R.S., Liverpool University. 

—Received April 18, 1929.) 

When two solutions are mixed the absorption spectrum of the new solution 
will be the mean of those of the separate solutions provided that no chemical 
interaction occurs. The mere fact of a departure from additivity does not, 
however, necessarily denote the formation of true chemical compounds. The 
solute or solutes may undergo solvation, loosely bound aggregates may occur, 
and even when marked deviations from the simple law of mixtures are observed 
it is rarely possible to prove the quantitative formation of a given chemical 
compound from spectroscopic data alone. 

The above considerations apply with some force to the problem of the 
absorption spectra of halogens and inter-halogen compounds in an inert 
solvent. The three elements show perfectly characteristic absorption bands, 
they are known to interact with the formation of some quite stable compounds, 
some relatively stable compounds, and some apparently very unstable com¬ 
pounds. 

There is, for instance, no doubt whatever that iodine monochloride, iodine 
trichloride, and iodine monobromide are definite compounds, whereas until 
very recently there was no convincing physicochemical evidence for the 
existence of bromine chloride BrCl. The present investigation was planned 
as follows :— 

(а) The absorption curves for solutions of the halogens, chlorine, bromine 
and iodine, in an inert solvent were to be determined. 

(б) Summation curves were to be constructed on the assumption that 

solutions containing different halogens in stoichiometric proportions 
would obey the simple mixture law. 

(c) Experimental absorption curves were to be obtained with solutions of 
definite inter-halogen compounds. 

(df) Experimental curves for mixtures in proportions corresponding with 
known compounds, and with compounds the existence of which remained 
doubtful, were to be measured. 
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m 

It will be seen at once that if the absorption spectrum of iodine chloride in 
relation to iodine and chlorine is comparable with the absorption spectrum of 
iodine bromide in relation to iodine and bromine, then bromine chloride, if it 
exists, should exhibit precisely the same relationship to bromine and chlorine. 

Experimental . 

Solvent .—The solvent chosen for the work needs to be transparent to visible 
and ultra-violet light and must not interact with the solutes. Carbon tetra¬ 
chloride, if free from carbon bisulphide, the commonest impurity, transmits 
freely as far as 265 and is completely inert towards the halogens.* 

Technique of Absorption Spectra Measurements .—Two Hilger E3 quarts 
spectrographs were used in conjtmction with sector photometers. In one case 
the light Bource was an iron-nickel arc (line spectrum), whilst in the other, a 
high-tension under-water spark between tungsten electrodes was used (con¬ 
tinuous spectrum). Fiduciary lines in the work with a continuous light source, 
were obtained by photographing the aluminium spark in air at the top and 
bottom of each plate. Match points were usually determined visually as it 



Fig. 1.— Absorption Spectra, of Chlorine and Bromine in Carbon Tetrachloride, 
Curve 1—Chlorine solution. Curve 2 —Bromine solution, 

♦ Medicinal carbon tetrachloride made by Messrs. Albright and Wilson is quite suitable. 
VOL. CXXJV.—A, 2 X 
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Fia. 2.—Absorption Spectrum of Iodine in Carbon Tetraohloride. 



Fig. 3.—Absorption Spectra of Solutions in the system Iodine«Ghk>rino. Curve 1 {dotted) 
--Chlorine. Curve 2 (dotted)—Iodine. Curve 3 (continuous)—Iodine monochloride 
observed. Ct*rve 4 (continuous)—Iodine trichloride observed, 
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was found that the use of a registering microphotometer did not increase the 
accuracy of measurement for the broad continuous bands shown by the halo¬ 
gens under the conditions of experiment. Whenever a solution showed absorp¬ 
tion in the visible region, an entirely independent set of measurements was 



Fxe. 4.— Absorption Spectra of Solutions in the system Iodine-Bromine. Curve 1 (dotted 
line)—Bromine in oar bon tetrachloride. Curve 2 (dotted line)—Iodine in carbon 
tetrachloride. Curve 3 (dotted line)—Mean of iodine + bromine curves. Curve 4 
(continuous line)—Iodine monobromide observed. Curve 0 (continuous line)— 
Iodine tribromide observed. Curve 6 (dotted line)—Summation of observed 
IBr + Br* ourves. 

carried out in duplicate by two observers working on a new model of the Hilger- 
Kuttmg visual spectrophotometer. The majority of the ourves shown in 
figi. I to 5 are the result of concordant photographic and visual determinations. 

In the preliminary work absorption cells of the ordinary type were used, 

2 t 2 
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but it was found that the solute, particularly if it were chlorine, was liable to 
escape from the solution during the period necessary for the completion of the 
measurements. All the preliminary data were therefore rejected and fresh 
determinations carried out using a different type of cell. The new cells were 
of fused quartz, constructed in one piece with fiat fused-on end plates. The 
cells were filled by means of a side tube, the solution reaching well into the tube, 



Fio. 5.—Absorption Speotra of Solutions in the system Chlorine-Bromine. Curve 1— 
(oontinuoua Line)—Chlorine. Curve 2 (continuous line)—Bromine. Curve 8 (dotted 
line)—Mean of ohlorine and bromine ourvea. Curve 4 (continuous line)—Bromine 
monoohloride, observed. Curve 8 (continuous line)—Bromine triohloride, observed. 
Curve 6 (dotted line)—Summation of observed BrCl + Cl, curves. Curve 7 (dotted 
line)—Observed BrCl, curve minus d, curve. 

whioli could then be dosed so as to eliminate the escape of gas. Comparison 
cells were used throughout to oorrect for the absorption and reflexion losses, 
due to the solvent and the cell materials. 

<Statement of Result *.—The molecular extinction coefficient e has been plotted 
against wave-length, e being defined by the well-known equation log I„/I <= 
eod, c being the molar concentration and d the thickness in centimetres. It iB 
usual to describe an absorption band as showing e maximum, at a certain wave- 
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length, the maximum being fixed by the two parameters, wave-length and 
extinction coefficient. Now that the study of absorption spectra of solutions 
is becoming more and more quantitative, a more precise notation seems to be 
called for. 

In order to reproduce a given measurement it is necessary to know the cell 
thickness, the concentration, and the photometer setting at the maximum. 
Unless a substance is perfectly stable, and obeys Beer’s law strictly, the state¬ 
ment that the wave-length of maximum absorption occurs at x (x(x with 
e maximum = y t is a very incomplete description of the observation. 
As v. Halban and Eisenbrand* have made clear, the accuracy, i.e, t the relative 
error of e, depends, other things being equal, on the magnitude of log I 0 /I (E). 
It is therefore important that E should be specified, directly or indirectly. 
By analogy with other notations in physical chemistry one might write 
EJi(350 pi{i) 1-0J^. This would constitute a complete description of 
the datum. It would, however, make it necessary for the molecular extinction 
coefficient to be specified separately, or left for the reader to calculate. Perhaps 
a better notation would be 

4(350 

i.e. t in an actual case 

e max. (350 fj^) = 10™*. 

If such a notation were generally accepted, the problem of reproducibility in 
absorption spectra would be reduced to a question of manipulation only. 

Results ,—The results of the investigation are to be seen in the curves in 
figs. I to 5. The following tabular summary has the advantage of emphasising 
the quantitative side. 

Table L 



Chlorine. 

Bromine. 

Iodine. 

A maximum fi/t. 

332 

417 

520 

e 

« max. . 

a 

’ CD ' 
t CP { 

-8 

Mr 

> 00071 * 

M, 

Atomic weight . 

35-5 

80 

127 


It will be noticed that the extinction coefficients and the positions of the 
maxima show the periodicity usually associated with the properties of the 
halogens. 


* ‘ Eoy. Soo. Proo./ A, vol. 110, p. 153 (1927). 
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Table II. 



Bromine ohlorido 
(BrCl). 

Iodine obloride 
(Id). 

Iodine bromide 
(IBr). 

A maximum fxfi . 

380 

464 

487 

c max.® . 

Mr 

r *1 -mum 

173 

r *0H?4 

420 

d 

L Ja 

L J* 


Discussion. —As regards the halogens it is only necessary to state that our 
materials were carefully purified by standard methods and the concentration 
determined by means of potassium iodide-thiosulphate titrations immediately 
before the absorption was studied. The results are in good agreement with 
earlier work as will be seen from the following summary. 

Liveing and Dewar* described an absorption in chlorine vapour at 302 
356 pp, whilst v. Halban and Siedentopff recorded a maximum in the vapour 
at 334 pp, as against our determination of 332 pp in carbon tetrachloride. 
The very recent data of Barratt and Stein| arc in agreement. 

Plotnikow§ has measured the absorption of bromine in various solvents for 
four mercury lines. He found that Beer's law was obeyed, and also concluded 
that the visible absorption consists of two super-imposed absorption bands. 
Ribaud|| recorded a maximum in bromine vapour at 419-422 pp, whilst 
Dobbie and Fox^ gave the maximum as 417 pp. Bovis** finds that liquid 
bromine in very thin films shows a band at X maximum 417-421 pp, Xminimum 
348 pp. In carbon tetrachloride he found two maxima at 258 and 415 pp 
respectively. 

The colour of iodine solutions has been much studied. Sonic solvents yield 
brown solutions, others violet; the differences being generally ascribed to 
differences in solvation. The violet solutions such as are formed in carbon 
tetrachloride are regarded as normal and the solutes are not, it would appear, 
appreciably solvated. The absorption of the violet solutions indicates a 
maximum very near to that shown by the vapour, namely, at 520 pp or 

* ‘ Proc. R. Inst./ vol. 10, p. 245 (1883). 

t 1 Z. Phys. Chem./ vol, 103, p. 71 (1922); * Z. Elektroohem./ vol. 28, p, 496 (1922). 

t 4 Roy. Soo. Proc./ A, vol. 122, p. 582 (1929). 

§ 4 Z. Phys. Ohem./ vol. 79, p. 357 (1912). 

|| 1 Ann. Phyaik/ vol. 12, p, 107 (1919). 

If * Roy. Soc. Proc.,' A, vol. 99, p. 456 (1921). 

♦* 4 0. R.,' vol. 178, p. 1964 (1924), ibid., vol. 185, p. 57 (1927) ; 4 Ann. Physique/ vol. 
10, p. 232 (1928). 
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thereabouts, whereas the brown solutions show a maximum at 447 fip., cf. 
Batley.* * * § 

For solutions in chloroform, carbon tetrachloride and carbon bisulphide, 
Rigollotf gives the maximum as 520 [Z[a; Carelli| records a maximum at 
515 [A (jl in the latter solvent, whilst Brode§ finds the head of the band in carbon 
tetrachloride to be at 518 (jljjl Getman,|j on the other hand, in a very recent 
paper, records measurements with a Nutting photometer showing the maximum 
to be at 540 \i\i in all three solvents. In our data the band occurs at 520 fzp,. 

The compounds iodine monochloridc and iodine trichloride form a con¬ 
venient starting point for the discussion of the absorption spectra of the inter¬ 
halogen compounds. Discovered in 1814 by Gay-Lussac, their real existence as 
chemical compounds was definitely established by the work of Stortenbeker^l 
on the freezing point curves of mixtures of iodine and chlorine. It was shown 
by Trapp** that iodine chloride exists in two forms differing in melting point 
and designated as the a and p forms. Little work appears to have been pub¬ 
lished on the absorption spectrum of iodine monochloride, except that Roscoe 
and Thorpeff pointed out the resemblance between the spectrum of iodine 
chloride and bromine, and that GernezJJ noticed that the spectrum of the 
vapour differs from that of either chlorine or iodine. 

In the present work standardised solutions of iodine and chlorine were mixed 
so that the halogens were present in exactly equimolecular proportions, and 
allowed to stand for an hour until the violet colour of the free iodine had dis¬ 
appeared. The concentrations used varied between 0*004 and 0*01 molar 
with respect to iodine chloride. Measurements were made both by the visual 
and photographic methods. The absorption curve allowed a maximum at 
464 fxfi. and a minimum at 334 fxp, and differed completely from the curves 
for chlorine and iodine. As a control, two different specimens of commercial 
iodine chloride labelled “ pure ” were dissolved in carbon tetrachloride and 
the absorption spectra determined. The curves obtained in this way agreed 

* 1 Trans. Faraday Soc,/ vol. 24, p. 438 (1928). 

f‘C. R.,* vol. 1X2, p. 38(1891). 

| 4 Rond. Aooad. Sci. Fis. Mat. Napoli,’ vol. 27, p, 274 (1921). 

§ • Amer. Chem. Soo./ vol. 48, p. 1877 (1926). 

|| ‘ J. Amer. Chem. Soc,/ vol. 50, p. 2883 (1928). 

% * Z. Fhys. Chem.,’ vol. 3, p. 11 (1889); ‘ Reo. Trav. Chim., Pays*Bas/ vol. 7, p. 152 
(1889). 

♦* * J. Prakt. Chem./ vol. 63, p. 108 (1854). 

ft • Phil. Trans,/ vol. 167, p. 207 (1876). 

tt *0. Br./ vol. 74, p. 660 (1872). 
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exceedingly well with those obtained with equimoleoular mixtures. The 
results so far indicated that it was highly probable that the solutions con¬ 
tained a large amount of iodine chloride. It was, however, quite possible that 
some dissociation should occur in accordance with the expression 

21C1”^I 2 + C1 2 . 

In order to test the possibility of dissociation, solutions 10 times as concentrated 
as those already used were examined in the ultra-violet and also in the visible 
to ascertain whether any trace of free chlorine or free iodine could be detected. 
The results were completely negative, so that it must be concluded that iodine 
chloride is quite stable under the conditions of the experiments. It must, 
however, be understood that this only applies to freshly prepared, cold, carbon 
tetrachloride solutions, as it is noticed that solutions of iodine monochloride 
in this solvent appear to decompose on standing in glass vessels exposed to 
daylight, when the characteristic violet colour of iodine solutions makes its 
appearance. The next step was to examine the absorption spectra of solutions 
containing three equivalents of chlorine to one of iodine, corresponding with 
IC1 3 . As will be seen from fig. 3 this mixture exhibits two maxima corre¬ 
sponding quite closely with those characterising chlorine and iodine mono¬ 
chloride. It would therefore seem as if iodine trichloride is not stable in 
dilute carbon tetrachloride solutions, but rather dissociates according to the 
equation 

IClg ^ IC1 + Cl 3 . 

It will be noticed from fig. 3 that there is a slight discrepancy between the 
experimental iodine raonochloride band and the similar “ iodine trichloride ” 
band. Any dissociation of iodine monochloride will be hindered by the 
presence of excess chlorine, and as iodine absorbs much more intensely than 
any other constituent of the solutions a very small proportion of free iodine 
would broaden the “ IC1 ” band on the long wave side. The fact that the 
solutions containing three equivalents of chlorine to one of iodine are leas 
absorbent on the long wave side of 464 fxfx than the equiraolecular solutions, is 
consistent with a very small degree of dissociation of iodine chloride. A 
sample of commercial iodine trichloride was then examined under the same 
conditions. The absorption curve showed exactly the same maxima as 
before, but the 464 fxp, band was a little more intense and the chlorine band a 
little less intense. Probably, the material had lost some chlorine as a result 
of dissociation. 

Iodine monobromide was first prepared by Balard in 1826 as a solid melting 
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at 42°. Terwogt* studied the freezing points, boiling points, vapour pressures 
1 and specific gravities of iodine—bromine mixtures. The freezing point curves 
indicate the presence of a compound which is in all probability IBr, but the 
boiling point curves show that such a compound must dissociate very readily. 
There seems to be no evidence of the existence of iodine tribromide. The only 
reference we have been able to find to the absorption spectrum of iodine 
bromide is in a general paper by Rufff dealing with the use of the spectroscope 
as a means of detecting compound formation in mixtures. It is stated that 
there is no evidence of compound formation in a highly diluted mixture of 
iodine and bromine in carbon tetrachloride. 

Reference to fig. 4 will show that the absorption spectrum of an equimolecular 
solution of bromine and iodine shows very considerable deviation from the 
simple mixture law. Whether the observed curve differs greatly from the 
true curve for IBr will depend naturally on the degree of dissociation 

21 Br ”2 1 2 + Br 2 . 

When solutions containing three equivalents of bromine for one of iodine 
are examined, it is found that the observed curve is made up almost quantita¬ 
tively of a summation of the observed “ IBr ” curve and the observed curve 
for bromine. It therefore seems reasonable to conclude that iodine tribromide, 
if it exists at all, must be almost completely dissociated into iodine bromide 
and bromine at the dilutions need. The difference between the summation 
curve for iodine and bromine and the observed curve for the equimolecular 
mixture is moreover so great that the IBr molecule must be regarded as the 
main constituent of the solute. 

There seems to be considerable doubt concerning the existence of bromine 
chloride. Balard,J in 1826, followed by Locwig§ in 1829 and Schonbein|| in 
1863, recorded the formation of a highly refracting yellow liquid when chlorine 
was passed into bromine cooled in a freezing mixture. There is, however, no 
proof that such a liquid is bromine monochloride. Loewig also claimed to have 
isolated a bromine chloride pentahydrate. In 1877, BornemanH described 
bromine chloride as a red brown liquid stable only at temperatures below 10°, 
but came to tho conclusion that Locwig’s pentahydrate was really a mixture of 

♦ 1 Z. Anorg. Chem.,’ vol. 47, p. 203 (1905), 

f 4 Z. Phys. Chem.,’ vol. 76 f p. 21 (1911). 

X * Ann. Chim. Phys.,* vol. 32, p. 337 (1326). 

§ 4 Dissertation,’ Heidelberg (1829). 

(1 4 J. Prakt. Chem.,’ vol. 88, p. 483 (1863). 

If * Liebig’s Annalcn,* vol. 189, p. 183 (1877). 
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the hydrates of bromine and chlorine. Berthelot* cast doubt on the early 
claims to have isolated bromine chloride because of the very small amount of 
heat which is developed when chlorine gas is led into liquid bromine. In more 
recent times Thomas and Dupoisf have claimed that bromine chloride may be 
prepared by the action of bromine on liquid chlorine. 

Lebeau t J in an important investigation, studied the freezing point curves 
for the system bromine-chlorine, only to find no evidence of compound forma¬ 
tion in the liquid or solid states, although mixed crystals of varying composition 
were deposited. On the other hand, Andrews and Carlton§ discovered a 
marked contraction in volume when liquid chlorine and liquid bromine were 
mixed, a result not inconsistent with at least some compound formation. 
Karsten|| confirmed the work of Lebeau and concluded that the investigation 
of freezing points afforded no evidence for the existence of bromine chloride or 
bromine trichloride either in the solid or the liquid phase. Investigation of the 
boiling points for the system bromine-chlorine gave similar results. 

The evidence for compound formation under these conditions would there¬ 
fore appear to be extremely slender. When, however, the conditions are 
considerably different as in the work of Forbes and Fuossf on the oxidation 
potentials of chlorine-bromine mixtures in dilute hydrochloric acid, evidence 
is forthcoming that the reaction 

Br 2 + Cl 2 ^ 2BrO! 

does in fact correspond with the experimental data. 

There can be no doubt that the work of Simpson,** James, Walden, Delepinc 
and Ville,|t and also of Hanson and JamesJJ i n the field of organic chemistry 
is best interpreted on the assumption that bromine chloride can occur in 
solution. It was as a result of the recent work of Hanson and James {loc. tit.), 
that we decided to investigate this problem. These authors observed that an 
equimolecular mixture of chlorine and bromine, dissolved in carbon tetra¬ 
chloride, reacted with cinnamic acid as bromine chloride were such a compound 

* * Ann. Chim. Phys.,* vol. 21, p. 375 (1880). 
t ‘ a K./ vol. 143, p. 282 (1906). 
t 4 C. K./ vol. 143, p. 589 (1906), 

§ 4 J. Amer. Cham, Soc.,’ vol. 29, p. 688 (1907). 

|| 4 Z. Anorg. Chem./ vol 53, p. 365 (1907), 

If 4 J. Amer. Chem. Soc,/ vol 49, p. 142 (1927). 

** Simpson, 1 Roy. Soc. Proe./ A, vol. 27, pp. 118, 424 (1879), 

ft James, ‘ J. Chem. Soc,/ vol. 43, p. 37 (1883); Walden, ‘ Berlin Acad. Ber./ vol. 30, 
p. 2883 (1897); Delepinc and Ville, * 0. R./ vol, 170, p. 1390 (1920). 
tt • J. Chem. Soc.,’ p. 1955 (1928). 
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existent, the products of addition being the two stereoisomeric (i-ckloro-a-bromo- 
^-phenyl-propionic acids. The whole of the experimental work recorded in 
the present communication had been completed when the work of Barrett and 
Stein (loc> cit>) appeared, on the bromine-chlorine system and anticipated our 
conclusions with regard to the existence of bromine chloride. These authors 
were the first to provide definite physicochemical evidence for the existence 
of this compound, and the present work provides ample confirmation of their 
conclusions especially since the data on iodine chloride and iodine bromide 
furnish a useful check on the validity of the reasoning. 

Examination of the curves recorded in fig. 5 shows that for equimolecular 
solutions of chlorine and bromine, the observed curve is widely different from 
the summation curve obtained on the assumption of no interaction. The head 
of the band is now at 380 pp and the wave-length shift together with the 
absence of any marked inflexion near 330 pp shows definitely that a new 
absorbing entity must be present. When the curve for solutions containing 
three equivalents of chlorine to one of bromine is examined, it will be seen that 
it corresponds quite closely with the summation of chlorine and the “ BrCl ” 
curves. It is clear that bromine trichloride cannot exist at the dilutions we 
have used, and that its absorption is roughly that of chlorine plus that of the 
equimolecular mixture of chlorine and bromine. When, however, the chlorine 
curve is subtracted from the curve obtained with the Cl : Br = 3 : I mixture, 
it is found that the new curve, wliilst agreeing as regards the wave-length of 
maximum absorption with the 1 : 1 curve, differs from it in that the <c BrCl ” 
portion of the curve shows a definitely narrower band in the 1 : 3 mixture 
than in the 1 : 1 solution. This can only mean that bromine chloride is dis¬ 
sociated appreciably into chlorine and bromine at the dilution used. Free 
chlorine would throw back the dissociation so that the BrCl portion of the 3 : I 
solution is nearer to the true absorption spectrum of bromine chloride, than the 
curve for the equimolecular solution. 

Summary . 

1, The absorption spectra of chlorine, bromine and iodine in carbon tetra¬ 
chloride have been studied. 

2. It is shown that iodine chloride, iodine bromide and bromine chloride 
possess absorption bands, the maxima of whieh are accurately measurable. 
At the dilutions necessary for the investigation of absorption spectra all three 
compounds are dissociated to some extent, with iodine chloride the dis¬ 
sociation is barely detectable, with iodine bromide it remains small, whilst 
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with bromine chloride it is much greater, but still remains probably less than 
50 per cent. 

3. Solutions containing halogens in the proportions necessary for the 
formation of iodine trichloride, iodine tribroraide and bromine trichloride, 
were found to contain the monohalide and free halogen only. 


On the Emission of Soft X-Rays by Different Elements , with 
Reference to the Effect of Adsorbed Gas . 

By U. Nakaya, Research Scholar of the Government of Japan, King’s 

College, London. 

(Communicated by 0. W. Richardson, F.R.S.—Received April 23, 1929.) 

[Platm 6.] 

1. Introduction . 

The ejection of photoelectrons from a metal surface exposed to soft X-rays 
has been commonly used as the method for measuring the intensity of these 
rays. However, the relation between the intensity of soft X-rays and the 
photoelectric current as a function of the nature of the surface of the photo¬ 
electric detector seems to have received comparatively little attention, In 
the present work, the effect of adsorbed gas molecules on the photoelectric 
plate has been given special consideration. The investigation is an extension 
of the work of Richardson and Robertson* who measured the relative soft 
X-ray emissivities of 14 elements. The special conditions of the experiment 
like the polishing of the surface, the state of degassing of the photoelectric 
plate and the conditions of oxidation of the target faces, have been investigated 
more thoroughly. Having ascertained the conditions necessary for reliable 
values, the emission of soft X-rays has been compared for 11 elements, Si, 
Cr, Mn, Fe, Co, Ni, Cu, Pd, W, Pt, and Au. 

2. Apparatus and Connections . 

The apparatus used consisted of a quarts containing vessel, the details of 
which are shown in fig. 1. The part of the tube where soft X-rays are excited 

* Richardson and Robertson, * Roy. Soc. Proc.,* A, vol. 116, p. 280 (1927), ibid., vol t 
124, p. 1H8 (1929). 
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(2) The part of the tube surrounding the photoelectric detector was made 
fairly wide and in the inside was a shield covering the whole space around 
the detectors. In this manner the undesirable effect of the charging up 
of the quartz wall was avoided. 

A Gaede three-stage mercury pump suitably backed was used to exhaust 
the tube. The usual precautions for degassing the quartz walls and the metal 
parts were taken. The shields were thoroughly degassed by bombarding with 
electrons to red heat before the targets and the detectors were introduced. 
The baking of the quartz wall was done by a hand blow-pipe flame. Two 
liquid air traps and a McLeod gauge were suitably connected and the reading 
was taken at the highest vacuum obtainable which was decidedly below 
10“ c mm. 

The electrical connection used is similar to that used by Richardson and 
Robertson (see fig. 2). Up to 1050 volts a storage battery was used. Above 



this and up to 4500 volts a motor-generator (output 15 milliamp. at 5000 volts) 
was employed. Below 750 volts a Weston D.C. voltmeter gave the applied 
potential, while values above this were read from two Hartmann-Braun electro¬ 
static voltmeters of ranges 500 to 2000 and 1500 to 5000 volts. The photo¬ 
electric current i p was measured by a Dolezalek electrometer (sensitivity 
1190 divisions per volt and capacity 0*0000797 mfd.) by the method of scale 
and stop-watch. This direct method was considered suitable for these experi- 
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meats, in which, as will be shown presently, there are so many uncertainties 
of conditions. The thermionic current i t was measured by a microammeter 
M in fig. 2. 

3. Effect of Adsorbed Gas Molecules on the Photoelectric Detector. 

In all the experiments, the ratio i v ji t was taken as a measure of the efficiency 
of soft X-ray excitat ion for different targets, keeping the photoelectric detector 
the same. It is known that a change of the photoelectric plate alters the value 
of i p /i t for the same intensity of the soft X-ray in accordance with the photo¬ 
electric efficiency of the detectors. Now considering the same photoelectric 
plate, it is found that the presence of adsorbed gas molecules affects con¬ 
siderably the value of i v ji t > 

As a preliminary test, six targets of W, Fe, Co, Ni, Cu and C were examined 
with a photoelectric plate of nickel. In fig. 3 is shown the variation of i p /i t 
caused by the presence of gas molecules on the photoelectric plate. As a 



Fig. 3. 
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result we are led to classify roughly the state of the surface of the detector into 
four states. In all these states the target is degassed to the same extent by 
being kept red hot by bombarding for about 40 minutes in the morning at a 
pressure of about 10~ 5 mm. 

State I.—The quartz wall surrounding the photoelectric plate is baked, 
keeping the plate cool, and readings were taken after the wall cooled down. 
This state is supposed to be one in which there is adsorbed on the photoelectric 
plate an amount of gas molecules much greater than that necessary for a state 
of equilibrium at that pressure, as the process of recovery is slow at ordinary 
temperature. 

State II.— Here we have the state of the photoelectric plate two or three 
days after it is sealed into the tube and maintained in equilibrium with a 
pressure of 10'"® mm. We can suppose that the amount of adsorbed gas 
molecules is less than in State I, but slightly in excess of the amount necessary 
for equilibrium at ordinary temperature and pressure. 

State III.—Readings were also taken about a week after the setting up of 
the tube during which time the photoelectric plate was kept in vacuum 
(pressure 1CT 6 to 10~ e mm.). Here we can assume the state of equilibrium 
between the adsorbed gas molecules and those in the surrounding space. 

State IV.—The photoelectric plate is now heavily bombarded and raised to 
red heat, until the equilibrium pressure becomes about 0-5 x 10~ 6 mm., 
the target being raised to red heat at the same time. At this stage all the 
adsorbed gas molecules would have come out. 

In fig. 3 are shown the results of experiments with W, Fe and C in all the 
four states. It will be seen that the values of ipfii in State I are nearly four 
times the values in State IV, and that there is a regular decrease as we proceed 
from State I to State IV. It will be clear that with gradual removal of 
adsorbed gas molecules there is a fall in the value of i v jip 

A closer examination of this phenomenon was conducted with a different 
set of targets, Cr, Mn, Fe, Co, Ni and Cu, keeping the same photoelectric 
detector of nickel. The results are given in Table I. It will be seen that the 
values for the same states taken on different days ore fairly consistent. Also 
the ratio of % 9 Ji t in State II to that in State IV is very nearly constant, being 
independent of the intensity of the same X-ray beam. 

This leads us to the important point, that for measurements of the relative 
soft X-ray emissivities of different elements the photoelectric detector must 
be kept in the same state of degassing, and also that for the comparison of the 
photoelectric activity of different elements for any soft X-ray beam they should 
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Table I,—Nickel Photoelectric Plate, 560 volt*. 


■ ’ ■ ---- ■ 

.. 
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-■...- 
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Target. 



State of 







detector. 








(>.* 

Mn. 

Fe. 

Co, 

Ni. 

Cu. 

II November 23 . 

9-76 

6-91 

7-84 

7-26 

8*10 

7*80 

H November 23 . 

8-99 

0-69 

i 7*76 

7 06 

7*80 

7*69 

II November 24 . 

10-69 

7-06 

| 7*89 

7*25 

8*70 

7-84 

Mean of II . 

| 9-78 

6*89 

7*83 

7*19 

8-20 

7*78 

IV November 26 . 

3-92 

1 2*81 

3*30 

2*76 

3*59 

3*31 

IV November 28 . 

3-99 

2-68 

3*14 

2*74 

3*57 

3*15 

IV November 29 . 

4-34 

2*64 

3*25 

1 

2*74 

3*77 

3*16 

Mean of IV . 

4-08 

2-71 


2*75 

3*64 

3-21 

Ratio of two means .... 

2-39 

2-54 

2 * 42 

2*61 

2*25 

2*42 


* This epeoimen is broken into two and the larger piece la placed on top. 


all be in the same state of degassing. Failure to observe this point would lead 
to unreliable results as could be seen by reference to Table 1 and fig. 3. 

In the later experiments all measurements of soft X-ray emissivities were 
taken with the State IV of the detector. It was observed that even after 
thorough degassing there were variations of about 5 per cent, in the absolute 
values of i p jit as measured from day to day, but the relative values remained 
nearly the same. It appears, however, as will be shown later, that during the 
process of bombarding the degassing is thoroughly done, but as the detector 
' cools down, some gas molecules will be re-adsorbed by it, probably, in a stoichio¬ 
metric relation with the surface atoms of the detector, because readings are 
taken 2 or 3 hours after the bombarding. 

Some facts supporting this idea were observed. After State IV, the McLeod 
gauge was usually sticking. But on certain occasions when the readings were 
being taken, the pressure inside the tube rose suddenly to about 10“* mm. 
and showed no evidence of sticking. In such cases the pump used was enough 
to reduce it to sticking pressure in several minutes, but the value of i v ji t 
could not be reduced to the proper value at once. Fig. 4 represents two such 
examples measured and shows the gradual recovery of the condition of the 
surface. The value of i v li t was measured every 3 minutes after getting stick¬ 
ing pressure, and it is observed that it takes about 20 or 30 minutes to get to 
the value proper to that pressure. This shows that even after sticking pressure 
VOL. OXXIV, — A. 2 XT 
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is obtained, it takes some time for the surface density of gas molecules to attain 
the proper equilibrium value. 

4. Effect of Heavy Bombarding on the Target Face . 

So far we considered the effect of heavy bombarding as the liberation of 
adsorbed gas molecules from the photoelectric metal surface. This will be 
undoubtedly the main effect but there appears to be another effect. In all 
cases when we opened the tube and examined the surfaces of the metal pieces, 
we noticed that the surface has lost the brilliancy of polish which it had before 
being sealed into the tube. Since bombarding was always carried on the back 
side of the targets, there is little possibility of contamination due to the sub¬ 
limation of tungsten. So far, the surfaces had been polished with emery 
paper No. 0 and were not suitable for metallurgical examination. The targets 
were therefore polished in the proper manner, that is, in four stages with emery 
papers, then aelvyt and alumina powder, and finally with magnesium oxide. 
The microphotograph of the surface of iron polished in this maimer is shown in 
fig. 5 (Plate 6). Targets polished in this manner were then sealed into the tube 
and bombarded for 3 days, gradually increasing the bombarding current as 
the degassing process proceeded. The equilibrium pressure became about 
0*5 x 10~ 6 mm., the temperature of the targets being maintained at about 
900° C. After this treatment the surfaces were examined as before, and the 
microphotograph of the same face of iron is shown in fig. 6 (Plate 6). It was 
observed that the metal surface was etched by this process and no etching was 
necessary to bring out the crystal faces. The same was true in the case of Or, 
Mn, Co, Ni and Ou, the amount of etching being different for the different metals. 
Probably this is partly due to the oxidation of the surface and partly due to the 
sublimation of metal. Thus the effect of bombarding is not onl^ to liberate 
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Flu. 5,— Polished iron, before bombarding. (X 100.) 


Fiu. 0.—The same specimen, after bombarding, not 
etched at all. ( X 100.) 



Flu. 7.—Pure electrolytic iron, etched in the ordinary way. ( X 100.) 


{Pacino />. 02 - 2 .) 
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adsorbed gas molecules but also to bring out the crystal faces* Experiment 
was not carried further in this line, but all targets were heated to this con* 
dition throughout this investigation. 

The iron target used was found to be wrought iron and full of slags as could 
be seen from figs. 5 and 6. This target was replaced by one of pure electrolytic 
iron in later experiments (Plate 6, fig, 7). All the other targets were also 
examined metallurgieally and found to be pure enough for the present work 
except Mn. This sample showed some slags and some characteristics of alloys 
due to impurities. Since a purer specimen could not be obtained this specimen 
was used. Amongst the photoelectric plates Co was found purer than Ni and 
was more fine-grained. In later experiments Co was used chiefly as the 
detector. 

In order to get some idea regarding this alteration of surface, the value of 
ip/i t was measured for six elements, W, Au, Pd, C, Si and Pt in two modes of 
bombarding. The one is at low temperature and long bombarding, the other 
is at high temperature and short bombarding. In the former, targets were 
kept just below dull red heat for 24 hours spread about equally over 4 days, 
and in the latter at bright red heat for 5 hours spread over 2 days, the photo¬ 
electric plate being kept at red heat ill both cases. The results are given in 
Table II. 

Table II. Cobalt Photoelectric Detector. 



c. 

Si*. 

Pd. 

W. 

n. 

Au. 


Low temperature 
High temperature 

volts. 

450 

1-44 

1*51 

2*55 

2*00 

2 05 
2*17 

2-12 

2-38 

1*81 

1*99 

1-73 

1-81 

Mean of 2 sets. 
One set. 

Ratio . 


1*05 

104 

1*00 

M2 

M0 

M0 

1*08 (mean). 

Low temperature . 

High temperature 

550 

1'91 
2*12 

3 22 
3-73 

2*07 

2*80 

2*90 

3*25 

2*46 

2-70 

2*35 1 
2*02 

Mean of 2 sets. 
Mean of 2 sets. 

Ratio . 


Ml 

11« 

105 

M2 

M0 

Ml 

I ll (mean). 

Low temperature . 

High temperature 

740 

2-m 

2*50 

5-25 

5-90 

4*06 

4*41 

4*59 

5*19 

3*65 

4*40 

3*60 

4*30 

Mean of 2 seta. 
One set. 

Ratio .. 


1*18 

M3 

1*08 

M3 

1*20 

1*21 

1 • 15 (mean). 

. 


* This specimen is broken into two and smaller piece is placed on top. 


As is seen from the table the values of i 9 l% t are always about 10 per cent, 
higher for the target which was heated to higher temperature. It is difficult to 
state whether this is due to the alteration of surface in the latter case or to 

2u2 
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insufficient degassing ol gas molecules adsorbed on the target in the former. 
But if we define this state of the surface (which was heated to such extent that 
the Bmall crystals on the surface come out visibly) as well degassed state, the 
value of i p ji t is higher for that state. It is also noticed that the ratio of the 
values in two states, as a mean for six elements, is larger for higher voltage on 
target. Therefore, if we plot the value of i p ji t against voltage, the curve for well 
degassed state of target is not only higher than the other, but also steeper. 

If the heavy bombarding of the target gives a higher value of the emissivity 
for soft X-rays, detector being supposed to be in the same condition, it is of 
primary importance to bombard all targets to the same condition for the com¬ 
parison of their relative emissivities. This is the case for almost all targets, 
because they are bombarded at the same time to the same degree. But two 
specimens, Cr and Si, were too difficult to be cut into suitable form, and were 
broken into two pieces during preparation. Unexpected phenomena were 
observed with these specimens. When we put them into the supporting frame 
in such a manner that the larger piece (about three-quarters of the whole 
dimension for Si and two-thirds for Cr) came on top, that is nearer to the 
bombarding filament, the value of i p ji t was much larger compared with the 
case when we put the smaller piece on top. At 450 volts the value of Si for 
the former was 1*55 taking W unity (Table V), while for the latter the 
corresponding value was 1*12 (Table II). Similarly for Cr, the value with 
larger piece on top gave 1*48 taking Co unity (Table I), while the one 
with the small piece on top gave only 103 (Table V), both at 550 volts. 
These specimens were observed through a window during the process of 
heavy bombarding, and it was found that the upper piece, which was 
nearer the bombarding filament, became bright red hot, while the lower 
piece remained at dull red heat. Now it will be clear that when the larger 
portion of these targets was heavily bombarded the value of i v l% t became much 
larger. If this is the case, we must consider that the effect of the presence of 
gas molecules on target is opposite to that in the case of the photoelectric plate. 
Investigations in this line analogous to those shown in fig. 3 could not be done 
in the case of targets, because an excess of adsorbed gas molecules on the 
targets gave plenty of gas when the thermionic current was put on: 

5. Notes on Experimental Details . 

After heavy bombarding of the photoelectric plate, if we take the reading in 
2 or 3 hours, we always notice that the motion of the electrometer spot on the 
Beale is not uniform, showing that some additional charge is irregularly super- 
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posed. This irregular phenomenon was observed to vanish gradually, and after 
3 or 4 hours the motion of the electrometer spot became steady. As we must 
bombard the target and photoelectric plates every day before taking readings, 
it is not possible to take the readings over a wide range in one day. As 
mentioned above, since it is difficult to reproduce exactly the same condition 
of adsorbed gas molecules on the surface of the photoelectric plate as well as 
of the target, it is desirable to take readings over a complete range in one day 
and compare them with another set taken on another day. In order to see the 
cause of this phenomenon we observed the motion of the electrometer spot 
just after the bombarding of the photoelectric plate, without any thermionic 
current. It was noticed that the velocity of the motion of the electrometer 
spot without any radiation was of the same order of magnitude as the velocity 
with incidence of soft X-radiation. Its direction was always first positive, 
and after some time, say 1 hour, became negative and gradually vanished, 
the spot oscillating at times. The current i d due to this disturbance was 
measured in the same manner as i p every 5 or 10 minutes after finishing 
bombarding and is shown in fig. 8, curve a. The irregular nature of the curve 



and specially the change of sign* will be due to the charge of tbe quartz wall 
and sealing wax at that point where the leading rod supporting the photoelectric 
plates touches them, because this rod was kept at high voltage while bombard¬ 
ing. Then the bombarding potential was reduced from 560 volts, which was 
used up to this stage, to 400 volts, increasing at the same time the bombarding 

* Bguefci/ Phil Mag.; vol. 49, p. 178 (1025). 
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current. Just before stopping bombarding, the bombarding current was 
increased by about 20 per cent, which made the photoelectric plate bright red 
hot; by this the rod was also warmed up but not to such an extent as to soften 
the sealing-wax. Then the supporting rod was connected to earth as soon as 
the high voltage was cut off. By this method we could get the steady spot 
in 1 hour after bombarding, as shown by curve b in fig. 8. 

Next the effect of polishing the surface was examined. Three specimens of 
Co and Fe, respectively, were cut from the same materials. Of those I was 
metallurgically polished as described above, II was polished with emery paper 
No. 000, and III was polished with rough emery paper No. I. The results 
are given in Table III. They show a regular, though slight, difference for 
different targets. This difference cannot be due to any error in the measure¬ 
ments, nor can it be due to the difference in the degree of polishing, for the 
order of variation is not the same for Co and Fe. The cause of the variation 
may be the difference in the geometrical disposition of the targets with 
respect to the filament and the condenser. 

For taking the data (ii) and (iii), the targets and the photoelectric plates were 
well bombarded during the night, and the pressure inside kept at 10""® mm. 
by keeping the charcoal trap in liquid air overnight. The readings were 
taken on the next morning without bombarding again. The results are not 
much different, and this method was employed whenever continuous reading 
over 10 hours was required. 

6. Effect of Bombarding in a Hydrogen Atmosphere . 

As all the experiments hitherto made showed that the presence of gas molecules 
on the photoelectric plate and target plays an important part in the excitation 
and absorption of soft X-radiation, we must consider the process of degassing 
still further. Now heating of a metallic surface means expulsion of adsorbed 
gas molecules and at the same time absorption of them by chemical com¬ 
bination. Although the pressure at which they are bombarded is of the order 
of lO' 6 mm,, the rise of temperature accelerates the velocity of chemical com¬ 
bination. Further the surface density of the gas will be much greater than the 
space density measured. It is difficult to differentiate between the adsorbed 
and chemically combined molecules, but if we define the adsorbed molecules 
as those which obey the expression, 

q - apt, 

bombarding to red heat at the pressure of 10~ 6 mm. will be enough to expel 
all adsorbed gas molecules. On the contrary sometimes the amount of gas 



Soft X-Rays. 


627 


molecules on the metal surface is increased with temperature, as observed by 
Langmuir* in case of platinum. 

In order to see this effect all the targets and photoelectric plates were heated 
in a hydrogen atmosphere to reduce the surface film of oxide, after the surfaces 
were well bombarded. Hydrogen was put in, by heating a palladium tube 
with a hydrogen flame. As we could not introduce the palladium tube on 
the high vacuum side, it was put in the low vacuum side with the arrange¬ 
ment of taps as shown in fig. 9. First, all the taps, except No, 3, were opened, 



and the system was evacuated to about 10~ 4 mm. by the (Jaede mercury rotary 
pump, the mercury vapour pump not having been operated and liquid air 
taken off from the charcoal trap. Then hydrogen of 10~ 1 mm, was introduced 
and the tube was again evacuated* This washing process was usually repeated 
twice. After that about 40 X 10" a mm. of hydrogen was put in and all taps 
except Nos. 1 and 2 were stopped. Then bombarding was begun at 450 volts 
under red heat. After 10 minutes the bombarding was stopped and when the 
tube was cooled down the pressure was found to be reduced to 30-35 X 10~ 3 mm., 
showing that hydrogen was consumed during this treatment. This process 


* ‘ J, Amer. Ohm, Soc.,’ voL 40, p. 1361 (1918). 
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was repeated usually three times. Then the pressure was reduced to the 
order of 10“°, and 15-20 X 10"® mm. of hydrogen was put in and red hot bom¬ 
bardment was begun. This was the highest pressure at which we can bombard 
the target to red heat without glow discharge through hydrogen. This process 
was repeated three or four times, each bombarding being continued for 15 to 
20 minutes. After that the mercury vapour pump was started to evacuate the 
residual hydrogen, and the procedure for getting high vacuum was repeated 
as in the case of air. 

The first hydrogen treatment was carried out on the same setting wliieh was 
intended to see the effect of polishing. The results are tabulated in Table Til. 


Table TIL—Cobalt Photoelectric Plate, 450 volts. 


i Co, j 

.. _ _ j__. 

Co II. 1 Co III. 

i 

FeX. 

Fell. Fell! 

(i) After initial bombardment, January 17 | 2 *26 

(ii) ,, seoond ,, ,, 18 [ 2*19 j 

(iii) ,, third ,» „ 19 I 2 * 18 j 

" i i 

2-22 j 2-18 1 
2-13 ; 217 

2-14 | 2-10 

2*40 
! 2*35 

| 2 33 

2*45 2*44 
2*48 2*38 
2*47 2*30 


!._.i_ L__1.J.L 


Hydrogen treatment was carried out. 


(iv) After initial bombardment, January 23 

(v) „ „ „ » 23 

(vi) ,, Beoond ,, ,,24 

(vii) ,, third ,, ,, 25 

2-48 

2-40 

2-50 

2'00 

2*39 

2*39 

2*41 

2*55 

2*38 

2*40 

2*42 

2*60 

2-03 

2-03 

2-00 

2-81 

2*78 

2*72 

2*73 

2*88 

2*59 

2*01 

2*59 

2*74 

Katio of (iii) and (iv). 

Ratio of (vi) and (vii). 

1 ■ 138 
1005 

M18| 

1*058 

1*101 

1*078) 

i 1 

I 129 
l -060 

1-125 
1 -056 

! 1-097 

1-050 


As is seen from the table, the value of i p ji { becomes about 10 per cent, higher 
after bombarding in the hydrogen atmosphere for all the targets. The 
important point for our present purpose is that the values become very con¬ 
sistent after this treatment. For example, the values of two sets (vi) and (vii) 
appear a little deviated, but if one takes the ratio between the two values they 
become identical within an error of 2 per cent. 

The variation of i P /i t as a function of i tf which is of primary importance, 
was examined in this state at three stages of voltages, and found to be con¬ 
stant within the range of the experiment. The values were measured in a 
relatively wide range at 450 volts and are tabulated in Table IV. As our 
method of measurement is not accurate to more than 1 per cent., this 
result leads us t o conclude that i v li t is independent of the thermionic current 
at least within the range of 15 to 60 microamperes. 
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Table IV.—Co II Target, Co Photoelectric Plate, 450 volts. 


I 


croamperes), 

<y*<- 

i *i (microamperes). 

! 


57*9 

2*515 

37*2 

2*498 

54-1 

2*500 

35*3 

2*508 

49*0 j 

2*520 

; 32-5 

2*512 

44*1 

2*500 

, 28-6 

2*508 

42*5 

2*510 

24-2 

2*490 

41*3 

2*515 

21 •« 

2*510 

39*5 i 

2-51M 

18-ir. 

2*530 

39 0 ; 

2*515 

15-51 

| 2*525 


This hydrogen treatment was carried out on two other settings for 11 elements. 
One set is composed of Si, W, Co, Au, Pd, Pt and another set is Or, Mn, Fe, 
Co, Ni, Cu, the same Co specimen was used for both settings. Fig. 10 shows 
the variation of i p /i t with successive bombarding. In both cases the value of 



Flo. 10.—Cobalt Photoelectric Detector, 450 volts. 


i p ji t gradually decreases as degassing goes on before hydrogen treatment, 
which corresponds to the small variations in region IV of fig. 3. After this, 
bombarding in hydrogen gives about a 10 per cent, increase in values as in the 
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case of the first setting given in Table III. This increase may be partly due to 
the adsorbed hydrogen molecules on the photoelectric plate, but mainly it will be 
due to the taking off of the oxide film on the target, because in the first set the 
values of W, Au, Co and Pt increase more or less in parallel, but the values of 
Si and Pd remain almost unchanged. This may be due to the special affinity 
of these elements for hydrogen to form the compounds SiH 4 and PdH 2 , owing 
to which hydride films will replace the oxide ones. Si showed an increase in 
value after the second bombarding, but Pd did not show the expected increase 
until we bombarded it to cherry red heat for 3 hours. It is also noticed that 
the value of Co is in good agreement for two settings after being bombarded 
in hydrogen followed by heavy bombarding in hydrogen vacuum. 

7. Measurement# of Relative Soft X-ray Emissivities of Eleven Element# in 

Final Conditions. 

The experiments hitherto made are of a more or less preliminary nature 
for obtaining a condition in which consistent data can be obtained. Now the 
measurement of efficiencies of exciting soft X-radiations were carried out 
under the final conditions, for II elements in two settings. The conditions 
are as follows : The surface of the target was polished with emery paper 
No. 000 and put into the tube without being touched by the fingers.* All 
the metallic parts were degassed by bombarding to red heat for 2 or 3 days, 
and after that the bombarding in hydrogen was carried out in the manner 
described in the preceding chapter, and then the bombarding of the target 
and photoelectric plate was continued in the hydrogen vacuum until the 
equilibrium pressure at cherry red heat came down.to about 0*5 X 10~ 6 mm. 
A Co plate, polished mctallurgically, was used as a photoelectric detector. As 
it is desirable to keep the thermionic current more or less constant all over the 
ranges, we cut down the sensitivity of the electrometer for higher voltages, 
by putting a condenser in parallel with the electrometer. For this purpose 
a condenser of capacity 0*0002513 mfd., specially insulated with quartz 
rods, was used, which was kindly lent by Mr. Robertson to whom the writer 
expresses his deep sense of gratitude. 

The results obtained with the storage battery up to 1050 volts are described 
in this section; they are summarised in Table V and also in fig. XL The 
specimens were arranged and tested in two groups having Co in common. 

* In the preliminary course of experiments we sometimes noticed slight mark of finger 
prints on the edge of the target after opening the tube. 
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200 300 400 500 $00 *ro 0 goo 400 1000 VWt* 

Fig. 11.—Ordinates of Group II are reduced by 1*0. 

From these data we can see that the values are, at least for a given specimen, 
reliable within a range of 2 per cent, of error in the final condition described 
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above. For different Bettings Co shows a maximum difference of value of 
about 5 per cent. 

Plotting these values against voltage, fig. 11, it is noticed that i v /it does not 
vary proportionally with voltage, as hitherto assumed by many authors as a 
first approximation, but always shows slight but regular curvature.* These 
data were taken as follows:—At a given voltage readings were taken for each of 
six targets in succession and then the voltage was changed to get another set of 
readings. In order to make sure of this point, we kept the target fixed and 
measured the value of i 9 ji t for four elements, Si, Co, W and Au, at every 50 
volts from 150 volts to 650 or 750 volts. The values are plotted in fig. 12 with 



* The breaks due to critical potentials can be ignored in this curve, because of (the 
difference in scale. 
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small circles. The curves drawn in dotted lines are the same as the corre¬ 
sponding ones in fig. 11. In all cases these corresponding curves show good 
agreement in the character of the curvature. The differences in absolute 
values are also quite consistent, and if we allow for the appropriate corrections, 
which are different for different days within the range of 6 per cent., these two 
curves become identical. In Table V the values in brackets are the ones 
corrected in this manner. 

Further, we can see in both the figures that the curvature is not the same for 
all elements. As is seen in fig. 11 the curvature of Au is largest, W and Pt 
and Gu next, and Mil is almost a straight line. The reversal of order in relative 
magnitude of two elements at different voltages is not a matter of chance, 
as we can see the gradual approaching of the two curves, resulting in crossing. 
Thus, for example, the curve of Au crosses the curves of W, Pd and Co in this 
range, and that of Cu crosses those of Co and Ni. 

As the range of the Weston voltmeter was limited to 750 volts, above that 
up to 1050 volts an electrostatic voltmeter was employed. This range was 
measured for the second group only and the results are tabulated below. 
These values are also plotted in fig. 11 and agree well with the range 
measured with the Weston voltmeter. 

Table VI*.—Cobalt Photoelectric Plate, Electrostatic Voltmeter and Storage 

Battery. 


Voltage. 

Or. 

Mn. 

i'e. 

Oo. 

Ni. 

Cu. 

Date. 

600 

4*00 

3 01 

4-40 

4*05 

3*70 

3 83 

February 23 




4-58 

4 08 

3*73 

3*89 

„ 25 

700 

5-07 

3*83 

5-70 

5*25 

4*73 

4*78 

„ 23 




5-66 

5-05 

4*08 

4'84 

25 

800 

6*20 

4*04 

6*83 

: 6*io 

5-76 

586 

„ 23 




6*86 

0*14 | 

5 09 1 

6 06 

„ 25 

000 

7*46 

5*44 

8*28 

i i 

; 7*i5 j 

; 

6*04 j 

697 

„ 23 


| 

: • 

8-19 : 

I 724 1 

, 0*72 

7-14 

„ 25 

1030 


6*00 

10 04 

I 8*77 ! 

8*15 I 

8-96 

„ 23 


! 1 

! 


10*03 

: 8*68 j 

1 

7-96 j 

..1 

8-83 

,, 25 


• All data of February 25 were taken, keeping one target fixed, andaU values of four elements 
are multiplied by 1 *056. 

8. Measurements in Higher Voltage Region . 

As the relative emissivities of soft X-radiations was found to be different for 
different voltages, we felt it important to see the state of affairs at higher 
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voltages. The measurements were carried out for six elements of the Cr group 
from 1500 volts to 2000 volts. A gap between 1000 volts and 1500 volts 
could not be filled with our motor-generator. The motor-generator used 
could give a fairly steady voltage, but fluctuation within 20 volts had to be 
allowed. All the conditions were the same as described in the preceding 
chapter. 

The constancy of i p ji t as a function of i t was examined with respect to the 
Mn target and it was found to bo fairly constant. The mean of two data gave 
13*4 at 1500 volts with i t nearly 45 microamperes, while the corresponding 
value was 13*7 with i t nearly 15 microamperes. All the data in this chapter 
were taken in the range of 15 to 8 microamperes of thermionic current, whereas 
the data up to 1050 volts which were described in the preceding chapter were 
taken in the range of 35 to 45 microamperes of thermionic current. 

The results are tabulated in Table VII. 


Table VH. -Cobalt Photoelectric Plate, Electrostatic Voltmeter and 

M o tor-generator. 


Voltage. 

Date. 

Cr. 

Mil. 

i 

134.10 

t 

February 26 

36*7 

1:1-52 


28 

34*8 

13 78 


j March 5 

36 1 

17*05 

1750 

i February 26 

75-8 

21*1 I 


; 2» 

63-5 

21*6 

2000 

! „ 26 

94'6 

26*9 


I .. as 

92*5 

27*3 


t 


Fe. j 

Co. j 

.... ...I 

Ni. j 

Cu. | 

Voltage. 

On. 

! 

33-3 

28*9 

22-7 

f. ] 

40*2 

i ” '. ! 


32*7 

30*4 

22*2 

39*2 



34*2 

26*7 

21*4 

40*7 

1500 

39*2 

63*7 

56*1 

36 3 

96*9 

1600 

05*9 

60*5 

57*4 

30*5 

— ; 

1700 

87*7 

96*9 

82 • 1 

46*3 

- 

1800 

110*0 

95*8 

78*7 

i 

38*0 





As is seen from this table the consistency of the values taken on different 
days in this range is not so satisfactory as in the case of the voltages under 1000 
volts, the maximum difference being about 20 per cent. But it should be 
noted that this range is the one in which the value of i„/i t increases rapidly 
with slight variation of voltage. 

In this range the emissivity of Cu became the highest among the six elements. 
The value above 1800 volts was too large to be measured with our apparatus. 
The range above 2000 volts could be studied with only two targets, viz., Ni 
and Mn, because the value of i v ji t for other targets became too large. As for 
the Co target, it was just beyond our range if we use the Co photoelectric 
detector but oould be measured by using a carbon detector. 
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It was observed in this region that when we increase the voltage beyond 
2000 volts the value of i P /i t increases up to about 2500 volts with nearly the 
same rate as in the region of 1500 to 2000 volts (Table VII)* But this rate of 
increase in the value of i p /i t gradually decreases when we proceed above 2500 
volts and in the region between 3500 to 4500 volts the increase of the value 
becomes very small. Then if we plot the value of i p ji % against voltage, the 
curve takes the form of a saturation curve. 

Experiments were carried on to verify this point, but the discrepancy of the 
data became more enhanced in this region than that in the region of 1500 to 
2000 volts. Then we tried to take readings in two ways by increasing and 
decreasing the voltage, and it was found that the curves always showed some 
hysteresis effect. Two examples are shown in fig. 13, in which curves drawn 



Fig. 13.—Full line: Co phofcoeleotrio detector, ordinate of Ni is increased 1 *0, that of Mn 
is reduced 1 <0. Broken line; C photoelectric detector. X always shows ascending 
voltage, O always shows descending voltage. 
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in full lines are those obtained with Co photoelectric detector, and the values 
marked with crosses represent increasing voltage, the small circles showing 
decreasing voltage. This hysteresis effect is also observed when we use a 
oarbon detector, but to a less extent. In the figure, curves drawn in dotted 
lines show the mean curves obtained with the carbon photoelectric detector. 

As one of the causes of this phenomenon we can consider some fatigue or 
reverse effect which may occur on the target or photoelectric plate. In order 
to test this point, we kept the voltage and thermionic current constant and 
measured the value of i v ji t at every 3 or 5 minutes. It was found that the 
value does not remain constant but varies regularly with time. In fig. 14 are 



shown two such examples each taken over 2 hours continuously. The radia¬ 
tion from the Ni target at 3700 volts was received on Co and C photoelectric 
plates, and in both cases it was observed that the value of i v ji t first gradually 
decreases and becomes steady for some time, say, 20 minutes, and then gradually 
increases. The amount of variation ia of the order of 15 per cent, and just 
enough to explain the amount of hysteresis observed above. This phenomenon 
cannot be explained with the insufficient experimental data available at present, 
But it appears very probable that in the high voltage region the variation of 
the value of iji t is more sensitive to the presence of gas molecules on the target 
or photoelectric plate or both than in the low voltage region. A slight variation 
in the equilibrium state of adsorbed gas molecules, which is caused by applying 
a thermionic current to the target for a long time, can give rise to this amount 
of variation in the value of i 9 ji If this is the case, the first part of the curve 
will foe explained by the analogy of the photoelectric fatigue of the detecting 
plate, which has been studied by many workers in the ultra-violet region. 
The final gradual increase may be explained by the liberation of adsorbed gas 
molecules from the target, which is considered to increase the value of 
von. oxxiv.—▲. 2 x 
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because in this region of voltage the target must have been warmed up appreci¬ 
ably by the thermionic current. Though these two reverse effects are super¬ 
posed, the fatigue effect of the photoelectric plate becomes steady as can be 
expected with the analogy of ultra-violet radiation, while the liberation of 
gas molecules from the target will increase proportionately with time. 

From these considerations, by taking the mean value for increasing and 
decreasing voltage, the discrepancy of data could be lessened by about 10 per 
cent. These mean values are summarised in Table VIII. As is seen from the 
table, even if we take the mean value for increasing and decreasing voltage, 
the values taken on different days show a considerable variation. But if we 
take the ratio of the two values taken on different days we find the ratio con¬ 
stant. The data taken on March 4 are higher than those taken on March 1 
by about 15 per cent, for Ni and 23 per cent, for Mn all over the range, and the 
latter coincides fairly well with those given in Table VII at 2000 volts. The 
difference of 8 per cent, in the ratio of vacation for Ni and Mn, may be due to 
the difference in the conditions for two metals, which were studied at different 
times, though on the same day. This shows that the variation of i 9 /i t is very 
sensitive in this high voltage region. At any rate, by this method of arranging 
the data, we can determine the shape of curve with fairly good accuracy, in 
spite of the large amount of discrepancy between individual absolute readings. 


Table VIIL—Cobalt Photoelectric Detector. 


Voltage. 

Ni. 

Mn. 

March 1, 

March 4. 

Ratio. 

March 1. 

March 4. 

Ratio. 


1600 

_ 

22*6 

_ 


21*7 


2000 j 

39-3 

43*6 

in 

29*8 

30*6 

1*28 

2600 

54*3 

62*7 

1*16 

39*9 

49*0 

1*23 

3600 

71*3 

81*6 

1*14 

60*2 

61*4 

1*22 

4000 

74*2 

86*3 

1*16 

63*1 

66*3 

1*23 

4600 

76*1 

88*5 

1*18 

64*4 

67*8 

1*24 


Next the range from 1000 to 1500 volts was examined with increasing and 
decreasing voltage, because this is important to connect the ranges of the 
storage battery and the motor-generator. The results are given in Table IX, 
which shows that the apparent hysteresis effect is negligible in this range with 
a well degassed target and photoelectric plate. 
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Table IX,—Cobalt Photoelectric Detector, March 5. 



Cr. 

Mn. 

Fe. 

Co. 

| Ni. | 

Cu. 

1st 1020-volt storage batten 7 . 

9-08 

6-96 

10*34 

9*26 

8*91 

9*20 

2nd 1500-volt motor generator . 

30*1 

17-05 

34*2 

20*7 

21*4 

40*7 

3rd 1020-volt storage battery .. 

9*85 

6-90 

10*68 

9*08 

9*05 

9*36 


Referring to Tables V, VI, VII, VIII and IX, the curves of i p ji t were plotted 
against voltage all over the range from 0 to 4500 volts in fig. 16. The values 
up to 1500 volts are plotted according to Table V and IX, and those in the 



region 1600 to 2000 volts from Table VII. Above 2000 to 4500 volts they are 
only plotted for Ni and Mn. For this range the data in Table VIII are employed 
but values were divided by a certain constant, proper to each set, so that 
the values at 1600 volts coincide, for eaoh element, with the mean value at that 
point which was determined from the data in Table VII. This correction 

2x2 
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was of the order of 25 per cent. Black dots represent the values received 
with the carbon detector, a similar correction being also made. The degree 
of accuracy of the curve in this region will be seen from the range over which 
the various sets of values lie. 

As is seen from this figure, the value for Cu becomes highest above 1500 
volts and its rate of increase becomes very large, being almost vertical. Now 
it will be clear that the larger curvature for Cu (fig. 11) as compared with the 
other elements of this group, is not a matter of chance but a preparatory stage 
for getting this steep portion of the curve, 

9. Summary of Results. 

All the experiments carried out in this investigation showed that the presence 
of adsorbed gas molecules on the photoelectric plate and target play an impor¬ 
tant role in the absorption and excitation of soft X-radiation. This is probable 
when we consider that all the phenomena concerned are to be taken as 
surface phenomena. As for the absorption of these rays, the effect of adsorbed 
gaB molecules increases the efficiency of liberation of photoelectrons, which 
is clear from the experiments described in section 3. The amount of increase 
is larger the more adsorbed gas molecules there are on the surface. The relative 
change in the values of i p ji t for different states of the adsorbed gas molecules 
on the photoelectric plate, is the same for the radiations produced by the 
different targets. This suggests that the proportionality will also hold for the 
degassed state of a metal between the true intensity of soft X-rays, which 
cannot be known from this experiment, and the photoelectric current produced 
by them. 

Next as for the excitation of soft X-rays, the effect of the presence of gas 
molecules on the target could not be studied with the same certainty as in the 
case of the photoelectric plate. But it appears very probable that the effect 
is reversed in this case and the excitation of soft X-rays for a given amount of 
thermionic current decreased with the presence of gas molecules on the target. 
The increase in the value of i p ji t with a heavy bombarding of the target 
compared with the case of a long bombarding at low temperature, the peculiar 
phenomenon observed with the broken targets, the increase in the value with 
the reduction of oxide films on the targets with hydrogen, the variation of the 
value of t p /i t with time observed at high voltages ; all support this idea that 
the excitation of soft X-radiation is increased with the liberation of gas mole¬ 
cules from the target. 

In the final condition in which all targets and photoelectric plates are well 
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degassed and the oxide films on these surfaces are reduced with hydrogen, the 
value of i p ji t became very consistent and could be measured within an error 
of 2 or 3 per cent, to 1000 volts. These results showed that the curve of 
i v /i t as a function of voltage is not a straight line, but rises upwards, showing 
a regular deviation from the assumption that Kramer’s theory applies to this 
region. This may be partly explained by assuming that the specific photo¬ 
electric activity of the photoelectric detector is greater for larger values of v. 
This receives support from a similar phenomenon known in the region of ultra¬ 
violet radiation. This curvature, however, is not the same for different 
targets, and shows that it must be chiefly due to some other phenomenon taking 
place on the target. Accordingly the relative emissivities for different elements 
are not the same for different voltages. The rate of variation of the different 
curves differs to such an extent that some of them cross one another in the 
region of 0 to 1000 volts. 

In the high voltage region, six elements of the Or group were studied up to 
2000 volts. Among them Co, Ni and Mn were examined up to 4500 volts, 
and it was found that the value of i v ji t increases at first and then gradually 
approaches a constant value, giving an appearance similar to a saturation 
curve. This was the case also when we received the Tadiation on the carbon 
photoelectric detector. The general nature of the curves in the high voltage 
region is in good agreement with that of curves under 1000 volts, this point 
being most clearly seen in the case of the Cu target. The question why this 
curve takes the form similar to a saturation curve is an interesting problem, 
but it cannot be explained by any theory hitherto proposed. Accordingly in 
this paper no attempt has been made to explain the relative emissivities for 
different elements in connection with the atomic theory. 

In conclusion, I want to thank Prof. O. W. Richardson for suggesting this 
investigation and for his kind interest in the work which was carried out in 
the Wheatstone Laboratory, and also Prof. H. C. H. Carpenter for having 
kindly placed at my disposal his metallurgical apparatus. 
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On the Criteria for the Stability of Small Motions .* 

By R. A. Frazer, B.A., B.Sc., and W. J. Duncan, B.Sc., A.MXMech.E. 

(Communicated by H. Lamb, F.R.S.—Received April 25, 1929.) 

1. Introduction. 

When a dynamical system receives a small disturbance from a state of rest 
or steady motion, the ensuing small motion is governed by a system of linear 
differential equations. In order to determine the stability, the conventional 
procedure is to examine the signs of certain “test functions,” which can be 
constructed in succession from the coefficients of the determinantal equation 
by Routh’s well-known rules (see Routh’s “ Rigid Dynamics,” vol. 2, 6th ed., 
p. 228). However, the series of test functions for a determinantal equation 
of general degree are not stated by Routh in an explicit form ; and the expres¬ 
sions would, in fact, be exceedingly cumbersome. An alternative is to use 
for the stability criteria the signs of certain “ test determinants.” This method, 
which is very convenient in practice, is not described in works on dynamics 
known to the writers, and may be novel. The present paper contains a brief 
account of these determinants and of certain other simple forms of test 
function. 

The stability of a system is usually dependent upon so many factors that the 
exact influence of individual factors may be extremely difficult to trace in a 
purely algebraic discussion of the test functions; but such obscurities can 
often be avoided by a graphical representation of the criteria. A suitable 
graphical treatment for problems of a certain wide class will be described. 
For a detailed illustration of the application of the method to the stability of 
aeroplane wings, the reader is referred to R. and M. 1155.* 

2. Test Determinants for Equations of General Degree .f 

The dynamical system under consideration will be assumed to possess m 

♦ The writers are indebted to the Aeronautical Research Committee for permission to 
publish in the present amplified form certain sections of Reports and Memoranda No* 1156 
‘ The Flutter of Aeroplane Wings/ 

f The determinantal forms of the test functions given in $ 2 originally appeared in 
Appendix I to Technical Paper No. 2336 of the Aeronautical Research Committee, entitled 
* Interim Report upon Flutter Theory,* by R. A. Frazer (November, 1926)* 
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degrees of freedom. The generalised co-ordinates will be taken as x mi 

and the dynamical equations will be written 


&i\%\ 4 buXi 4 ciiXi 4 # 12 X 2 ^ 12^2 4~ 4- 

4- a lm %m 4" &lm x m 4 = 0 

%®l4* &2l4l 4 0*21 Zi + #22^2 4 ^22^2 4" C 22 X 2 4“ I 

4 a 2m X m 4- b<2 m X m 4 Qtm X tn = 0 [ . 


( 1 ) 


a ml x l 4" b m \X\ + ^ml x l 4* ^2^2 4 4 <V»2^2 4 ••• 

4 4 b mm X m 4 c mm x m 3=5 0 J 


If D be used to represent differentiation with respect to time t, and if the typical 
operator, auD* 4 &nD 4 Cn be abbreviated as an (D), then the foregoing 
equations can be expressed in the form 

<*n (D) %x 4 a 12 (D) x<> 4 ... + a lm (D)a w = 0 - 
<*21 (D) *1 4 <*22 (D)*2 4 4 ®2w (D)®m — 0 

f I'*) 

a m i (D) a* 4 fl W 2 (D) x 2 4 4a W m0 ) )^. — 0. . 


In accordance with the standard treatment of such equations, a typical solution 
will be taken as 

x \ = Xi c K K x z = X 2 <4, ... x m ~ (3) 

where the quantities X are independent of t> and determine the amplitude and 
phase relationships ; and where X is any root of the determinants! equation 


flu (^)> a 12 (^)» ***> a ln» W 

an(X), ( X), «2m(^) 

fl»l (^)> •••» 


w 


The stability of the system depends upon the nature of the roots of (4), This 
equation will be of degree not higher than 2m in X and will be written for 
conciseness 

A (X) ~ PqW* 4 Pi 1 4 * 4 ••• 4 Pn— 1 ^- + Pn = 0, (5) 


where n > 2m, and all the coefficients are assumed real South's rule for the 
construction of test functions appropriate to (5), is as follows:— 

The first two test functions are pi and pip 2 —P 0 P 3 subject to the assumption 
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that p 0 is made positive. The remaining test functions may be constructed 
oonsecutively by writing 

for po Pi Pz Pa P* Ps etc. 

tie value, ft t'PirM* „ p , 

Pi Pi Pi 

An objection to this procedure is that with equations of high degree the test 

functions, when written explicitly in terms of the coefficient p , become 

increasingly cumbersome as the process of construction is continued. It will 

now be shown that equivalent functions can be found very simply as a group of 

determinants. 

Consider the following sequence, whose law of formation will be obvious 










Pi 

Po 

0 





Pi 

Po 






= Pi 

) 

I o 

_ j 

1 

Pa 

Pi 

t 3 

— 

Pa 

Pi 

Pi 









Pa 

Pi 

Pa 



0 

0 



pi 

Po 

0 

0 

0 

pi 

Po 





0 






i 

Pa 

Pi 

Pi 

Po 

Pi 

Pi 

Pi 

Po 

> 

t 5 = 

Pa 

Pi 

Pa 

Pi 

Pi 

Pa 

Pi 

Ps 

Pi 



Pi 

Pt 

Pa 

Pi 

Pa 

Pr 

Pt 

Pr, 

Pi 













P» 

Pa 

P7 

Pa 

Pa 


Then it can readily be shown that Routh’s substitution will convert T r into 
Tf+i/pn The method of proof is general, but it will be sufficiently illustrated 
by reference to one determinant of the series, e.g., Apply the substitution, 

and write the new value of the determinant as T 5 '; then 


Plp2 

~ Pops , 

Pi* 

o 

o, 

0 

PlP* * 

-pm > 

Pz, 

P 1 P 2 - 

~ PoPz> 

Pi> 

0 

Plpt" 

-PoPl 7 

P$, 

PiPi - 

~ Pop6> 

pa. 

PiPi — PoPa 

pm - 

-pm > 

Pr, 

PiPt — PoPi, 

Pa, 

PiPi — PoPa 

PiPio 

- PoPn, 

P9f 

PiPs-PoPo, 

Pi, 

Pipt—Popi 


Multiply columns (2) and (4) by p Qi and add to oolumns (3) and (5), 
respectively ; then 


PiPt- 

PoPa , 

Pi, 

Po, 

0. 

0 

PiPi- 

PoPa , 

Pa, 

Pt, 

Pi, 

Po 

PiPe- 

Popi , 

Ps, 

Pi, 

Pt, 

Pt 

Pipa- 

PoPa , 

Pr, 

Pt, 

Ps, 

Pt 

PiPio- 

-PoPii, 

Pt, 

Pt, 

Pr, 

Pt 
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which determinant will at once be identified as T 6j on development of the latter 
in terms of the minors comprised by its first two columns. 

Since p x and T 2 are already known to be test-functions, the remaining 
determinants of the set appear as the higher test-functions. In the application 
to an equation of a specified degree n , a cipher should be substituted for the 
coefficients p whose suffixes exceed the value n. The process then terminates 
automatically with T ft) which in point of fact is merely p n T n _i. The necessary 
and sufficient conditions for complete stability of the system are that all the 
determinants, Tj., T 2 , .... T n „ 1? and p 0i p n shall be positive. 

3. Test Functions for the Quartic and the Sextic. 

(a) The Quartic.- The full set of necessary and sufficient conditions for 
stability are here 

(i) All coefficients p positive ; 

(ii) T a positive. 

These can* be shown to he equivalent to the conditions that all the test 
determinants should be positive. 

{b ) The Sextic. - In this case the necessary and sufficient cxiteria are 

(i) Coefficients p 0 , pu and positive ; 

(ii) T 2 , T 3 , T 4 , and T f> positive. 

It does not appear that these can be replaced by any much simpler equivalent 
set. The condition that all the coefficients p and T 6 should be positive is 
necessary, but not in general sufficient. 

4. Criteria for the First Onset of Instability in a Previously Stable System. 

In the further discussion of the stability criteria, attention will be restricted 
to a particular class of problem which is commonly met with in mathematical 
physics. Information is often required as to the influence of a continuous 
variation of particular parameters on the stability of a dynamical system. 
It will be supposed that the system is known to be definitely stable for one 
datum set of values of the parameters, and that these parameters are con¬ 
tinuously varied until an instability makes its appearance. The problem 
for solution is the determination of the critical values of the parameters 
corresponding to this first instability. 

In accordance with the conditions of the problem, it will be assumed that 
some, or all, of the coefficients a, b , c, in the dynamical equations—and therefore 
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flome, or all, of the coefficients p in (5)—are functions of a set of real parameters 

Y), £ etc. In the datum condition, with £ = £o ! = y)o i £ — £o» ete *» 
the system is known to be stable ; thus, for this set of values of *], C» «tc., 
the real parts of all the roots of (5) are negative, and no root is purely imaginary. 
Now suppose the parameters to be varied continuously until the first instability 
appears. The change from stability to instability can occur under one of 
the following circumstances only:— 

(а) The real part p of a complex root p -f- ia changes sign from negative to 
poBiti ve, and accordingly vanishes at the critical condition.* In this case, 
a previously damped oscillation changes into an unstable oscillation — 
the critical condition being where the oscillation is neutral (t.e., simple 
harmonic). Since all the coefficients p are assumed real, the equation 
(5) will now possess two equal and opposite pure imaginary roots ±;ic. 
The critical parameters for this case will, accordingly, be such that any 
eliminant of the equations A (X) = 0 and A (—X) = 0 vanishes. 

(б) A real root changes sign from negative to positive. In this case a 

previous subsidence becomes a divergence, the critical change being 
indicated by 

Pn = 0. (6) 

The eliminant referred to under the heading (fir ) can be expressed in a variety of 
different forms, certain of which will be discussed later in § 6. For immediate 
purposes it will suffice to obtain merely that form which may be regarded as 
the standard. Suppose, firstly, n to be even (i.e., n = 2 r). Then since (6) is 
to be consistent with A ( — X) = 0, the critical root will also necessarily satisfy 


P«y T + p 2 y r ~ x + Pitf 2 + ... + Ptr- 2 y + Pi, — o, (7 a) 

Pi f' 1 + P*y r ~* 4- ... 4- Par- a y + Ps,-i = 0, (7 b) 

in which y has been written in place of the original X*. 

When n is odd (i.e., n — 2r + 1) the corresponding pair is 

Po.V f + Pa.y' -1 + Pitf~* 4- ••• + Pi,-iy 4- P2. = 0, (8a) 

Pitf + Pa.v f " 1 4- Pif~* 4-... 4- Par-i y 4- p*,+i — 0. (8b) 


* The possibility of infinite roots will be disallowed. An infinite root would imply 
that p 0 can vanish; normally, p 0 represents the discriminant of the kinetic energy of Urn 
system, and is therefore essentially positive. 
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Elimination of y by Sylvester’s method leads, in the case n = 2r, to the 

relation:— 

Po Pt P* Pa ••• Pir-t Pa,- 2 . par 0 0 0 ... 0 0 

0 Po Pi Pi — P-ir-a Par-* Par-2 Par 0 0 ... 0 0 

0 0 0 0 ... p 0 p 2 p t p 6 p 8 p 10 ... par-2 pa. 

Pi Pa Pa P? ... par-a P2r-i 0 0 0 0 ... 0 0 

0 pi pa Pa ••• Pit—a Par-a Pa r -i 0 0 0 ... 0 0 

0 0 0 0 ... 0 pi p 3 p f> p 7 p» ...pa -2 par-i 

The determinant is of order 2r — 1, and on rearrangement of its columns and 
rows, it will be identified as the (2 r — l)th member of the sequence of test 
determinants T defined on p. 644. Thus, one form of the eliminant of (7 a) 
and (7 b) is 

T«-i = 0. (9) 



It will readily be seen that this result is also valid in the case where n is odd. 

The relations (6) and (9) jointly determine all possible values of the para¬ 
meters, c, 7], C etc., for which the dynamical system undergoes a critical 
transition from stability to instability. Those values which correspond to 
the inception of a divergence will necessarily satisfy (6), whereas the values 
appropriate to the inception of oscillatory instability will necessarily 
satisfy (9). 

For simplicity, suppose that there are merely two variable parameters 
concerned, e.g., $ and yj. If these 


parameters be treated as co-ordinates 
in a plane, then (6) and (9) determine 
a pair of curves, which may for 
brevity be referred to as the “ diverg¬ 
ence curve D,” and “ the unstable 
oscillation ourve U,” respectively. 
Now it has been assumed as an 
essential condition of the problem 
that the system is known to be 
completely stable for the datum 



values 5 * 5o» — tj 0 . Let P 0 denote the corresponding datum point in the 


dia g r am, and P the point appropriate to current values of i; and i). The 
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system will be completely stable for the values of 2 ; and tq provided that we 
can travel from P 0 to P without crossing either of the curves D, U. 

Since (9) has been derived as the eliminant of A(X) = 0 and A(—X) “ 0, it 
determines not only groups of values of £ and tj which provide equal and 
opposite imaginary roots (i.e., simple harmonic oscillations), but also all 
groups which provide equal and opposite real roots ip. It follows that the 
whole of the curve IT does not necessarily correspond to the inception of 
oscillatory instability. On the other hand, the existence of a pair of real 
roots ±p implies that a divergence must already have been established ; so 
that all such branches of the curve U as can be reached from P 0 continuously 
without passage across D necessarily correspond to the condition of incipient 
oscillatory instability. 

In the diagram fig. 1, both IT and D are shown for simplicity as single oval 
curves with four real intersections MM'NN'. The stable area surrounding P 0 
is MNA, but other completely stable areas may, of course, exist. A judicious 
interpretation of the diagram will often suffice to indicate the remaining stable 
area, if any. For instance, in the diagram actually shown, no point exterior 
to the oval curve U can correspond to stability, since T rt _ i would then necessarily 
be negative. Moreover, no point interior to D can lead to stability, since p n 
would then be negative. Thus, the only possible stable area, other than MNA, 
is the area M'N'A'. In this region, although both p n and arc necessarily 
positive, some lower order test determinant may yet be negative. In practice, 
the most convenient procedure would be to calculate the stability for some one 
representative point within the suspected area M'N'A'. If the system is 
stable for this one point, it is necessarily stable throughout the whole area. 

5. Illustrative Case of System with Two Degrees of Freedom . 

The dynamical equations are here most conveniently written 

a x x + b x x + c x x + d x y + e x y + f x y = 0 (10a) 

a 2 x + 6 2 i + ctfc + d^y + e, t y = 0. (10b) 

It will be assumed that these equations are in the form given by Lagrange's 
method, or some equivalent. In this case the coefficients di, are equal, 
and the common value may be denoted by P, 

Let determinants be written in the abbreviated form 
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Then, the determiuantal biquadratic corresponding to (10a) and (10b) will be 


p 0 X* + Px>? + j» 2 x 2 + p 3 X + JP* = 0 

(U) 

where 

Pa — 1 ad 1 

(12a) 


Pi = | ae | + | bd | 

(12b) 


Pa = 1 a f 1 + 1 be | + | cd | 

(12o) 


Ps — 1 h f\ + 1 

(12») 


Fa — 1 c f I- 

(12e) 


The curves I) and U defined in § 4 will be, respectively, 

n = I c/| =o 

and 

Pi Pa 0 

Pa Pi Pi = PiPtPa - PoPs 1 ~ PiP* = b 
0 Pi Pi 

The influence on the stability of a simultaneous variation of any two of the 
coefficients a, b, c, etc., may now readily be traced graphically by adoption of 
the two selected coefficients as co-ordinates 5, tj in a plane. An illustrative 
case is where the selected coefficients are c x = 5, / 2 EE these measure the 
direct forces of restitution. Then the curves D and U will obviously both be 
conic sections. The conic D will be a rectangular hyperbola whose asymptotes 
are the co-ordinate axes ; whereas the curve U will be a conic of the general 
form 

Ai; 2 -f- 2 H^t) + Bt; 2 + 2Gi; -f- 2Fr ; -f- C — 0. (15) 

It will be found, after some reduction, that 

4 (AB - H 2 ) = Pl 2 P 2 [4e„6j - (e x + 6 a ) 2 J. (16) 

Thus, U will be an ellipse or a hyperbola according as 

4e t 6 x — (e t + 6 2 ) 2 >0 or <0, (16 a) 

and when P »■ 0 it will be a parabola. 

It is interesting to note that the result (16 a) is dependent merely upon the 
coefficients 6 and e, which represent the dissipative forces in the system. The 
expression on the left of (16 a) is, in fact, the discriminant of the dissipation 
function 



(13) 

(14) 


2F = biXi* H- -f -f &a) *ia*. 


(17) 



650 


R. A. Frazer and W. J. Duncan. 


Thus, on the assumption that by, and e* are positive, the condition of ellipticity 
is that F shall be positive for all values of the velocities ij, 



From the form of (14) it will be seen that of the four points common to 
D and U, one pair (M, N) lie on the straight line p 8 = 0. Since the expressions 
for <p t and p a do not involve the coefficients o and d, it follows that the two 
points M, N will be common to all the conics U which are obtainable by a 
variation of these inertial coefficients. It can, further, be shown that when 
merely one or other of the two coefficients a x or d 2 is varied, the family of conics 
U will pass through the two fixed points M N, and touch two fixed parallel 
straight lines. 

The geometry of the diagram, for the foregoing special case where the variable 
parameters are cy and / g , has been developed in considerable detail by the 
writers in relation to the problem of the stability of aeroplane wings. For a 
detailed acoount of the results reference should be made to R. & M. 1155.* 

6. Alternative Forms for the Penultimate Test Determinant T„_i. 

From the foregoing discussion it will be clear that the penultimate test 
function T„_i is normally the most useful of the group. However, for numerical 
work, the determinantal form of this function is apt to be laborious in use, 
and other forms are preferable. Now it follows from the argument of $4 that 
any eliminant of A (X) = 0 and A (—X) = 0 can be adopted as a test function 

* Loo. tit. 
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equivalent to T„_j. Some alternative forme of this eliminant will now be 
exemplified by the case where the determinantal equation is a sextic. 

Here, the equations whose eliminant is required, are 

Pof + psf 4- )hy 4 pa — 0 (18a) 

Pif 4 Pay 4 Pb = o. (18 b) 

Probably the simplest form for the eliminant is merely 

— R = (Poyi 3 4 Psl/i 2 4 pay I 4 pa) (Pay -1 4 pm 2 4 Pm 4- Pa) (19) 

where y t and y. 2 are the calculated roots of (18b). 

The expression R differs from the determinant 

Pi po 0 0 0 

Pa pa Pi Po 0 

T 6 = p 6 pa pa fa pi (20) 

0 pa Pa Pa pa 

0 0 0 pa pa 

merely by a factor, which can bo found by a comparison of the coefficients of 
pa 9 . In T 5 the coefficient of p 6 * is — pi B ; whence the identity 

T f> = p/R. 

Sinoe p x is necessarily positive for stability, the method for the sextic can be 
summarised as follows :— 

Solve the quadratic 

’ Piy 2 4- Pay 4 Pa = 0 
and let the roots be y x and y % . 

Then the penultimate test function can be taken as 

r 5 = — (p 0 yi 3 4 PoPi 4 pm 4 pa) (pm 9 4 pm 9 4 pm + p«) 
and must be positive for stability. 

It should be noted that in the critical condition one of the factors of R» 
necessarily vanishes, that involving y x for example. The oritical frequency/ 
of the corresponding oscillation is then given by 

Vi — — 47t 2 / s « (21) 

The advantage of this method is that the numerical work involved is more 
concise and leas laborious than the direct calculation of the determinant T fi . 
Moreover, fewer differences of sign occur in the expression of the function. 

It may also be noted that for stability both the roots yi and y 2 must be real 
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and negative. For, if the roots were complex, the factors in R e would be 
conjugate imaginaries and ft 6 would be necessarily negative. Moreover, real 
roots of opposite sign would imply that pi and pt, were of opposite sign, a 
condition incompatible with stability* ; and two real positive roots are 
immediately prohibited by the form of R:,. 

Another treatment of the equations (18a) and (18b) leads to a form of the 
test function involving only third-order determinants. If a-third equation 
obtained by multiplying (18b) by y be used with (18a) and (18b), the set can 
be solved at once for y (the powers of y being regarded for the moment as 
independent variables) with the result 



Pi Po o 


Pi po 0 

y 

Pi pt pi 

+ 

Pa Pi Pi 


Pi Pt Pa 


0 po p & 


Next, divide the same set of equations by y, and again solve for y. Then 


Pi 

Po 

0 


pi 

Po 

0 

Pa 

Pa 

Pi 

+ 

Pa 

Pt 

Pa 

0 

Pt 

pt ! 


o 

Pt 

Pt 


(22b) 


Whence the elirainant, which can readily be identified with yqTg, is 


pi Po 0 


Pi Po 0 


Pi Po 0 

Pi Pi Px 

X 

Pt Pt Pt 

— 

Pi Pt Pi 

Pi pt p 3 


0 po pi 


0 Pt Pi 


PiT 6 - 


This may be written for brevity 

PxT 6 = A 0 A 2 


A, 4 . 


= 0. (23a) 


(23b) 


The critical frequency/(= V — y/2rc) is then given directly by (22a) or (22b). 

The alternative treatments of the test-function T# as given above can be 
generalised to apply to equations of any degree. In order to obtain the forms 
corresponding to (22) and (23) it will be necessary to add to the original pair 
of equations corresponding to ( 18 a) and ( 18 b) a further set obtained by 
multiplication by appropriate powers of y (e.g., iot an even degree n «= 2m, 
the multipliers are 1, y,.... y m ~ > and 1, y,..., y*“* respectively). The equations 
as they then stand, when solved for y, give 

yA 0 + Ax = 0 
* See remark* on vextie, § 3. 


(24a) 
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and, when divided throughout by y 9 give 

(24b) 

in which the determinants A are of order two less than the determinant T n _i. 
Then the eliminant is 

= A 0 A a -A x *^0 (25) 

and at a critical condition 

= A x /A u =s A a /Aj. (26) 

The eliminant R n _ x can be expressed in terms of the standard test determinants 
as follows ;— 

R ft „! =» T w _ 5 T n _j. (27) 

If the coefficients be varied continuously from an initial set compatible with 
complete stability, the first oscillatory instability is indicated by the vanishing 
of T n „i; and provided that p n is still positive, all the subsidiary test functions 
must be positive. Hence the first critical condition occurs when R„_ x vanishes. 
A general form of the test function corresponding to (19) is 

R»-l — ± (pm r + PzVl' 1 "I- ••• + Pi r) {piiUi + PiVi ' 1 + • • • + Pi r) (28) 

where y\ and y 2 arc the roots of 

Q(y) = o ( 29 ) 

and Q (y) is any quadratic partial eliminant of the equations (7) or (8). The 
correct sign in (28) for stability could be decided most readily in practice by a 
numerical calculation of for a known stable condition of the system. 

Partial eliminants of any degree can be very readily obtained by Sylvester’s 
method, and an example will make the general process clear. Let the original 
equation be an octic, so that equations (7) become 

Po-V 4 + Pit + PA* + M + Pa = 0, (30a) 

Pit + Pay 2 + Pay + Pi — 0. (30b) 

Multiply (30b) by y. In the set of three equations now available treat any 
two of the powers of y as independent variables and the remainder as constants, 
and eliminate. For example, the three equations can be written 

pit + y (j pay' + pay + pi) = °- 
pot + y (pm* + p*y + p*) + p» = °* 
y {put + pay + Pa) + Pi = o. 

2 Y 


VOU CXXIV.—A. 
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Upon elimination of y* and y the result is 

Pi, PM* + PM + pi, 0 
po, PM* + PM + Pa, Pa 
0 , pi f + Pay + Pa, Pi 


= 0 . 


(31) 


Many alternative forms of quadratic eliminant exist, corresponding to the 
different possible methods of performing the elimination. It may be noted 
that when equations (30) have two roots in common, these roots are necessarily 
the roots of (31); under this condition the coefficients satisfy a number of 
identical relations, and all the forms of the quadratic eliminant become identical. 

The general rule in partial elimination can be stated as follows Let the 
equations be of the with and nth degrees, respectively. To obtain a partial 
eliminant of degree r, multiply the first by y°, y 1 , ..., y n ~ r ~ l and the second by 
y°, y\ ..., y m ~ r ~ l . There are then (rn -j- n — 2r) equations, from which 
(m -f- w — 2r — 1) powers of y can be eliminated ; the eliminant is clearly of 
degree r in y, and is a determinant of order (m -f n — 2r). 


Further Investigations of the Spectrum of Ionised Nitrogen {N II). 

By L. J. Fkkeman, B.Sc., D.I.C., Imperial College of Science and Technology, 

South Kensington. 

(Communicated by A. Fowler, F.R.S.—Received May 3, 1929.) 

In a previous paper* on the spectrum of ionised nitrogen (NII), the triplet 
and singlet terms based on the 2 p ®P term of N III were dealt with. Mention 
was also made of a second group of terms based on the 2 p' terms of N III. 
This group contains singlet, triplet, and quintet terms. Three of the deepest 
of these triplet terms were found by Bowen,f namely, 2 p' # S, 2 p' ®P and 
2 p' 8 D in the notation here adopted. The first part of the present paper deals 
with the identification of some of the quintet terms of this second group. The 
second part refers to some additional combinations arising from triplet terms 
of the first group. For completeness, a brief account of some Binglet identi¬ 
fications by W. E. Pretty has been included. 

* Fowler and Freeman, ‘ Roy. 8oc. Proo,,’ A, vol. 114, p. 643 (1937). 

t ‘ Phys. Rev.,’ vol. 29, p. 231 (1927). 
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Quintets. 

Three multiplets, previously suggested as being due to double electron 
transitions in the triplet system, have now been found (following a suggestion 
by Prof. H. N. Russell) to belong to the quintet system. 

The predicted quintet terms based on 2p f 4 P of N III are as follows : - 


1, 

9 *> 

1 1 

1 3j j 

4, 

Term prefix. 

Terms. 

2 

1 3 



2 p' 

»S 

2 

1 2 

1 


3s' 

•P 

2 

l 2 

1 


•V 

*.X *P M) 

2 

i 

1 2 

1 


3d' 

1 »p n> 

2 

1 2 


1 

4 s' 

! *P 

1 


There is a similar set of triplet terms based on 2p 4 P and several other singlet 
and triplet terms based on the doublet terms of the 2 p' row of N III, namely, 
2p' a S, 2p' a P, and 2p' 2 D.* None of these triplet or singlet terms, however, 
has been found. 

Nine quintet multiplets have been observed altogether, resulting in the 
identification of all the 3 p' and 3 d' terms. The deepest term, 2 p* fi S, 
has not been found. The similarity between quintet and triplet terms, 
which is mentioned later, suggests that the quintet combination 2 p' B S — 3s' R P 
should occur in the extreme ultra-violet close to the triplet combination 
2p 8 P - 3s 8 Pf at X 671. 

Quintet Term Values . 

The absolute values of the quintet terms have not been determined, as no 
intercombinations with the triplet system have been observed. It is probable, 
however, that any given quintet term (say 3 s' 6 P) is about 100,000 units smaller 
than the corresponding triplet term (3* *P), since the triplet limit (2/? 2 P in 
N III) is roughly 100,000 units deeper than the quintet limit (2p' 4 P in N III). J 
For purposes of reference, however, and to avoid negative term values, 3#' *P B 
has been given an arbitrary value of 90,000, near to the value of 3s 5 P a (89769). 

* L. J. Freeman, * Roy. Soc. Proc.,’ A, vol. 121, p. 324 (1928). 

f 1 *P — 1 a P' in the notation of the previous paper. 

$ Loc . cit. 
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The nine quintet multiplets are given in Table I. (Numbers enclosed in 
brackets are calculated values for lines which have not been observed.) 


Table 1.—Quintet Combinations of NII. 



3*' ‘P, 

90000 0 

70'G 

3 s' ‘P, 

90070-6 50 0 

3s'*P t 

00126-0 

•V ‘8, - 

i 

65885*7 

24114*3(3) 

70'6 

24184*9(2) 

560 

24240-9(1) 

3 P’ « 

71939-4 

*18000*6(5) 






639 

5S-9 





3 P' 6 D, - 

71903*3 

18006*7 (3) 

706 

18077-3(4) 




43-J 

43'1 


43-2 



3p' « 

72036-4 

17903-6 (0) 

70'6 

18034-2 (3) 

60'2 

18090-4 (2) 


29-4 



29'4 


H9-8 

a p' - 

72005*8 



18004*8(00) 

66'8 

*18060-0(6) 


15'H 





IS-8 

ip’ E D 0 = 

72081-6 





18046-0(1) 

■ip' ‘P, - 

70053*5 

19946-6 (2) 

70-5 

120017 *0 (6) 




44‘0 

440 


43-1 



3 p' H\ = 

70097-5 

19902-5(2) 

71-4 

119973*9 (10) 

66'7 

20029-6(2) 


24'1 



243 


U-l 

'ip' ‘P, = 

70121*0 



19949*6 (1) 

66'9 

20005-6(0) 


* Uned twice. 

f Coincident with 3 p *S t — 3d 8 P, 
i Coincident with Zp VD* — 3d t J*\ 
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Table I—(continued). 



3d' ‘P, 3d' «P, 8d' *P, 

81371*3 -38-S 51382*8 -26-1 51806*7 

3p' 9 P $ - 70053 * 5 

44 0 

3p'*P t * 70097-5 

24 - 7 
- 70121*5 

18682*2 (4) -38-6 18720*7(1) 

43 9 44-8 

18726*1(2) -39-4 18765*5(0) -22-9 *18788*4(8) 

22 9 28-6 

*18788*4(3) -26-6 18816*0(0) 

3p'*8, « 65888*7 

14612*6(2) -37-8 14550*4(1) -27-9 14678*8(1) 

3p'‘D, =■• 71989*4 

63-9 

3p' ‘D, - 71993*8 

431 

3p' -D, = 72036*4 

29' 4 

3p' *D, « 72066*8 

US 

Sp'*D, - 72081*6 

20568-9(2) 

(206220) (20660*5) 

1 (206651) (20703-6) (20729*7) 

(20733*0) (20769-1) 

(20774-9) 

* Used twioe. 


3p' ‘P, 3p' *P, 3j>' *P, 

70058*5 44 0 70097*6 24 1 7012^*6 

Sd'-D, 50751*8 

14-0 

3d' ‘D, - 60765 *8 

US 

3d'*D, = 50777*4 

7*9 

3d'»D, « 50785*3 

3 # 

3d'*D„ = 50788*9 

19301*6(5) 

13-8 

19287*7(2) 43-8 19331*6(1) 

110 112 

10276*7(0) 43-6 19320*3(1) 23-3 10343-6(1) 

7-0 

(19312*2) 19336*6(1) 

(19332*7) 


The quintet term values and separations are ooliected in Table II together 
with those for 0 Ill.f In neither spectrum have the absolute values of the 
terms been determined so that no true comparison of the values given can be 
made. An examination of the term separations, however, shows that those 
for 0 III are all about 2 • 3 times as great as those for NII. This ratio does 
not vary much, the highest and lowest values being 2*46 and 2*20. 

t Mihul, * C. R.,’ vol. 184, p. 89 (1938) and Thesis, University of Naney, Paris (1987). 
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Table II.—Comparison of NII Quintets with 0 III Quintets. 


Term. 

1 0 III Jv 

Nil Av 

Jy 0 III 


1 


Ay N II 


76285*6 

90126*6 



124*5 

56-0 

2*22 

p. 

76161*2 

90070-6 



161-2 

70-6 

2*28 


76000*0 

90000*0 


3// 6 D 0 

49335’7 

72081*0 



34*5 

75*£ 

2*20 


49300-9 

72065*8 



68 *5 

29-4 

2*33 

!>• 

49232*4 

72036*4 



100-0 

43-1 

2*32 


49132*3 

71993*3 



127 3 

53-9 

2*36 


49005-0 

71939*4 


3?' 

40325-1 

70053*5 



57*3 

24*0 

2*39 

P, 

40207-9 

70097*5 



10b 1 

44-1 

2*29 

r, 

40166-8 

70121*6 


■VS, 

38783-8 

65885*7 


3d' 8 F X 

20335*1 

52753*2 



38-7 

15-7 

2*40 

F t 

20296*4 

52737*5 



57*5 

25-4 

2*27 

F* 

20238*8 

52712*1 



75*7 

53*0 

2*25 

F 4 

20103*1 

52678*5 



j 92*0 

40*0 

2*27 

F. 

i 20071*0 

52637*9 


34' *P, 


51300*7 




—20*4 


P* 


51332*8 




-38-5 


P. 


51371*3 


34' # D 0 




D* 


50785*3 




7*9 


D, 


50777*4 




11-6 


d 8 


50765*8 




74*0 


»4 


50761*8 
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Comparison of N II Quintets with NII Triplets, 

The quintet terms are set out in Table III alongside the corresponding 
triplet terms. For converting the notation used in the previous paper to the 
present notation, the old and the new designations of each term are given 
side by side in Table VI. 

Table III. 


Quin to t s. 

Triplets. 


Term values. 

Av 

ZAv 


Term values. 

Av 

E Av 

3*' 5 P 

90000 

70 ' 
56 j 

j> 126 

3* »P 

89769 

1301 

31 J 

- 167 

3p'»D 

71939 

531 

43 1 
29| 

wj 

l 140 

3 p 8 I> 

72167 

961 

60/ 

■ 156 

3;/ «S 

65885 




69953 



Zp* *P 

70122 

i 

441 

24j 

^ 68 

Zp *P 

i 

68179 

581 

36/ 

> 93 

3 d' 

52037 

401 
33 I 
25 | 
15 J 

l 113 

1 

3<**F 

62193 

81\ 

69/ 

- 140 

3 tf'»D 

50751 

111 

1 ) 

L 32+ 

3 d*D 

51353 

301 

24/ 

■ 54 

3d' »P 

1 51371 

-381 
-26 J 

|i —64 

Zd*P 

49988 

-511 

-28/ 

‘ — 79 


The two systems of terms are seen to tun nearly parallel, both in relative 
magnitudes and in relative separations. This has the effect of making corre¬ 
sponding quintet and triplet combinations ocour close to each other in the 
spectrum, and resemble each other in general appearance. Thus is" 6 P — 
ip' 6 D is at X 6535 and 3« «P - ip *D is at X 5679 ; 3 p" *D - 3d' ‘D is at 
X 4718, and ip *.D - id *D is at X 4803. 

Such a similarity was also observed between the doublets and quartets of 
N III* and of C Il.f 

The differences in the energy levels when the series electron occupies various 
orbits is obviously not muoh affected by the disposition of the inner electrons. 

* Loo. eit. 

t Fowler and Belwyn, ‘ Roy. Soo, Proo,,’ A, vol. 120, p. 812 (1228). 
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Triplets . 

Six new triplet combinations have been found, resulting in the identification 
of two new terms. In the notation of the previous paper on N II these are 
3 3 P and 2 8 F', which in the notation adopted here become 4 p 8 P and 4 d *F. 
The identification of triplet terms is now complete as far as the 4d row. The 
new multiplets are set out below. The measures of the two groups beyond 
X 7000 are rather unsatisfactory owing to the faintness and diffuseness of the 
lines which tend to become lost in the continuous background. 




id *F 4 

29021-4 

86-8 

U »F a 

29107-2 

64-2 

4 <f*F a 

29171*4 

3p*V 3 - 

3jt> 8 B £ - 

3^ - 

72167-3 

96 2 
72263*4 

60'S 

72324*2 

43145*8(5) 

i 

85-7 

43060 1 (1) 
961 

43150-0 (4) 

64 0 

(42995*9) 

43092*0(1) 

60-5 

43152*5(3) 


4 p *P, 4tp *P J 4 p *P # 

35687*0 70-9 35657*9 24-1 35682*0 


Srf*l> 3 ~ 51353 -9 

30-3 

3d *l) t ** 51384 *3 

24-0 

3d •!>, - 51408*4 

15766*9(4) 

30-0 

15796*9 (1) 70-5 *15726*4(3) 

24-5 

(15821*4) 15750*9(1) 24-5 *15726*4 (3) 

3*»P f «i 89769*4 
136-4 

3**P, » 89905*7 

31-6 

3j*P 0 - 89937*3 

54180 (5) 69 54111 (0) 

136 135 

54316 (1) 70 54246(0) 27 54219(0) 

31 

54277 (0) 

WP t « 89058 *0 

54072 (l) (64000) (53976) 

3 <**P 8 » 49988 *6 
-51-8 

3d # P X « 49936*8 
- 28-0 
3d«P 0 - 49908*8 

14399*2 (3) 69-9 14329*3(2) 

-51-0 -53-7 

14348*2 (1) 72-8 14275*6 (On) 25-0 *14250*6(1) 

-25-0 
*14250*0(1) 


4p *D, 4p *1), 4p *Dj 

86984-6 96-2 36080-8 60 0 86181-8 

3d* P, - 49988*6 
-51*3 

3 d*? t ** 49936*8 
-28-6 
3d*V § « 49908*8 

! 14002*1 (8) Pff*i 13907*0(0) (13856*9) 

-54-7 

, 13852*3(2) (13805*0) 

13771*0(2) 


* Used twice. 
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Comparison of N II Triplets with N III Quartets. 

In Table IV, the triplet term separations for NII are compared with the 
quartet term separations for N III. It is seen that for corresponding terms (i.e., 
terms for which the “ series ” electron occupies the same orbit in both spectra) 
the separations are very similar in the two systems. This similarity is well 
shown in the figure, where the two sets of term separations are plotted to scale. 
For the triplets, the total separation has been plotted ; for the quartets, the 
separation between the first and third components. 


Table IV.—Term Separations for N II Triplets and N III Quartets. 


Triplets (N II). 

Quartets (N III). 


Av 

£Av 



£Av 

3s *P 

5^ 

Pi CO 

pH 

167 

3s' *V 

ll«\ 

62/ 

178 

3p®D 

96 \ 

60/ 

156 

3 j/<D 

96 \ 

62/ 

168 





36 


3p*P 

58\ 

«/ 

93 

3 p' *V 

58\ 

43/ 

101 


81\ 

59/ 

140 

3 d'*¥ 

n\ 

61/ 

122 





36 


U «I> 

301 

24/ 

64 

3<J' 4 D 

28\ 

22/ 

60 





13 


3d »P i 

-61 \ 
-28/ 

—79 

3<T*P 

—54l 
-36/ 

-89 

4**P 

119\ 

«/ 

170 

4«' 4 P 

llfl\ 

62/ 

178 

4p»D 

96 \ 

60/ 

146 

4 p'*D 

891 

60/ 

149 





46 


4p»P 

70\ 

24/ 

94 

4p'*P 

521 

44/ 

96 

4 

86\ 

149 

4d'«F 

741 



64/ 


"} 

123 

4**D 

851 

61 

4&' «D 

291 



26 / 


27 > 

66 
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Term Component Separations for N IX Triplets and N in Quartets. 

Table VII is a list of N II lines newly classified in this paper. Those marked 
with an asterisk were not recorded in the previous paper. In a few cases 
the wave-lengths have been revised as better plates have been obtained. 

Singlets . 

W. E. Pretty,* by an application of his work on shifts in spectral lines, has 
identified three singlet terms belonging to the main family, namely, 4jp*D, 
4 p 1 S, and id *D. The identification of each term is supported by two com¬ 
binations with previously known singlet terms, with the addition, in the case 
of ip % of an intercombination with a triplet term. With the object of 
* * Proo, Phys. Soo. 1 (in iht press). 
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collecting all tlie new data for NII in one paper, these results of Pretty’B are 
given below:— 



*p i p. 


' 36153-27 

3d 1 ?! at 89657*96 

53600-8(1) 

** 52168-02 

16014-75(5) 


! 

4p% 

36676-8 

3a*P, = 89657-06 

02981-5(4) 

3a *P, - 89905-73 

63231-1 (2) 

34‘Pj 61754 -50 

15077-7(2) 



4d'D t 


28619-78 

3p l P, «. 84633-77 

35713*99 (4) 

3p*D, =■ 74235-10 

45314*7(3) 


It should be noted that the interchange of the values of Si 1 ? and Si 1 ©, 
suggested by Prof. Fowler,* is confirmed by the existence of the combination 
3i X P — 4p 1 S, which would be forbidden if the first term were 3i X D instead 
of 3^. 

In previous comparisons of the terms of NII with those of 0 Illfand C I.J 
the value of 4p x D for NII was suggested as 37045, this value resulting from 
taking the line at 15123 as 3i X F — 4p X D. From the small magnitude of the 
shift of this line, however, Pretty considers this identification to be wrong. 
His value of 36153 for 4 p X D is supported by two combinations, both giving 
lines which have the appropriate shift. 

No further light has been thrown on the apparent abnormality of the p X S 
terms. The value of ip l S appears to fit in better than those of Zp x 8 and 2 p X S 
when compared with 0 III and C I, although it is more than 4000 units larger 
than the expected value obtained by extrapolation with a Hicks' formula 
calculated from 2 p J S and 3 p X S. 

All the observed combinations involving singlet terms are collected in 
Table V. 

* * Roy. Soc. Proc.,’ A, vol. 117, p. 820 (1988). 

f Ij(k. eft. 

| Fowler and Selwyn, ‘ Roy. Soc. Proc,,’ A, vol, 118, p. 48 (1938). 
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3p *P, = 68273-3 21384-6 (2) 

P» = 68238-1 21419-8(2) 

- P, = 68179-7 21478-3(2) 
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Table VI.—Term Designations in NII. 


Old. 

New. 

Old. 

New. 

l*p 

2p*P 

1*8' 

2p l S 

1«P' 

3s *P 

PD' 

2pi0 

1 «s / 

3p a S 

I l P' 

3* l P 

2 8 P 

3p*P 

2 ‘S' 

3p*S 

1 B D' 

3p*D 

l l P 

3p l P 

1 *P'" 

3d 8 P 

2 1 B / 

3 pin 

] »D 

3d 8 D 

1 »P"' 

3 d*P 

1 ®F / 

3d *F 

P.D 

3d*D 

2»P / 

4* »P 

IT 

8d l F 

2 “S' 

4 p *8 

2 l P 7 

4# l P 

3 *P 

4p*P 

3 l S' 

4piS 

2 *D / 

4p*D 

2 ip 

4pip 

2 »P"' 

4d *P 

3*D' 

4p l D 

2 a D 

4d *D 

2 l P"' 

4d*P 

2 *F' 

4d *F 

2 l D 

4d*» 

i 

4/*D 

2»r 

4d r F 

1 «F 

4/*F 

1 *D'" 

4/iD 

1 *G' 

4/*G 

PF 

4/»F 

3«F' 

5# *P 

PG 

4/ l G 


2p' *S 

3 1 ?' 

S^P 

0»P' 

2;/ *P 



0*D 

2p' *D 




Table VIL—Newly Classified Lines of NII. 


A. 

V. 

Classification. 

A. 

v . 

Classification, 

*7259*3(2) 

13771*0 

3d*P 0 -4p a l> 1 

5565 *30 (0) 

17963*5 

3*' ‘P.-Sp' *D, 

(7241*8) 

(13806-0) 

I\ »1 

*5552*54(00) 

18004-8 

p. »! 

•7217*0(2) 

13862-3 

P, D, 

5651*95 (3) 

18006*7 

Pa D, 

(7214-6) 

(13856*9) 

P, D, 

5543*49 (3) 

18034*2 

P, D, 

*7188*7(0) 

13907-0 

P, D. 

5540*16(1) 

18046*0 

Pi D. 

*7139*8(3) 

14002*1 

P. D, 

5535 *39 (5) 

18060*0 

/ P. »« 

l Pi »i 

*7016-3(1) 

14250*6 

f M>l\-4p *P 0 

\ P. Pi 

6530*27(4) 
5520*26 (2) 

18077*3 

18090*4 

P. D, 

P, D, 

*7003*0 (On) 

14275*0 

Pi p; 



*6976*8(2) 

14329*3 

p. p, 

5351*21 (4) 

18682-2 

3p' *P,-3d' *P, 

*6067-6(1) 

14348-2 

p, p. 

5340*20 (1) 

18720*7 

P, P. 

*6942*9(3) 

14399*2 

p. p, 

5338*00 (2) 

18720*1 

p, p. 




*5327*45 (0) 

18765*5 

p. p. 

♦0888*7(2) 

*0870*8(1) 

14512*6 

14560*4 

3 p’ ‘S,-3d' *P, 
b. P. 

5320*90(3) 

18788*4 

/ p. pi 

i Pi p. 

*6857*6(1) 

14578*3 

S. P, 

5313*43 (0) 

16816*0 

pi Pi 

f6630*5 (2) 

15077*7 

*8» 

5199*50(00) 

10227*3 

3p' ‘D,-3d‘F, 



6190*42 (2) 

19260*9 

D,- F, 

6357*0(3) 

15726*4 

/ 3d , D 1 —4f> *P, 

*5180*17 (0) 

19270*7 

3|>'»P,-8d'*D, 

\ Po 

5184*97(2) 

19281*2 

D, P. 

6347* 1 (1) 

15750*9 

Dj P, 

6183*21 (2) 

19287*7 

P. D. 

6340*67(4) 

15700*9 

P. 

*6180*34(1) 

10298*4 

n, F, 

0328*6(1) 

(6318*8) 

15796*9 

(15821*4) 

D> P, 

D, P, 

5179*50 (5) 

19301*6 

/ D * » F » T> 

\ P* P« 

f0242*52 (5) 

16014*75 

3d ‘F,—4|> l D t 





♦ Not recorded in previous paper. 


t Identified by W. E. Pretty. 
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Table VII—(continued). 


X. 

V. 

Classification. 

X 

V. 

Classification. 

5175 *80 (3) 

19314-9 

D, F 4 

4145-76 (3) 

24114-3 

3s' % 

5174-46(1) 

19320-3 

P 9 B, 

4133-65(2) 

24184-9 

P, s. 

5173-37(2) 

19324-4 

D. Fj 

4124-10(1) 

24240-9 

P, s, 

5172-32 (1) 

19328-3 

/ £, F, 

1 D. F. 

f2799 - 20 (4) 

35713-99 

3p*P r -4d*D t 

5171*40(1) 

19331-5 

P, B a 




5170*08(1) 

19336-6 

Pi i>, 

(2325*08) 

(42995*9) 

3p*B 8 -4d 9 F a 

5168-24(1) 

19343*6 

P, 1>! 

*2321-62 (1) 

43060-1 

B* F* 




*2319-90(1) 

43092-0 

». F, 

5023*11(2) 

19902*5 

3*' ‘P a -.V ‘P, 

2317-01 (5) 

43145-8 

D s F 4 

5012*03(2) 

19946*6 

P« P 8 

2310-65(3) 

43152*5 

»i F. 

*5011*24 (1) 

10049-6 

P a P t 

2316*40 (4) 

43160*0 

D, F, 

5005-14(10) 

19973-9 

P. P. 




4907-23(0) 

20005-5 

Pi Pi 

f22O0*10 (3) 

45314*7 

/ 3^,-4^* 

4994-36(6) 

20017-0 

P« P. 



\3p» 

4901-22 ( 2 ) 

20029-6 

Pi P. 







tl880*82 (4) 

52981*5 


4860-35(2) 

20508-0 

3 p' »P, 







f1877*97 (2) 

53231*1 

3*^-4^% 

4721-59(0) 

21173-4 

Zp’ »D 4 -3<T‘D, 




4718-43(2) 

21187-6 

1), 1 ), 

1*1808*50(1) 

53500*8 

3d 1 P 1 —4p*S 0 

4712-13(0) 

21215-9 

P 3 11 . 




4709-45 ( 1 ) 

21228-0 

x>» P, 

*1849*4 (!) 

54072 


4700-41(0) 

21241-7 

I), P 4 




4704-33(0) 

21251-1 

11. B. 

*1848-1 (0) 

Mill 

3* 8 P S — 4p *Pj 

4702-67(0) 

21259-0 

11. I). 

*1845-7 (5) 

54180 

P. P t 

4700-12(0) 

21270-1 

11 . 1 ). 

*1844-4 (0) 

54219 

p, n 

*4898-02(0) 

21276-9 

B, D„ 

*1843-5(0) 

54246 

p, p, 

(4697-88) 

(21280-5) 

B. P, 

*1842-4(0) 

54277 

i\ p, 

4695-91 (1) 1 

21289-2 

Pi P. 

*1841*1 (1) 

54316 

p, p. 

(4094-84) 1 

(21296-3) 

P„ P. 





* Not recorded in previous paper. t Identified by W. K. Pretty. 


Summary , 

In further investigating the spectrum of ionised nitrogen, nine terms 
belonging to a quintet system have been identified and two new terms of 
the triplet system. Some 75 lines have been newly classified. 

The author wishes to thank Prof. Fowler for the kindly help and advice 
which he has always given. 
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The Structure of the High Pressure Carbon Bands and the Swan 

System. 

By R. C. Johnson, M.A., D.Sc., and R. K. Asundi, B.A., M.Sc,, University 

of London, King’s College. 

(Communicated by T. R. Merton, F.R.8.—Received May 8, 1929.) 

Introduction . 

The so-called high pressure M CO ” bands—or high pressure carbon bands, 
as they are better called—were first found by Fowler* in 1910 in tubes con¬ 
taining carbon monoxide at relatively high pressures. The system waB 
described as consisting of some six apparently double-headed bands degraded 
to the violet, their wave-lengths being approximately at— 

64411 5897 \ 54311 50301 46791 43651 * 

6420 J 5878 J 5413 J 5015 J 4663 J , 4353 J A * * 

In 1923 the conditions of production of this spectrum were further investigated 
by Merton and Johnsonf who obtained the bands with considerable strength 
by condensed discharges in capillary tubes fitted with carbon electrodes, 
and containing CO at pressures of 5 mm. and more. It was found that while 
the high pressure bands and the Swan bands were mingled in the light .from 
the capillary of the tube, the former bands were isolated in bluish jets where 
the two ends of the capillary merged into the wider parts of the tube. Further 
observations indicated that the introduction of a little C0 2 destroyed the bands, 
but that thesystem re-apppeared after a few minutes, in which time presumably 
the carbon dioxide had been reduced to monoxide by the carbon electrodes. 
A reproduction of these bands photographed under low dispersion is given in 
the above-mentioned paper. 

No further experimental work appears to have been done on this system, 
and it has not been correlated with any other band system or assigned any 
place in the system of electronic levels of the CO molecule. We have therefore 
made an attempt to photograph the system under high dispersion with a view 
to fine structure analysis and identification of the molecular emitter. For 
this purpose large discharge tubes having a bore of about 15 to 20 mm. and 
a length of 60 or 70 cm. were used. These had at least one of the electrodes 

* ‘ M.N.R.A.8.,’ vol. 70, p. 484 (1910). 
f ‘ Roy. Sac. Proe.,’ A, vol. 103, p, 386 (1923). 
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made of carbon and were fitted with side bulbs containing caustic potash and 
phosphorus pentoxide and a palladium regulator. The tubes were filled with 
carbon monoxide to such a pressure (probably 20-40 mm.) that a condensed 
discharge could just be forced through by the J kilowatt 15,000 volt trans¬ 
former used. Some of the tubes had large side flasks attached to them, 
increasing thereby the volume of gas in the tube, and giving the tubes a life 
of 4 to 6 hours during which the high pressure bands were emitted strongly. 
After some such period the pressure fell below the optimum value, and deposits 
of carbon had accumulated on the walls of the tube. Impurities such as 
hydrogen, carbon dioxide, and water-vapour were found to inhibit formation 
of the high pressure bands, and the tube always attained its best condition 
after running for about an hour (removing meanwhile any little hydrogen 
present through the regulator). Under these conditions the wide bore is 
practically filled with light, and presents a remarkable appearance, as of dense 
pale blue puffs of smoke (showing the high pressure system), threaded by a 
narrow green ribbon (showing the Swan system). If side tubes having a fair 
capacity (e.g. t flasks) are attached to the discharge tube the high pressure glow 
is capable of diffusion into these. The appearance is suggestive of an afterglow 
emitter, but if this is its true nature it is of very short duration. Photographs 
of the H.P. bands were taken in times varying from 4 to 10 hours in the first 
order of a 21-foot grating. The green band in the neighbourhood of X 5000 
is exceedingly faint and was not attempted. Before considering the results 
obtained it will be an advantage to summarise our present knowledge of 
the Swan spectrum and its emitter, with which it will subsequently be shown 
that the high pressure carbon system is intimately related. 

The Swan System . 

The origin of this system has been the object of much controversy, although 
recently general agreement appears to have been reached that the emitter is 
a 0„ molecule. In 1926 an investigation of the system was made by one of the 
writers* who arrived at the conclusion that a H0-CH molecule was responsible. 
Sinoe that time the definite recognition of band spectra from the molecule 
BeOf (which has the same number of electrons as C a ), and more especially 
the rapid theoretical developments due to the work of MullikenJ and others, 
have not only removed any intrinsic objection to a C 2 emitter but have given it 

♦ * Phil, Trans.,* A, vol. 226, p. 157 (1927). 

f * Roy. Boo. Proo.,’ A, vol. 122, p. 211 (1929); ‘ Phys. Rev.,' vol. 33, p. 163 (1929). 

t • Phys. Rev.,* vol. 29, p. 637 (1927), 

von. cxxiv. —a. 2 % 
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strong support. In addition, experimental work such as that of Pretty,* 
has shown that the Swan hands can be produced by a condensed discharge 
through CO, free as far as possible from hydrogen and water-vapour, and with 
an intensity apparently independent of the amount of hydrogen which may be 
introduced. Mention may also be made in passing of a paper by Shea,f who 
has published detail of a fine-structure analysis of five bands of the Swan 
system, in which a correction has been made to the author’s previously assigned 
j-values. Shea has also derived accurate values of the molecular constants. 

In the next section of this communication it will be shown that the Swan 
system and the H,P.‘ carbon system have a common final state, and this 
furnishes entirely new and reliable evidence that the emitter responsible for 
both systems is certainly not a hydrocarbon and must indeed be a C a molecule. 
The inhibiting effect of hydrogen on the H.P. carbon system is definitely against 
a hydrocarbon emitter on the one hand, while on the other hand there is con¬ 
vincing evidence against an oxycarbon emitter for the Swan system (vide 
1 Phil. Trans./ vol. 220, pp. 186-190). On the basis of a C 2 emitter much, if 
not all, of the experimental data described in that paper find a favourable 
explanation in the light of more recent developments. We take a few examples 
of this. The similarity between the Swan spectrum and the Second Positive 
Nitrogen spectrum—while a close one—is by no means as complete as was 
previously supposed. Both systems arise from 8 P -+ 8 P transitions and the 
band structure in both cases exhibits a-type rotational doubling. In the Swan 
molecule, however, rotational levels of one of the electronic states are completely 
suppressed (giving rise to the recorded staggering effect in the band structure), 
while in the Nitrogen molecule there is only a partial suppression. It may also 
be mentioned that while the two a P states of the N g molecule are mrmal those 
of the Swan emitter are probably inverted. Such differences are intelligible if 
the emitters are C 2 and N a . Other experimental observations such as the 
association of the Swan bands with the CH bands X 4315, etc., are to be expected 
under the experimental conditions described in the above-mentioned paper in 
which both carbon and hydrogen were present. Equally it is to be noted, 
Pretty’s experiments produced the Swan bands in CO when no trace of the CH 
bands or Ha was observed. These facts are consistent with a C 2 emitter and 
the present writers endorse this view. 


* 1 Phy«. Soo. Proo.,’ vol. 40, p, 71 (1928). 
f ‘ Phys, Bev„* vol. 30, p. m (19*7). 
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Correlation of the H.P. Carbon Bands and the Swan System. 

The six recorded II.P. bands belong to a single n" progression (w' = 0). 
The proximity of the coefficient of n" to that of the Swan system first suggested 
the possibility of a relationship between these systems. A careful search was 
subsequently made in the near ultra-violet and four comparatively faint bands 
were recorded. These therefore become the (0, 0), (0, 1), (0, 2), and (0, 3) 
bands of the system, and the correct n" values of the six previously known 
bands are given by (0, 4) to (0, 9). By the use of neo-cyanine plates we have 
also identified two additional bands (0, 10) and (0, 11) in the near infra-red. 
These data are given in Table 1 and have been expressed by the formula: 

v = 29212 - (1627»" - 11 -7n"*) (1) 


Table I.—High Pressure Carbon Bands. 


tt" 

(»' = 0). 

Int. 

A (air) 
l.A. 


Av 

o.~c. 

0 

1 

3419 

29241 

+29 

1 

1 

3619-5 

27020 

+23 

2 

l 

(Oonf.) 

— 


3 

2 

4093 

24420 

-10 

4 

7 

4308-82 

22883 

- 8 

5 

15 

4680-17 

21361 

- 8 

6 

1 

(V. Faint) 

— 


7 

5 

5434-93 

18394 

- 2 

8 

10 

6899-27 

10946 

+ 2 

9 

8 

0442-27 

15518 

+ 1 

10 

0 

7083-2 

14114 

4 - 2 

11 

4 

7852-5 

12731 

0 


The (Obs.-Calc.) values of column 5 are satisfactory when it is recalled that the 
bands (0, 0) to (0, 3) are particularly faint and settings were made on the 
apparent centre of the unresolved band-work. The other data refer to the 
band heads, all of which are degraded to the violet. The intensities of column 
2 are approximate photographic intensities only, and are to be regarded as 
descriptive rather than quantitative. They illustrate, however, the main 
features of the peculiar intensity distribution, which has a notable minimum 
at about the (0, 6) band. The same oscillating intensity phenomenon is also 
found in the (3 bands of NO (*P -* S P),* and as far as we know it has received no 
theoretical explanation. Equation (1) may be compared with the expression 
for the origins of the Swan system: 

. v » 19379-20 + <1778-42n' - 19-35«'») - (1629-88n" - ll-67n"*). (2) 
* • Phil, Hag.,’ vol. 2, p. 631 (1920). 
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It is at once apparent that the two-band systems have a common final electronic 
state, which is almost certainly the normal state of the C 2 molecule. The 
small difference between / (n") as deduced from the H.P. carbon system and 
the Swan system is accounted for by the fact that in the former case the wave- 
numbers relate to band heads, and in the latter case to band origins. 

It may perhaps be mentioned at this point that the apparent doublet 
character of the H.P. bands as seen under low dispersion is due merely to con¬ 
densations which constitute the P and R branches, 

Fine-Structure of the H.P, Carbon Bands. 

As previously mentioned, photographs of the H.P. carbon bands have been 
obtained in the first order of a 21-foot grating of the bands (0, 4), (0, 5), (0, 7), 
(0,8) and (0,9). Except in the case of the (0, 5) band these were not sufficiently 
strong to permit of satisfactory reproduction. The H.P. bands bear an excep¬ 
tionally close resemblance in their fine-structure to the Swan bands as developed 
under low temperature conditions, and the Swan band X 4787 of spectrum 3 
( e Phil. Trans./ vol. 226, opp. p. 230, 1927) may be taken as typical of the 
appearance of the H.P. carbon bands. 

The H.P. bands consist of P and R branches only, and they undoubtedly 
represent a transition a P -+ a P. In the absence of fine-structure data Mulliken* 
had speculated that they might possibly arise from a *P -*ip transition of the 
molecule C 2 , This is now, however, seen to be impossible. We thus have 
knowledge at present of three levels of the C* molecule and these are all 3 P 
levels. As in the case of the Swan bands, the first 16 to 18 members of the P 
branch (which goes to the head) either are not of sufficient strength or are 
insufficiently resolved to make identification possible. Under low tempera¬ 
ture conditions, these constitute almost the whole of the P branch, and thus 
no analysis of the data by means of the combination principle has been possible. 
We have, however, been able to distinguish many of the triplets of the R 
branches of the bands, and to trace these, in part or whole, back to the band 
origins. The data for the (0, 7) yellow-green band proved somewhat frag¬ 
mentary in this respect, and have therefore not been included in this paper. 
The data in the case of the violet (0, 4), blue (0, 5), yellow (0, 8) and red (0, 9) 
R branohes are of sufficient reliability and interest to justify their inclusion. 
Tables II, III, IV and V contain these data. It was at first intended to make 
calculations of the moment of inertia of the molecule in several of the final 
vibrational states, by analysis of the data of the R branches only, but the 
* 1 Phys. Rev./ vol 32, p. 214 (1928), 
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existence of perturbations led to the abandonment of this project. Never¬ 
theless, the application of approximate graphical methods to the data, indicated 
for the moments of inertia of the vibrational states n" = 6, 8 and 9, values of 
the same order as those which are deducible from analysis of the Swan system. 


Table II.—(v vac ) R-branch Data of H.P. Band X 43G8-82, 


h- 





3 * 



41 



61 



61 

1 


71 



81 



»1 



101 



111 

22957-erf 

(0-4) 

121 

61-7 

(1-0) 

131 

67-31 

(1-57) 

141 

72*60 

d-39) 

151 

76*20 

(M3) 

161 

80*65 

(Ml) 

171 

84*27 

(0-94) 

181 

89*22 

(1-08) 

181 

92*40 

(0-54) 

201 

98*02 

(0-81) 

211 




R,- 


4 .- 


(6-4) 

(5-2) 

(4-6) 

(4-3) 

(3-4) 

(2.5) 

( 23 ) 

(1-33) 

(1-69) 

(1-06) 

( 1 - 22 ) 

(0-81) 

(1-08) 

( 0 - 06 ) 

(0-39) 



22936-4 
40-0 
42-8 
46-0rf 
60-3<i 
54-73d 
58-4 
64-41 
69-52 
74-02 
78-32 
82-52 
87-06 
91-20 

99-01 
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Table III.—(vyao) R-branch Data of the H.P. Band X 4680*17. 




(12 4) 

( 101 ) 

(8-7) 

(«-3) 

(5-7) 

(5-4) 

(4-8) 

(4-5) 

(3-53) 

(3-61) 

(3 0) 

( 2 - 8 ) 

(1-83) 

(1-53) 

(MO) 

(M8) 

(0-04) 

(M2) 

(0-70) 


R. 

21307-8 
21402-0 
05-3 
09-4 
13-0 
15-7 
18-74 
22-1 
28-67 
30-13 
34-60 
38-77 d 
43-16 
47-64 
62-27 

67- 10 
61-87 

68- 70 
71-37 
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Table IV.—(v va( .) R-braneb Data of the H.P. band A 5899*27. 
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Table V.—(v TM ) R-branch Data of the H.P. Band X 6442*27. 


to 


R,. 


4„. 


Bi- 


R. 


If 

2i 

31 

41 

6i 

61 

71 

81 

»1 

101 

111 

121 

131 

HI 

161 

161 

171 

181 

191 


16664-8 

60-66 

74-8 

79-78 

86-18 

89-10 

94-08 

99-77 

15606-30 

12-39 

19-76 

25-78 


( 112 ) 
(2 0 ) 
( 2 - 6 ) 
(2-63) 
(2-84) 
( 2 - 22 ) 
(1-62) 
(1-23) 
(1'23) 
(0-94) 
( 1 - 12 ) 
(0-67) 


(4-94) 
(4-24) 
(3-76) 
(3-14) 
(3-10) 
(1'74) 
d-63) 
(M3) 
(1 '24) 
(0-93) 
(1'18) 
(0-73) 


16658-74 

68-44 

68-63 

74-01 

79-25 

86-18 

91-03 

97-41 

16608-83 

10-62 

17-46 

24-38 


Perturbations .—The existence of perturbations in the R branches is exhibited 
by plotting the second differences (using the central component of each triplet) 
against j t values. Instead of being oonstant, these exhibit a violent oscillation. 
In fig. 1 are plotted such data derived from Tables III, IV and V (the violet 
band includes a few somewhat uncertain identifications and is therefore not 
used). It is, of oourse, true, that if a line has been incorrectly identified, then 
an oscillation of the A*R (jf,): j f curve will result. It will be observed, however, 
that there is a very precise correspondence of the deviations in all three bands. 
It is certain that perturbations are largely responsible for the curves of fig. 1 
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since otherwise (a) the close correspondence of the curves would require that 
a similar error (in both magnitude and direction) must have been made for 



Fig. 1.—Perturbations in the R Branches of the H.P. Carbon Bands. 

© Blue Band. X Yellow Band. 0 Red Band. 

the corresponding member of each band, and ( b ) the fact that the second 
differences derived from the two alternate-missing-line series fall in the case 
of eaoh band on to a fairly smooth oscillating curve will be unexplained. It is 
difficult with the present available data to say precisely which members are 
perturbed. There certainly appears to be a range of considerable disturbance 
between R (12$) and R (7$). It is dear that the perturbations are associated 
with the initial (excited) level of the H.P. bands since (a) they are common 
to all of the bands examined of the n' — 0 progression, and (b) there is no per¬ 
turbation of the fine-structure of the Swan bands for these,;', values. 

Attention may be drawn at this point to a feature whioh will be mentioned 
later, and whioh is shown in fig. 4. This is of the nature of a perturbation but 
appears to affect in this special way only the less refrangible components of the 
triplets. We refer to the discontinuity of about 1 v which occurs between 
jt a 12$ and 13$. 
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General Fine-Structure Interpretation .—From the close similarity of the 
Swan system and the high pressure oarbon system, arising as they do in 
ap sp transitions in the 0 a molecule, it follows that within certain limitations 
to be discussed in the next section, the general interpretation of Swan structure 
given by Mulliken* is equally applicable to the H.P. bands. Fig, 2 illustrates 
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v ■►(increa.'iinff) 

Fig. 2.—Fine-Structure near the Origin of typical H.P. and Swan Bands. 


diagrammatically the structure of a typical Swan or H.P. band in the neighbour¬ 
hood of the origin (except that to avoid confusion the rapid diminution in triplet 
width as we proceed outwards from the origin has not been indicated). Fig. 3 
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Fxo. 3.—Rotational Transitions in a typical Swan Band. 

has been constructed to show the precise transitions which are responsible for 
the band structure of fig, 2 in the case of the Swan bands. A slightly different 
* ‘ Phy«. Rev./ vol, 29, p, 644 (1927). 
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diagram appropriate to the H.P. bands is given later in fig. 5. In fig. 3 three 
rotational levels corresponding to values of j t * « 1$, 2$, 3$, ..., have been 
drawn for each electronic state. Each rotational level is triple due to the 
presence of a resultant electronic spin momentum s = 1. Each component 
level is thus characterised by j which is the vector sum of 

ji and s. Each component of the triple levels is again double, the sub-states 
being denoted A and B (this is the so-called c-type doubling). Transitions 
between sub-states A -*► A and B -► B are permitted in the formation of P and 
R branches, and of the type A -*■ B and B -+■ A in the formation of Q branches. 
This particular hypothesis is at present accepted as a convention only, inasmuch 
as the reverse limitation may really be the true one. 

The phenomenon of alternating intensities in band lines which occurs in all 
symmetrical molecules is manifest here in the case of C 2 . Analysis of the He 2 
bands originally showed that the particular suppressed levels for the A and B 
sub-states were given by 

Ji = a, + + 2$, oj + . B type \ 

ji = <?/ + <*i + H, *1 + 5$. A type / 

and in the absence of evidence to the contrary it may be assumed that this is 
generally true for homo-polar molecules. Here, as we are dealing with P 
states we have a t -- 1, In He 2 we appear to have an extreme type of symmetry 
in which complete suppression takes place for all electronic levels in accordance 
with equation (3). It will therefore be clear from fig. 3 that in He*, transitions 
between like electronic states, e.g., 'S-^S, 8 P~* 8 P will be impossible. In 
the Second Positive Nitrogen bands ( 8 P ~* 3 P) there is but partial suppression 
of the sub-states given by equation (3) for the various electronic levels. This 
means of course merely a reduction of intensity. All the six components 
corresponding to a single rotational transition A j t = ± 1, 0, are thus present. 
The Swan triplets indicate total suppression in one of the electronic states 
only, although in the absence of further information from other spectra of the 
C a molecule it would remain an open question whether this was in the initial 
or final state. The similar triplet structure of the H.P. carbon bands suggests 
—though it is not conclusive—that total suppression probably takes place in 
the common final state. It is not possible with the available experimental 
evidence to say whether partial suppression takes place in the initial electronic 
State as well, since, as fig. 3 will show, successive triplets would be reduced in 

* ji replaces the j k of Malliken’s earlier papers, and <r l replaces For the latest 
notation vide * Phy». Rev./ vol, 32, p. 186 (1928). 
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intensity to the same extent. The intensities of the initial levels in fig. 3 
have been drawn to indicate how partial suppression would operate, on the 
assumption that it does so. It will be clear from the figure how the joint 
action of the two effeots : er-type doubling and suppression of alternate rota¬ 
tional levels, results in the so-called “ staggering ” in position of the triplets 
of fig. 2. This phenomenon occurs in both the Swan and the H.P. carbon 
bands. 

In regard to the number of missing lines near the origin, the minimum value 
of ji is limited by jt > <jj, and a t for both initial and final states is 1. As we 
are dealing with a molecule having an even number of electrons j t takes half¬ 
integral values (using the old quantum theory), and its minimum value in 
both initial and final states is 1J. The first observable triplets of the two 
branches R (j t ), P (j t ) are therefore R (1 £) and P (2J). 

There remains one further remark to make in explanation of the labelling 
of the three components of any triplet as R 4 , R x , R 0 or P 2 , P 1( P 0 . A somewhat 
different, and purely arbitrary numbering has been used by Mulliken* to 
distinguish the three components in the case of the Swan Bystem. The 
designation employed in figs. 2 and 3 has the advantage of representing in the 
subscript a definite physical quantity a, which on account of the selection 
principle Act, = 0 is the same in the initial and final states. 

The Triplet Intervals in the H.P. System .—The variation in triplet width 
from large values near the band origin to vanishingly small values for j, large, 
is attributable to a change of the condition of the molecule from Hund's case 
(a) to Hund’s case (ft).j- The facts briefly stated are these. In a diatomic 
molecule the total orbital angular momentum of the electrons, represented by 
the quantum number l (the group quantum number of atomic spectra), is in 
precession about the strong eleotric field along the inter-nuclear axis. The 
quantised component of l along this axis, viz., a t , is therefore responsible for 
a magnetio field in this direction, which, under the conditions of case (a) is 
the dominating magnetic field of the molecule. The resultant electronic spin 
momentum a (the algebraic sum of the several electronic spins « f = ± $) 
whioh is orientated by the internal magnetic field of the molecule is thus 
quantised with respect to the inter-nuclear axis, about which it processes. Its 
quantised component a, along this axis may therefore take any one of the 
values lying between « and —In the case of a *P molecular state we thus 
have <Tj — 1, s = 1, and henoe a, =* 1, 0, —I. This gives three values for 

* ‘ Phys. Rev.,’ vol. 89, p. 644 (19*7). 

f ‘ Z. Phystk,’ voL 86, p. 687 (1986). 
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a (= a* + a,), viz., 2, 1, and 0, which distinguish the three components of each 
rotational level. The vector sum of a and m gives j the total angular momentum 
of the whole molecule. The rotational terms in Hund’s case (a) are therefore 
given by 

V(j)~f(o) + B(j*-a*) (4) 

giving the triple structure when for a its three values 0,1 and 2 are substituted. 

Case (6) arises when a t no longer gives rise to the dominating magnetic field 
in the molecule, and when as a result, it is no longer in exclusive control of the 
orientation of s . When, for example, rotation of the molecule takes place, 
there is a magnetic field along the m-axis, and s will then be quantised with 
respect to the resultant field, i.e., along thej, axis. This quantum number may 
appropriately be described as,?',, and may take values lying between 8 and — s, 
(precisely as did a, above). The resultant momentum of the whole molecule 
is here given by j = +j t . The structure of the rotational terms is then 
given by 

F O’) = /O'.i.) + B O', 2 — a, 2 ) (5) 

corresponding to triplets of constant separation when case ( b ) is fully attained. 
In practice between low and high values of j there is a transition stage in 
which we pass from conditions of approximately case (a) to case (i). This 
variable element in the triple separation is represented by the term 
which for large j values will, of course, attain a constant value dependent 
on the particular value of j v 



Fio. 4.—Triplet Intervals in the R Branches of the H.P. Carbon Bands. 
© Blue Band. X Yellow Band. 0 Red Band. 
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We proceed now to consider the special case of the triplet intervals in the 
H.P. carbon bands. The data for the R branches of the red, yellow and blue 
bands have been plotted in fig. 4, and for comparison the triplet intervals of 
the Swan band X 5165 have been plotted on the same diagram. The j t axis 
represents the position of the centra] component Rj, and the separations of the 
less refrangible and more refrangible components R 0 and R a respectively, are 
plotted above and below the line. There are several remarkable features. 

(1) There is a notable discontinuity in the disposition of the R 0 branch 
at jt » 12J : 13(To avoid undue complication of the R 0 branch below this 
point a smooth line has been drawn in the case of the red band only.) The 
effect is very remarkable and occurs in the case of all the bands at precisely 
this value of 

(2) The R a branch presents an anomaly of a different character, which appears 
to begin at about the same value of as the above and may be related to it. 
The RjR 2 interval gradually ceases to increase as^j diminishes, and ultimately 
a coalescence of the RjR 2 components takes place at about j t = 7J. The 
deflection of the R a component in fig. 4 appears the most marked in the case 
of the blue band, and it would be of considerable interest to have information of 
the magnitude of this effect in the bands of still lower final vibrational quantum 
number. 

(3) As in the case of the Swan bands for high j values, there is a more rapid 
approach of R a to than of R 0 to R v ultimately, we may presume, resulting 
in a coalescence of the two components. In the Swan band X 5165 this takes 
place at about J, = 50. We may perhaps summarise this anomaly and the 
preceding one described in (2) by remarking that there appears to be much 
less permanency about the component branch which has j a in the same sense 
as ji. 

(4) The variation of triplet width with vibrational quantum number is 
comparatively small, especially for the higher j x values (excepting of course, 
the anomalous region below 13£ of the R a branoh). The graph of triplet width 
for the (0,0) Swan band in fig. 4 would thus be but little different for the (0,1), 
(0, 2), etc., bands. It will be observed that the triplet width in the H.P. 
carbon bands is greater than that of the Swan bands. These observed triplet 
widths represent, as we see from fig. 3, the difference between the triplet 
separations of the initial and final electronic states. We should anticipate this 
feature as a consequence of the regular diminution in triplet width for the higher 
exicted 3 P levels. Now there is good reason to believe, as Mulliken* has 

* 4 Phya. Rev.,* vol 32, p. 186 (IMS). 
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indicated, that both the normal and the initial Swan states of the molecule 
are inverted 3 P states. This is discussed fully in the concluding part of the 
present paper. It is not, however, possible to draw any conclusion from the 
previous observation of the relative triplet widths in the two band systems as 
to tlie character (normal or inverted) of the initial 3 P level of the H.P. system. 
On either hypothesis plausible values of the triplet separations can be con¬ 
structed for the three known electronic states. We mention here, however, 
that other considerations based on the construction of the C 2 molecule have led 
us to the conclusion that the initial H.P. level is a normal state, and contrasts 


ih R, Ro 


in this respect with the other two. The 

rotational transitions giving rise to the j ( r (i u> P^) j 
H.P. bands are thus of the type shown in J =£=== 1 ;: ^ 
fte. 5 . * = = F= — 

6 = = ^ 1 = 7 ,.'',"' ‘ — ft 1 ^ »? 0 

(5) In fig. 4 in the unperturbed parts 

of the R branches (between about ji = 13J ^ = ~~~- | ^ ^ 

and 19J) it is of interest to compare the = r= — = h 3 p1 

magnitude of the stagger in triplet width , I 

in the case of the H.P. bands and the Swan 12 R( Rc> ^ ** 

bands. Although this is not, as far as we — ~ ~ ^ ju ^ 

can see, directlv correlated with the -- 

* J ~~~ .ft 3^ 3 P, 

positional staggering of the triplets, 

nevertheless its magnitude is probably an ( r : ^ 

indirect indication of the magnitude of - r~r r r-rrrrrrrr. —4 24 ^ 

the c-type doubling (i.e., of the A~B sub- ^ 6 .„ Rotationa i Transition* in a 
state separation) in the three electronic typical H.P. Carbon Band, 
levels. The observed stagger represents . 

the difference of these two separations for the initial and final states of that 
particular system. As the magnitude of the effect is greater in the H.P. 
bands than in the Swan bands (vide fig. 4), it follows that the AB sub-state 
separation is considerably less for the initial state of the H.P. system than 
for the initial state of the Swan system. It is therefore probable that the 
latter is also smaller than the separation in the ground state. 


— — ~ ~ iu 5 p. 

-» ~ —■■. i . r-- . - .—^ 24 ^ 

— — — fi 34 J P, 

. & *4 9 P„ 

>'s — .:.6 i4 3 p, 

- --.u 24 ! P, 

Fia. 5.—Rotational Transitions in a 
typical H.P. Carbon Band. 


The Structure of the G a Molecule . 

In an important new series of papers by Mulliken* (based on the previous 
fundamental work of Hundf) we have laid for us the foundations of a detailed 

* ‘ PhyB. Rev.,’ vol. 32, p. 186 (1928), aud vol. 32, p. 761 (1928). 
t ‘ Z. Physik,’ vol. 36, p. 667 (1926) i vol. 37, p. 742 (1927); vol. 42, p. 93 (1927), and 
vol. 43. p. 805 (1927). 
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knowledge of the structure of diatomic molecules. By such detailed knowledge 
we mean the values of n fl l rt a ir and s r (= i) for each electron of the molecule, 
together with the resultant l, a h c, and s of the molecule as a whole. The 
methods which have been developed by Hund and Mulliken make use of band 
spectra data such as the evidence of fine-structure analysis, energy of dis¬ 
sociation, multiplet widths, and excitation potentials, and involve the important 
basic principles applied by Hund to line spectra, and an extended application 
of the Pauli principle to the “ united atom.” This workis difficult to summarise 
and reference should be made to the original papers. We proceed here to 
deal specifically with the C a molecule. We must derive three different elec¬ 
tronic structures which all give 3 P states and for which the two known transi¬ 
tions are possible and in accordance with the selection rule AZ r = ± 1. Our 
knowledge of adjaoent molecules CN, N g , and CO, must lead us to anticipate 
that these particular transitions will be of the right energy order. It must be 
shown that the molecule can be synthesised from two carbon atoms in low- 
lying states, and conversely, the vibrational energy of dissociation of the 
molecule in these three electronic states must be consistent with the Btates 
of the two carbon atoms from which it can be built. Finally, we should be 
able to account for the peculiar experimental conditions (high pressure carbon 
monoxide) which seem to be necessary for the formation of one of the 3 P 
states of the C 2 molecule. 


Table VI.—States of the Carbon Atom. 


(D 

(2) 

(3) 


(4) 

(0) 

State 

State 

Detailed 


Component states 

Configura- 

without 

with 

configuration 
with field, 

! 


in e&oh 

tion 

held. 

held. 


configuration. 

summary. 

»P 

/ *s» 

{1^)'(2^)*(2^)« 

(3) 

ai « 0 , os *» 1> 0 , — 1 



\ *p*„ 


(6) 

Oi *■ d: 1, <h ** 1» o, —1 



f »s» 

J ip D 

(lr)«(2»')*(2.>)‘ 

(1) 

(2) 

ot 0, Of * 0 
<7/ s* i; 1, Os 08 0 

Oi «■» dr 2, o s ** 0 

s* 



(1»')» (2^)*(2j»)* 

(2) 

•V 

l S 

ig. 

j_ 

(l»’)*(2»') , (2j>>)* 

1 

(1) 

ot *» 0, Os *■ 0 



In Table VI are given some data of the carbon atom. The three lowest 
states of the atom are known to be 3 P, 1 D, and X S, rising in the order given. 
These arise from the carbon atom (ls) a (2s) a (2j?) a . In column 2 are given the 
incipient states of the molecular type whioh are inherent in the atom when 
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placed in an electric field. From these can be inferred the detailed electronic 
configurations which give rise to them, by using the data of Table I in Mulliken’s 
paper. Details of these configurations are given in column 3. Column 4 gives 
the number of component states for each configuration class. In column 5 
is Mulliken's brief and convenient summary of the configuration data of 
column 3. This latter description of the quasi-molecular state of the “ atom 
in the field M is adequate for many purposes, inasmuch &8 when the molecule 
is formed by bringing close together two such atoms (the strong inter-nuclear 
field then replacing the artificial electric field) the molecular configuration class 
is simply obtained by addition of these data. This is the c u r conservation rule. 
We cannot, however, deduce the detailed structure of the molecule by merely 
adding the two appropriate rows of column 3. The Pauli restriction principle 
limits the number of electrons in the molecule of any given type, and to form 
the molecule, " promotion ” of some of the electrons is necessary. This 
convenient term is employed by Mulliken to indicate a forced increase of the 
principal quantum number of an electron (accompanied, of course, by an 
appropriate change A/ f =* ± 1 in Z). 

Mulliken’s view of the structure of the C 2 molecule in its ground state and 
in the initial Swan state is as follows 

Ground State : (Is 1 ) 2 (2* p ) 2 (2**) 2 (3s p ) 2 (2 ff (3 s '): a P i v 1 

Initial Swan State : (U*) 2 (2«*) 2 (2/) 2 (3s*) (2 f)» (3/) 2 : *P 4 ® J ’ U 

The electron types are given in the order which experimental evidence shows 
to be that of diminishing energy of binding. The characteristic (2p p ) 8 group, 
which requires one more electron to complete the shell, is responsible for the 
inverted character of the triplet level. The molecule is assumed to be of the 
s 9 f> 8 type since this would give inverted 3 P levels, rather than, for example, 
of the s 7 p* type which would have normal 3 P levels. This is because in the 
adjacent molecule CN there is definite evidence that (in contrast to the united 
atom) the a P levels are inverted, and therefore must contain the group (2 p v f. 
The 0* molecule given above in (6) can be constructed from carbon atoms in 
several different states. We have selected from Table VI those pairs of atomic 
states which will give a s°p s molecule in 8 P molecule states, and have listed 
these in Table VII. (The molecular states are derived by compounding each 
pair of states of column 2.) Table VII is by no means a complete list 
of the pairs of atomic states which will provide a 3 P molecular state. 
A considerable number of others can be derived from carbon atoms in 
excited states suoh as 3 S, 1 P, *D, etc. The three states, 3 P 0 .,. t , *D, and ^ 

3 A 
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Table VII.—Synthesis of States of the C 2 Molecule. 


Atom states 
without field. 

Atom states 
with field. 

Molecular 

states. 

*i~ *r 

•Pf,, + > S r 

’p, *py- D , »p. 

»p + J £> 

•S r + J P D 

»p, v - »<» 

a P 4- 

*Pr. + 1 D D 

s p, p - »• r , *p 

a P + hS 

*Pr„ + 1 S 9 

1 

»p/ 


are, however, the lowest states, and according to Fowler and Selwyn* their 

'91017-3' 

term values (below the ionisation level) are ^ 


91002-5 

90975-0 


>, 81312 and 69860 v. 


All such pairs of atomio states from which the known a P molecular states can 
be synthesised, are theoretically possible products of dissociation. The actual 
products can only be determined if the energy of dissociation (D) of the mole¬ 
cule is known for that particular state. The values of I) are known for 
the ground state and the initial (Swan) state of the C a molecule. For the 
ground state D„ = D — 7-02 volts, and as Mulliken suggests, it is reasonable 
to suppose that the products are two 3 P atoms. For the initial (Swan) state 
the data are less reliable. D, has been given as 5-0 volts,| and from this 
D = 5• 0 -f- 2 • 4 — 7 • 4 volts, Mulliken gives D„ — 6-4 volts and from this 
D = 8-8 volts. It seems probable, however, as Mulliken suggests, that the 
dissociation products of the molecule in this state are a a P and atom. From 
Fowler and Selwyn’s data the 1 D state corresponds to an excitation of about 
v 9690 (-= 1 • 2 volts) above the normal. In this case the best value of D for the 
initial (Swan) state is probably 7-0 + 1-2 = 8-2 volts, and hence D, should 
be 5-8 volts. 

We shall now discuss the structure of the molecule in the initial H.P. state. 
We can theoretically derive an excited inverted 8 P state of the C 2 molecule by 
displacing one of the (2s r ) electrons to the (3s 4 ) shell, but the energy to do this 
is probably far in excess of the excitation potential (3-61 volts) of the H.P. 
bands. Alternatively, we might imagine the outermost electron (3s*) excited 
to (4 a"), but if so this type of transition is of the “ optical ” type rather than of 
the “ X-ray ” type (to which the Swan bands belong). 

Incidentally, we may remark that most of the molecular electronic transitions 


* ‘ Roy. Soc. Proo.,’ A, vol. 118, p. 34 (1928). 
f ' Phil. Trans.,’ A, vol. 226, p. 181 (1927). 
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dismissed by Mulliken are described by him as of this “ X-ray ” type. This 
valuable conception seems to us to throw light on a puzzling feature associated 
with the terms of many molecules. If the ionisation potential v* of the 
molecule is available,, it is well known that the effective principal quantum 
numbers of the various terms can be deduced from VR/(v* — v). Now for 
molecular terms of the same type these quantum numbers are seldom found 
to differ by unity - as they should do if, as in atoms, the electronic terms are 
expressible by a Rydberg formula. We can thus say that if the effective 
principal quantum numbers of molecular terms increase by unity (as in He a , 
for example), this is evidence that the electronic transitions are of the atomic 
or “ optical ” type. But if, as is frequently the case, there is no simple relation¬ 
ship between the effective quantum numbers, it is evidence of the “ X-ray ” 
type of transition. There is, in fact, no simple meaning to be attached to the 
effective principal quantum number of the molecular term in these cases. The 
electronic transition giving the Swan bands, for example, is (3s*) (3s r ) 

involving a change in l r only. 

We are of the opinion that the structure of the C 3 molecule in the initial 
(H.P.) state is : 

(1s') 2 (2*T (2s e ) 2 (3 s 1 ') 2 (2pT (30 (3p d ) : 3 P n D . (7) 

This produces a normal 3 P state, and the electronic transition giving the H.P. 
bands is (3p 4 ) -*(2p p ). Details of the typical rotational transitions have 
already been given in fig. 5. Unfortunately the H.P. bands consist of one 
(n' 0) progression only, and the vibrational energy of dissociation of the 

molecule in this state is not known. Wo suggest, however, that the dis¬ 
sociation products are possibly a 3 P and a X S atom, in which case we predict 
D sss 9*63 volts, and hence D, = 9*63 — 3*61 — 6*02 volts. 

The experimental conditions under which the H.P. bands are produced call 
for some discussion. We should be disposed at first sight to imagine that a 
C a molecule loaded with 3’61 volts energy could bq produced in such gases as 
00* C 2 N 2 , C 2 H 2 , etc., as well as in CO, We incline to the opinion that the 
difference is found in the comparatively low resonance potentials of these 
gases. That of CH is 2 *86 volts ; that of CN is 3 ■ 18 volts. C a molecules of 
3*61 volts energy would be unlikely in the presence of a large excess of such 
molecules as these which have lower excitation potentials. The inhibiting 
effect of traces of hydrogen, water-vapour, carbon dioxide, etc., in CO is 
explicable along these lines also. On the other hand the resonance potential 
of CO is 5-98 volts,* and C 2 molecules of 3*61 volts energy will be capable of 
* Corresponding to the excitation of the Cameron bands. 


3 a 2 
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existence among these, inasmuch as collisions will be possible without loss of 
energy. The rSle of pressure in the production of the spectrum is more 
obscure. 

The absence of a combination system between the initial H.P. level and the 
initial Swan level is in harmony with Hund's selection principle — ± 1 
for symmetrical molecules. On this basis the ground state and two excited 
states have been classed as 3 P < P , and 3 P n D . 

It is scarcely necessary to add in conclusion that there remain a vast number 
of problems to which theory at present gives no answer. It is, for example, 
remarkable that of the theoretically possible C 2 molecules which may be con¬ 
structed from the data of Table VI: s 8 p 4 , ^p 8 , s l0 p 2 , etc., we should only have 
spectroscopic evidence of one of these, and that in this molecule (s°p 8 ) only 
the *P state is found out of the possibilities 8 P, 8 S, 8 F, 1 P, *F, 5 P. Such problems 
as these will require a fuller understanding of molecular structure. 

Summary . 

(1) The conditions of production of the high pressure carbon system and 
the Swan system are discussed. Both these systems are due to a C 2 molecule. 

(2) Four new H.P. bands have been found in the near ultra-violet, and two 
more in the near infra-red. These, with the known bands, form a single 
vibrational progression (n' = 0), and the H.P. system and the Swan system 
are found both to represent transitions to a common final state. 

(3) The fine-structure of the H.P. bands (0, 4), (0, 5), (0, 8) and (0, 9) has 
been investigated. The bands consist of P and. R branches only, and the 
electronic transition involved is 3 P rt D 

(4) Detailed examination of the structure of the R branches of these bauds 
has revealed several anomalies and perturbations of an unusual type. 

(5) The methods employed by Hund and Mulliken for the elucidation of 
molecular structure are summarised, and Mulliken’s application to the C t 
molecule has been extended to cover the initial state of the H.P* system. 
This is believed to be a normal 8 P level and different in this respect from the 
two lower 8 P levels which are believed to be inverted. 
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On the Direct Determination of the Electrostatic Moments of 

Molecules . 

By R. J. Clark, Carnegie Teaching Fellow in the University of Edinburgh. 
{Communicated by Sir Ernest Rutherford, P.R.S.—Received May 13, 1929.) 

Introduction. 

According to Faraday’s ideas, the specific inductive capacity of a substance 
is due to the polarisation of the molecules as wholes. This is the basis of 
the old Clausius-Mosotti theory of dielectrics, on which it is shown first that 
the polarisation P is proportional to the polarising field, i.e. y 

P = AE, 

k being the dielectric constant, and second that 8 being the density of the 
dielectric, 

Jfe - 1 1 

-—— . - — constant. 
k + 2 S 

Now it is known that some substances have large negative temperature 
coefficients for their dielectric constants which cannot thus be accounted for. 
To provide for this Debye proposed the theory that the molecules were per¬ 
manently polarised and that they were systematically orientated in the field. 
This leads to the equation 

= a T -1 + 6T-* 
k + 2 ^ 

to represent the change of specific inductive capacity with temperature. This 
theory has been developed by Gans and others, and a number of measurements 
have been made by Smyth and others, who have found the molecular moments 
of many substances by measuring the dielectric constants at different 
temperatures. 

An account will now be given of some measurements made by a direct 
method of determination of moments, with the object of showing that the 
moments were permanent, were developed in chemically polar substances 
and were directly measurable. 

As some preliminary experiments were made, it may be of interest to give 
an liocount of them first. 
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Preliminary Experiments . 

The first experiment intended to show whether the molecule of potassium 
vapour had any large electric moment, was done with the simple apparatus 
shown in fig. 1. A glass tube is provided at D and E, with two diaphragms, 
having in them circular holes 1*5 and 0*5 mm. in diameter respectively. At 
F, 74 mm. from E, is a knife-edge set 1 mm. from a plate parallel to it, a potential 
difference of 1000 volts was maintained between them. The distance from 
F to G is 314 mm. and from D to E 250 mm. When looked at through the 
hole in the diaphragm D, the knife-edge covers half the field of view through 


c 



Fig. 1. 


Fig. 2. 
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the hole in E. The knife-edge was a piece of razor blade and was sharpened. 
At A is a device for introducing potassium, essentially by breaking the neck of 
a small bottle containing some metal which had previously been purified and 
freed from gas. The evacuation being finished, the neck of this bottle was 
broken off by a piece of iron moved along the tube T by a magnet, and when 
the metal had run into B, this device was sealed off at C. 

On warming the tube B, a molecular stream passed first through the 
diaphragms, then between the electrodes and was condensed on the end G of the 
tube by cooling that with liquid air. Some observations on potassium and 
some on sodium were made with this apparatus, or with others differing from 
it in no essential detail. No deflection of any part of the molecular stream 
could be found, and it was concluded therefore, that the electric moment was 
too small to detect if it was permanent, and that if it was induced by the field, 
that the potential gradient was too small to show it. 

The next preliminary experiments were made with a salt, mercuric chloride, 
which was chosen for convenience. The apparatus was very like that used 
before ; it is shown dingrammatioally in fig. 2. The end G of the tube was made 
re-entrant to hold liquid air. The knife-edge was 0 * 3 mm. from the plate and 
was distant 7 mm. from the hole in the diaphragm D. The other diaphragm 
is omitted. The source of the molecular stream was a small bottle with a narrow 
neck, rigidly wedged with mica strips into a small electric heater inserted 
through the end of the tube. The neck of this bottle is broken off to open it— 
a scratch being made on it before it is put in the apparatus. The portion 
remaining is about 1-5 cm. long and 0*6 mm. in diameter, and the molecular 
stream issues from this. The purpose of this long neck is to increase the 
intensity of the stream along the axis of the tube. It is easy to show that if 
the diameter of the neck is less than the mean free path, then the concentration 
along the axis increases with the length of the neck, and if the length is also 
greater than the mean free path, that the concentration along the axis increases 
still more rapidly. 

To prevent dissociation as far as possible, the salt HgCl 2 used in this 
experiment, and the others used later on, were first dried and then distilled 
in vacuo several times. After the bottles were filled they were heated at 
100° C. for some hours, a good vacuum being maintained in them meanwhile, 
and then finally they were sealed off. 

After setting up the apparatus and exhausting it, the bottle was opened, 
and on heating it, a molecular stream passed across the knife-edge and was 
condensed on the cold surface at the other end of the tube. When the knife- 
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edge was maintained at a potential 1000 volts greater than the plate opposite it, 
the shape of the deposit was not the same as it was when there was no potential 
difference. There seemed to be a distinot deposit in the shadow of the knife- 
edge. It was observed that a large amount of HgCl a in this case had diffused 
all over the cold surface. This is almost certainly due to dissociation of the 
salt. 

These experiments showed that the salts could be distilled with reasonable 
rapidity, without an excessive amount of dissociation, and one of them indicated 
the presence of an electric moment, though there is the possibility of the reflection 
from the knife-edge, being altered by the electric field. It is therefore necessary 
to make a quantitative measurement to obtain further information * 

Quantitative Determination of an Electric Moment . 

To make a numerical estimate of the moment, one might proceed as in the 
Stern and Gerlach experiment, and perform the electrical analogue to the 
magnetic deviation of atomic rays. This experiment requires very fine adjust¬ 
ment, and makes great demands on the experimenter's skill, and for that reason 
an easy method had to be found, as that experiment is beyond the capacity 
of the present writer. 

Suppose a narrow stream of molecules, moving along a path AR (fig. 3). 
If we put in this stream a wire, W, at right angles to the direction of the stream, 

_ « 

Fia. S. 

and maintained by a battery at a potential considerably greater than that of a 
coaxial oylinder C surrounding it, then there will be a very rapidly changing 
electric field surrounding the wire, and if the electrodes are properly made, the 
field outside the wire will agree in its actual value with that which can be 
calculated from elementary electrostatics. It is therefore necessary only to 
measure the potential between the two electrodes, and their diameters; no 
determination of the field experimentally is required other than these measure¬ 
ments. Further, and this is most important, it is unnecessary to have all the 
parts exactly aligned, but only to have the mouth of the bottle, the slits in the 
oylinder and some part of the cold plate in a straight line, and this is very easy 
to do. 
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As the wire is in the beam, some molecules will pass on either side of it, just 
outside its surface. As they are moving initially in straight lines which are in 
planes perpendicular, or very nearly perpendicular to the axis of the wire, they 
will move through a field of force with the centre of attraction on the axis of 
the wire, and will describe central orbits, in planes perpendicular to the 
wire. The only calculation required is to find the deflection. 

If C be the capacity per centimetre length of the electrode system then 

C = 1/2 log (6/a) 

where b is the radius of the outer cylinder and a the radius of the wire. 

The potential gradient is E = — dV/dr = 2VC/r and the gradient of the 
field is — 2VC/r 2 = 2Q/r a , Q being the charge per centimetre on the wire. 

A particle whose mass is m and whose electrostatic moment is p, if it is 
r cm. from the axis'of the wire, will have an acceleration in the direction of r 
decreasing given by 

d 2 r ix dbj a ix 2 Q cos 0 
at 2 m dr m r 2 

where 0 is the angle which its axis makes with the gradient of the field. There 
will be no component at right angles to this. It will be assumed that the 
molecules are orientated by the field and that cos 0 = ± 1. This assumption 
seems for various reasons to be the most probable representation of what 
happens. With this assumption, the case reduces to that of motion in a central 
orbit. 

It can be shown in the ordinary way, first that the orbits are hyperbolic for 
such velocities as are met with—these velocities are about 2 X 10 4 cm. per 
second, and second, that if a be the semi-major axis of an orbit, 5 =* f* ♦ 2VC/m, 
the acceleration at unit distance from the centre, V 0 the initial velocity of 
projection, and R the distance of the point of projection, then since the orbits 
are hyperbolic 

Now R « 0*5 so that 2/R aes 4 under the conditions of the experiment, and 
it can be neglected, since, as it will appear later on, V 0 */S is of the order 
of 10*. The semi-major axis is then to a sufficient approximation, given by 

V 0 */5. 

For those partioles which pass just outside the wire, the apsidal distance is 
p # the radius of the wire. In fig. 4, let CA — a the semi-major axis, 
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AS = a(e — 1) = p the apaidal distance, b = the conjugate axis, =*= the 

angle between the asymptotes CX, OX', then 
since 

bja = tan ^ — Ve 2 — 1, 
and consequently e ~ ± sec 

a = p/(e — 1) = p/(scc — 1). 

Again £ — aV 0 2 — V 0 2 p/(cosec — 1), since 
the measured angle of deflection, </>, is the 
supplement of the angle between the asymp¬ 
totes. Since E, = 2Qfi/m, 

(x — V 0 a pw/2Q (cosec — 1). 

As molecules can move along both the 
positive and the negative branch of the 
hyperbola, there will be two such sets of 
hyperbolic orbits, one on each side of the 
wire, and there will therefore be two deposits parallel to the wire appearing 
on the cold plate. If 2d be the distance between the inner edges of the 
deposits, and D the distance of the wire from the plate, then tan <f> = (d -f p)/D. 
For since the deflections are small, the distance between the apses of the two 
seta of orbits is very nearly the diameter of the wire. Without sensible error 
therefore 

cosec == 2D /(d + p). 

The velocities of the molecules are not all of the same magnitude ; the root 
mean square velocity is v = V 3&T jm. The velocities are grouped quite closely 
around this value, and it will be taken as the velocity of projection ; with 
this assumption we have 

3&T p « 

~ 2Q ’ D l(d + p) - 1 ’ 

which ia the equation used in reducing the experimental measurements. It 
will be noticed that the mass of the molecule does not appear, and all that is 
required is the temperature of distillation. There is, in general, a difference 
between the actual average velocity in a molecular stream, and the average 
velocity calculated from the temperature. The difference is not very great 
unless there is a considerable pressure in the vessel producing the stream. As 
the present experiments are not very accurate, this difference will be ignored. 

To put this idea into praotice the apparatus shown in fig. 5 was constructed. 
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A small heater A has, inside it, the bottle B containing the salt. This bottle 
has an inserted tube in which is put one junction of a thermocouple. The 
thermocouple leads are brought out through a pinch seal C. At D there is a 
diaphragm with a hole 6 mm. in diameter and just above it the electrodes. 
The slit above the diaphragm is 
6*0 mm. long and 0*6 mm. wide. 

The electrodes are mounted on 
mica and the leads are brought 
out through pinch seals as 
before. The smaller electrode is 
0*00125 cm. in diameter. It is 
led over guides with V notches 
and is held under tension by a 
spring, which will stand a tempera¬ 
ture of 500° C. without losing its 
elasticity. The electrodes are 

wedged in a slot in the glass work 
and thus held rigidly. At the ]<) r>u,r,p 
top of the whole apparatus there 
is a vessel E with a flat bottom 
which can be filled with liquid 
air, or other refrigerant; the 
bottom of this vessel serves as a 
surface on which the spots arc 
deposited. The distance from 

the wire to the cold plate is 
21*5 cm., and the distance from 
the mouth of the bottle to the 
wire is 24 cm. approximately, 
though it varies slightly from 
experiment to experiment as the 
apparatus is cut in two to clean Fio. 5. 

it, and refill the heater after an 

experiment. The whole apparatus was mounted on a stand in a vertical 
position, the heater at the lower end, and was exhausted by a pump in the 
usual way. 

The potential difference applied to the electrodes was measured by means of 
a milliammeter in series with a wire-wound megohm resistance-box. The source 
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of potential was a battery of accumulators. The temperature of the bottle 
was measured by an iron-oonstantan thermocouple whose e.m.f. was measured 
by a potentiometer. The thermocouple was calibrated by using some of the 
following fixed points—ice, M.P.; water, B.P.; naphthaline, B.P., benzo- 
phenone, B.P., and sulphur, B.P. The determination was made to the nearest 
degree. 

The measurement of the deposited spots was done by taking a photogTaph of 
them by means of a camera with a fixed extension and a lens of short focus. 
This camera gives a magnification of 2 • 65 to 1 and the measurements then made 
on the photographs were reduced by dividing them by this number. Very 
faint lines can be brought out by proper lighting, and a suitable plate and 
development. 

With this apparatus, the first compound tried was arsenic trioxide As 2 0 3 , 
Chemically, this is not a very polar substance, and one would expect that it 
would have a rather small molecular moment, and this turns out to be the 
case. The substance was chosen for this reason, and also because it is easy to 
work with. Three experiments were made altogether, one experiment with 
no field, two experiments with a potential difference of 1000 volts between the 
electrodes, and two with 600 volts between the electrodes. The details of an 
experiment are given below. 

The diameter of the wire = 0*00050 inches, so that p « 0-000625 cm. 

The other radius of the electrodes ~ 1-2 mm. The capacity is 


1 

2 log (0-12/0-000625) 


1 

10 * 52 


e.s.u. per centimetre. 


and since the potential difference is 1000 volts, the charge per centimetre on 
the wire is Q ~ 0*316 e.s.u. 

On the corresponding photographic plate, the distance between the lines is 
I *5 mm. and the magnification is 2-65 to 1, so that the actual distance is 
0*56 mm. 

The deflection d is half this or 0*28 mm. The distance to the cold plate 
from the wire -- 21*5 cm. 

The temperature of distillation increased 5° C. between the beginning and 
the end of the experiment. The average was 252° C. « 525° absolute. 

The calculation then is 


3 X 525 x 6*25 x MT 4 X 1-37 X 10~ lg 
fi•32 «X 10-i x 430/0*27 ' 


= 1*3 X 10~ 19 e.s.u. cm. 


With no field on the electrodes there are no lines on the plates, and with 
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600 volts on the plates the measured value of the moment is unchanged, being 
1*4 x 10“ 10 e.s.u. cm. which is the same within the experimental error. 

Discussion. 

Taking the results of these experiments at their face value they would seem 
to indicate that the moments of As 2 0 3 is of the right order of magnitude to 
agree with the theory of permanent dipoles put forward by Debye, Further,, 
it appears that the moment is not influenced by the strength of the field and is 
therefore a permanent characteristic of the molecule. There was no definite 
indication on any of the plates of more than two lines, so that there seems to be 
no definite orientation of the molecules, save parallel or antiparallel to the 
field. The preliminary experiments made showed very little, save that there 
was a very small moment if any, in a potassium or sodium atom. This is 
what one would expect. The moment of an atom should be of the order of 
its volume or 1O~ 20 e.s.u. cm. which could not be detected in an experiment of 
this kind, or rather one of this order of accuracy. 

It iB clear that this method of experiment must be further developed before 
a number of observations on different substances can be profitably undertaken. 
It will be necessary to decrease the width of the slit to about 0*05 to 0 * 10 mm. 
and to iticrease the potential difference between the electrodes to about 10,000 
volts. For a substance like As 2 0 3 this should give a central spot about \ mm. 
broad and a deflection of about 2*5 mm. The deflected lines will then be 
about 5*5 mm. apart, and if they are sharp, as they appear to be, it will be 
possible to resolve them if they are multiple, due to definite paths such as 
occur in the Stern and Gerlach experiment. 

It has been assumed that the molecules orientate themselves with their axes 
along the field. From the result of the experiment this may quite possibly 
be the case, though from the lack of proper resolution in these experiments, 
it would be rash to hazard an opinion. It is true that if the axes set themselves 
parallel and antiparallel to the field that such a particular orientation cannot 
be shown by this method, for the line due to the antiparallel molecules on one 
side of the wire will fall, since the diameter of the wire is so small, on top of 
the line due to the parallel molecules on the other side of the wire. 

If any other definite orientations occur it will be possible to detect them, 
subject to the same restriction that each line will be a double one being a deposit 
of molecules passing, some on each side of the wire. 

This assumption raises the same difficulty as in the Stern and Gerlach experi¬ 
ment. There is no available system of collisions to bring about the gain and 
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loss of energy; the only possible mechanism seems to be radiation. The 
wave-length of this radiation would be far in the infra-red, about X = 300 p 
as is easily calculated. This question was discussed by Einstein and Ehrenfest 
in 1922. It is, however, possible for the molecules to change their velocity on 
going into the field, the magnitude of the change being given by 

S =» (p cos 0 ~ ds. 

J ds 

Now it will never be possible on going into the field in an actual experiment 
to make dEjds — 0 exactly, so that in general there must be a change of 
velocity on entering the field for all molecules but those whose electric axes 
remain permanently at right angles to the field. Such molecules would not be 
deflected so that those which are deflected will have their velocities changed. 
The molecules in tins experiment entered the field along the direction of the 
lines of force, and there was certainly a finite value of dE/ds over the distance 
that they travelled, from a point outside where E = 0 to a point well inside 
where E is large. The molecules therefore changed their velocity. The change 
in velocity is not easy to calculate, but a maximum possible value can be found. 
We have for this 

\m (V x * - V 2 2 ) - j(x cos 0 ds * ± (E x - B.) (i. 

Now (Ej-~E z ) =ss 330 6.3.u., jx = 1 • 3 X 10“ 1# e.B. 11 . cm. So that 8 (^mv 2 ) = 4-3 
X 10“ 17 ergs, and Sv = (8-6 X l<T 17 /3-3 X 2-88 X lO" 22 )* == 3 X 10 2 cm. 
per second, or about 1 • 5 per cent, of the original velocity. 

As this is small it will not affect the results to the order of accuracy obtained 
here, but it would have to be allowed for if the accuracy were to be increased. 
It also makes it clear that this change in velocity can be used for determination 
of electric or other moments in a way which would probably prove easier than 
the one described here. 

[Note added in proof .—The same apparatus could be used for determination 
of magnetic moments if, instead of raising the wire to a high potential, a 
current were passed through it, when it would be surrounded by an inhomo¬ 
geneous magnetic field. The calculation is the same except that the 
acceleration at unit distance, becomes 21 (i/m, I being the current through 
the wire.] 

The experimen ts forming the subject of this paper were done in the Cavendish 
Laboratory, and the writer has to thank Prof. Sir E. Rutherford for very 
kindly placing the facilities of the laboratory at his disposal, and Dr. D. M. 
Morrison for a great deal of help with the experiments. 
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Further Studies in the Emission of Electrons from Gold Metals . 

By T. E, Stern, B. S. Gossling,* and R. II. Fowler, F.R.8. 


(Received May 22, 1929.) 


§1. Introduction . 

Fowler and Nordheimf and OppenheimerJ have already independently 
studied the theory of the emission of electrons from cold metals under the effect 
of an intense electric field, and have obtained results in good qualitative 
agreement with experiment. The formula for this “ auto-electronic ” current 
density, —I, obtained by the former authors is 


I = -i- ifL - 

(X + f*) X 4 


JT2 


( 3 ) 


at ordinary temperatures. In this formula k 2 «= 8n 2 mjh 2 ; p, is the parameter 
of the metallic electron distribution in the Fermi-Dirac statistics; x 3s the 
thermionic work function for the metal; — e is the charge on the electron ; h 
is Planck’s constant and — F is the derivative of the potential energy of the 
electron along the outward normal at the cathode surface ; I, F and e are then 
all positive. When the unit of energy is the electron-volt and the unit of 
current density is amperes per square centimetre this reduces to 

I = 6*2 X 10-« ■ ... H -..— ^e-i-sxio^/r . (2) 

(x + n)r 

In the original paper of Fowler and Nordheim equation (2) is given with the 
numerical mistake of 2*1 X I0 8 instead of 6*8 X I0 7 . This correction is 
important and favours the satisfactory interpretation of the experimental results. 

An extensive preliminary survey of existing material by the present authors 
using (2) persuaded them that the theory was on the right general lines, but 
that further more detailed investigations were required and might be profitable, 
To appreciate the point of-these investigations it is necessary to consider the 
nature of the comparison possible between (2) and the quantities actually 
observed. These are the total current passing between the electrodes and the 

* Research Laboratories ol the General Electric Company, Wembley. 

f Fowler and Nordheim, * Roy. Soc. Proo.,’ A, vol. 119, p. 173 (1928). 

t Oppenheimer, ‘ Phys. Rev./ vol. 31, p. 66 (1928); * Proc. Nat. Acad. Soi.,’ vol. 14, 
p. 303 (1928). See also Nordheim’a “ Zusammcnfassonde Beriohte,” * Phys. Z./ vol. 30, 
p. 177 (1929). 
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applied voltage. The theory in (2) states a relation between the current density 
and the surface field. If the effects of space charge may be neglected the 
surface field must be proportional to the measured voltage, and the ratio is 
controlled by geometry alone. If the emitting area" 1 is constant (but not 
otherwise) the current and the current density are proportional. If in addition 
the theory is correct, then a straight line should result from plotting logarithms 
of the observed current against reciprocals of the applied voltage. It is now 
well known that such straight line plots are found, f To derive, however, the 
maximum information from the comparison of the observed quantities with 
equation (2) we can make it determine both the emitting area A, and the ratio 
of the surfaoe field to the applied voltage.$ This ratio depends, of course, not 
only on the large scale geometry of the apparatus, but also on the micro- 
geometry§ of the irregularities of the cathode surface. The ratio due to the 
former factor we may suppose known. We derive in this way what we may 
call F m , the measured field. The extra factor due to surface irregularities we 
shall call (J. Schottky has shown very clearly how large values of (3 may be 
accounted for by a superposition principle. For example, if the emitting area 
were really a hemispherical boss on a cathode which on the scale of the boss is 
effectively an infinite plane, it is easy to show that (1 = 3. If the emitting 
area lies on a second hemispherical boss lying on the first and is small com¬ 
pared with it, then p = 3*, and so on. The interest lies in the values of A and 
(3 which can be derived from (2) and the observations. 

If C is the measured current we have (using natural logarithms) 


d log c 6*8 x m 

- 5 — 


( 3 ) 


Equation (3) determines (3 from the slope of the plot assuming that x is known ; 
it is independent of the value of A. Again 

log A - 12 -0 -j- log 0 - log - 2 log (pr.) + ’ (4) 

* Actually the current density will not be accurately constant over any emitting region, 
and the total current will be C «= JI ds over this region. The “ area ” to be considered is 
accordingly a weighted mean area. 

t For example Millikan, Eyring and Maokeown, * Phys. Rev./ voL 31, p, 900 (1928); 
Piersol, * Phys. Rev,/ vol, 31, p. 441 (1928). Our preliminary work has amply confirmed 
this. See also fig. 1 here. Strictly, logarithms of {current/(voltage) 4 } should be plotted. 
The difference is usually insignificant, but in j 1.1 we describe some oases in which it is 
necessary to use {curront/(voltage) 8 }. 

t also Hall, 1 Proc. Nat. Acad. Soi./ vol. 18, p, 241 (1929). 

{ Schottky, * Z. Physifc/ vol. J4. P* 63 (1923). 
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which determines A when (S is known, or better, in terms of the slope, 

log A - 10-0 + log C - log ^ - 2 log (pF „)m 

It should be observed that p is relatively unimportant in the determination of 
A, for the important last term in (5) is fixed by C and F m , and is independent 
of p and which therefore only affect log A through their logarithms* We 
assume, of course, that x and jx are known ; fz is obviously quite unimportant, 
and we take it to be 5 volts in all of our calculations. Using data furnished 
by various experiments* (3 is found to vary from about 1 - 5 to 115. There is, 
of course, in the majority of the published experiments some uncertainty in 
the proper value of y to be used. In an experiment of Gossling, fig. 1, curve 2, 
the cathode was the end of a fine tungsten wire, pointed and apparently 
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polished by violent electrolytic action. Taking for x an “ intermediate ” 
value of 3 (the reasons for this choice will be more obvious after the latter part 
of the paper has been read) we find by (3) that p was 2-68 and that A was 
6*3 x 10~ 8 cm. s . By direct measurement, assuming the point to be hemi¬ 
spherical, its whole area was 1*2 X 10~ 7 cm. 2 . For fig. 1, curve 1, which 
represents the same readings as fig. 5, curve 3, and refers to a less finely pointed 

♦ Gossling, ‘ Phil. Mag.,* vol. 1, p. 609 (1923) and other experiments first recorded in 
this paper* Bother, 4 Ann. Physik/ vol. 81, p. 317 (1926); Millikan and Byring, 4 Phys. 
Rev./ vd. 27, p. 61 (1926); Millikan, Eyriag and Mackeown, foe. cit., vol. 31, p. 960 
(1628); Del Rosario, 4 J. Franklin Inst.,’ vol. 205, p. 103 (1928). 

VOL. CXXIV.—A. 3 B 



702 


T, E. Stern, B. S. Gosling &nd IL H* Fowler* 

wire the value of % was very probably a little less than 4 ; and using this, (3 
is found from (3) to be 2 *9. The emitting area again is found to agree with 
the dimensions of the cathode. Actually several experiments were made 
using finely pointed wires, of which one specimen is shown, and all gave similar 
results. It is satisfactory to have found such examples in which the phenomenon 
appears to be fully accounted for by the simple original theory. It i s generally 
found that the emitting area derived from (5) is very small, of order ranging 
from 1(T 8 cm. 2 to 10“ Ki cm. 2 ; of these the smaller apparent areas are not 
necessarily true emitting areas, but are underestimated owing to a film effect 
as we shall explain later in this paper. 

The values of (3 in the preceding theory are increased by including not merely 
the geometry of the point but also the effect of the image forces in reducing the 
field necessary for a given emission. This effect has been calculated by 
Nordheim.* The factors concerned are not large and we shall not refer to 
them further here beyond recording that in the still more exact theory the 
values of (3 derived from the analogue of (3) are somewhat smaller than the 
values we quote here, and in fact some are most satisfactorily near the natural 
value unity. 

Comparison of the simple theory with observation having reached this stage, 
with fairly satisfactory results except for the surprisingly small emitting areas 
derived, it seemed clear that two extensions of the theory would repay investiga¬ 
tion, These were (i) an examination of the space charge effect, and (ii) an 
examination of the effect of surface films on the emission coefficient. These 
examinations are undertaken here. 

(i) It is found that space charge effects are negligible and do not upset the 
analysis of the observations which we have used and propose to use in this 
paper. For example if W is the applied voltage and there were no space charge 
the surface field of the cathode would have the form 

/«, 

where a is a length fixed by the geometry of the apparatus. When space 
charge effects are included this is altered to 

We can, ami do, calculate an upper limit for ? which we call T. We find in 

* Nordheim, ‘ Roy. Soc. Proc.,’ A, vol. 121, p. 626 (1928). Equation (56) of this paper 
should contain the same exponential factor as equation (1) here. The factor 3 in the 
denominator has been accidentally omitted* 
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analysing those experiments of Gossling used in this paper that in all but two 
curves, T <0*03, even when C, W and F m are taken from the high current- 
density portions of the experimental ranges, In two cases T becomes large 
when so calculated, but upon using values of C, W and F m taken from the 
middle-portions of the curves (which were actually used for our later calcula¬ 
tions) we find that T 0*03 in these two cases also. The errors introduced 
into F m and so into (3 and A by a value of t as great as 0-03 are negligible. 
This justifies fully the use we have made of the straight line part of the current- 
voltage relationship. In view of the high current densities with which we 
deal, even in these middle portions of the curves, this use could hardly be 
accepted without some such detailed investigation. 

Since we only calculate upper limits to ? we cannot discuss quantitatively 
examples, if any, in which the space charge has a visible effect, excepting perhaps 
in the case of a certain experiment of Rother using parallel plane electrodes. 
Its effect is to prevent F m and therefore fJF m and C from increasing as fast 
with the applied voltage as one would expect. The plot of log C against 
1/W will therefore fall away below the straight line towards the end for smaller 
values of 1/W. We have found one or two examples of Buch plots, and we Bhall 
discuss Bother’s in some detail farther on. 

(ii) Having assured ourselves on this point we obtain a formula for the 
emission through a surface layer under an applied field, and use this new 
formula to analyse the observations more exactly. We are able to draw some 
deductions as to the nature of the surface layer which we think may be of some 
interest. 

It is observed in experiments* that if the cathode is of clean tungsten a much 
higher field must be applied to obtain a given auto-electronic emission than 
when the cathode is covered with a layer of sodium, barium, caesium or other 
electro-positive impurity. The condition of a particular cathode can in fact 
be varied during an experiment by admitting more and more impurity into 
the tube between the determinations of the current-voltage relation. In 
the usual plot resulting from the kind of experiment we are now considering a 
family of straight lines is obtained with gradually diminishing slopes. There 
is no reason to suspect a change of (i so that the change of slope can be naturally 
and elegantly interpreted as due to a decrease of x as the surface layer builds 
up. The sequence of changes can be reversed by heating the filament to a 
series of increasing temperatures between further determinationB Of the current- 
voltage curve, thus evaporating the surface layer. Such experiments have 
* Gossling, foe. gU.j and in this paper, Dc Bruyne, * Phil. Mag./ vol. 5, p. 574 (1928). 

3 b 2 
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been fully described by Gassling (loc. oit.). In fact equation (3) seems to be a 
reliable and feasible way of determining changes of %• 

If then we are concerned in such phenomena with alteration of the work 
function by surface layers it is necessary to revise the theory before equations 
(2) and (4) can be used quantitatively, for it has been shown by Nordheim* 
and in greater detail by Fowlerf that theory and experiment agree in pre¬ 
dicting changes of the thermionic emission coefficient parallel to the changes 
in x* It is found that such changes persist in the emission coefficients of the 
auto-electronic effect. The result is to lower the theoretical current density and 
increase the calculated area considerably when the emission takes place through 
a surface layer which lowers y_. This leads to more satisfactory interpretations 
of the experiments. In certain examples there is, according to the simple 
theory, an apparent change of emitting area while a surface film is being removed 
or built up. We now find that if a suitable thickness is assigned to the film— 
a thickness which is a priori entirely reasonable—the revised theory fits 
satisfactorily with a constant emitting area. In short, we think we may claim 
that the revised theory gives a satisfactory account of the phenomenon and 
promises to throw much light on the structure of surface films. 

§ 1.1. Methods of Plotting Observations. 

According to the theory, for very wide ranges of variation of C and F„ the 
relation between logC/F m * and 1/F m should be more accurately linear than 
the relation between log C and 1/F m . In a number of Gossling’s experiments 
reproducible currents have been obtained covering a range of over 100,000 to 
1. The widest range obtained up to the present is that given by MilHkan and 
Eyringl in whose fig. 3 a reproducible curve covering from 10" u to 6 x 10~ 4 
amp. is shown. When this curve is replotted using log C/F m * the agreement 
with the linear relation over the whole range is very close indeed and well 
within the accuracy to which it is possible to read the published curve. If 
log C is used instead of log C/F m * there is a distinct departure from the linear 
relation equivalent to a factor of 1*6 in the current. 

The two curves (Gossling) shown in fig. 1 extend rather further in the 
direction of higher current. The linear relation can be seen to hold very well 
up to a point representing a current of about 10"* amp., but above this theie 
is in both oases a progressive departure. This might at first sight be ascribed 

* Nowlheim, ‘Z. Physik,’ vol. 46, p. 888 <102S>. 
t Fowler, ‘ Boy. Soo. Proo.,’ A, vol. 122, p. 36 (1920). 
t Millikan and Eyring, ‘ Phy*. Rev.,’ vol. 27, p. 51 (1926). 
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to the space charge effect which we shall discuss later, but can, however, be 
satisfactorily explained as being due to an incipient pulsation of the high 
voltage supply derived from a transformer and rectifying valves- It was 
possible in the case of the highest point of curve 2 to calculate the correction 
for this pulsation assuming the continuance of the linear law. The value of 
the current corresponding to the voltage maximum, i.e. f to the value of 1/F m 
plotted so calculated, gives the point X which lies close to the straight line 
through the lower points ; here also the agreement is better for log C/F w * 
than for log C, 

The value of the current maximum corresponding to X is 2- 45 x 10“ 2 amp. 
The relation between current and field expected from equation (1) thus holds 
in this experiment from 2*5 X 10' 2 amp. to 3 X 10~ 8 amp. and in Millikan's 
experiment from 6 X 10“ 4 amp. to lO"" 11 amp. 

In other diagrams in this paper the observations cover ranges too short for 
the distinction between log C and log C/F ro 2 to appear and the actual values 
of the currents are also of interest. We have therefore in all the figures subsequent 
to fig. 1 plotted log C against 1/F W . 

§ 2. The Effect of Space Charge in Discharges under Strotig Fields . 

It is ideally desirable to calculate the effect of space charge in limiting any 
auto-electronic current which is to be exactly analysed, but such a course would 
be tedious. Fortunately it is possible to obtain a simple criterion for deter¬ 
mining when the effect is negligible, which is satisfied in most of the experi¬ 
ments analysed. 

The effect of space charge in limiting thermionic emission has been investi¬ 
gated more than once.* But in most of the investigations known to us the 
potential gradient at the emitting surface is assumed to be zero, and none of 
them covers the conditions we require. This assumption is perfectly correct 
for thermionic emission, but it cannot be justified a priori for any type of 
emission; and it obviously is wrong here where the initial potential gradient 
controls the current emitted. Our treatment then will differ from Langmuir’s 
principally in having an important non-zero field at the surface of the cathode. 

Let us consider the simple example of two plane parallel electrodes a distance 
D apart, with a difference of potential W. Let — p (<r) be the charge density 
at a point distant a; from the cathode and v the velocity of the electrons there, 

* Langmuir, * Phys. Rev., 1 vol. 2, p, 460 (1912); Langmuir and Blodget, 4 Phys. Rev./ 
vol. 22, p. 847 (1928), vol. 24, p. 49 (1927); Schottky, 4 Phys. Z./ vol. 16, p, 626 (1914); 
JtM, 4 Ann. Phyrik/ vol. 76, p. 391 (1924) 
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so that v (0) is the initial velocity, if any. Let V (sr) be the potential difference 
between the point and the cathode, so that V (0) — 0, V (D) = W. If we 
assume that the space charge is continuous, then the equation of continuity 
gives 

I = t'p. (6) 

Equation (6) makes p (0) infinite if v (0) = 0, and is incorrect because it ignores 
the statistical distribution of the electrons in time. To determine more 
accurately the statistical density at the cathode surface consider an area 
emitting on the average n electrons per second with velocity v (0) and accelera¬ 
tion /. The chance that after a given emission there is a gap of at least t 
seconds before the next is e~ nt . The chance that the interval between 
successive emissions lies between t and t + dt is therefore e~ ni ndt t The 
average distance s travelled by an electron before the next electron leaves is 
therefore given by 

s = f (tv(0) + J* a /) ne~ ni dt , 

Jo 


and this represents the average volume associated with each electron at the 
cathode surface. The charge density is therefore given by 


p (0) = e/s. 


Since n = I/c, / = F*e/m, where F* is the electric intensity at and towards 
the surface, this reduces to 


p(0)- 


l 2 

t>(0) I + F*e 2 /m‘ 


(?) 


The charge density is therefore exaggerated by (6) and as we are concerned in 
calculating an upper limit to its effects we shall proceed as if (6) were correct. 

The mass of the electron may be assumed constant for the velocities with 
which we are concerned. Therefore 

. w .{2M S + ^)* > (8) 

and Poisson’s equation becomes 

d*V(x) 4tcI (w/2c) i () 

{V(*) + »w*(0)/2e}* 4 y 

Putting V' = V (a;) + mv* (0)/2e, and dropping accents, we obtain 
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which is to be solved subject to 

V(0) = ~ii2i F* V(D) = W + wu s (0)/2e, B~4wl(^)\ (11) 

2 e_ dx \2e' 

This presents no difficulty. We may further simplify the result by putting 
v (0) =sr 0, for this again can only exaggerate the effect of the space charge. 
We thus obtain 

F* 3 , 1 r 4 /\ ri ^F^V i F$2 fl n*\ 

D fiB* h 2B* W"' + 4B/ b(" + 4b)J' ( J 


W W ‘ + i)’-T( W ‘- 


Now BW*/F* 2 is usually small. Assuming it is small we can expand D in 
powers of this quantity* obtaining a convergent series of which the first few 
terms are 

T) _ W , . BW* , , B«W fl WW \ 

^ ~~ F* \ F * 2 ' ^ F * 4 ° ^ 


But W/I) is the value of F* which one would have if there were no space charge 
at all. Hence we may write 

*•-!(>-»!£+4 <«> 

and assert that the effect of the space charge between plane parallel electrodes is 
negligible if T is small, where 

m , BW* l«re/»\* G'W* 


£0*2 


3 2e/ AF**' 


Inserting numerical values, 


T = 2-5 x 10 5 


s CW* 


AF**’ 


where C is in amperes, W is in volts, A is in square centimetres, and F* is in 
volts per centimetre. 

If the discharge is not from a plane cathode to a parallel plane anode, the 
criterion will still apply, for then the electrons will spread out on leaving the 
cathode and the density of the space charge will be everywhere diminished. 
If in any example T is not small we can, of course, deduce little since our 
approximations have everywhere exaggerated the effect, and an exact calcula¬ 
tion would be necessary, except perhaps in the case of a plane-parallel discharge. 

One may notice in passing that in the opposite limit when T is very large, 
equation (12) reduces to 

I>-» 


W» 

B* 
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approximately. With the help of (11) we derive 

i x 2?. 

D 2 

Thus in the limiting case of large space charge the current-voltage relation of 
the auto-electronic discharge is the same as that of the space-charge limited 
thermionic discharge, as wc should expect. 

Table I gives an abstract of the calculations of T for the high current-density 
portions of such current-voltage curves as we discuss in detail later in this 
paper, and also some values for lower fields in those oases where T as previously 
found is large. They bear out the general remarks made in § 1 and need not 
be further discussed. Since the electrodes are not in general parallel planes 
the length D of formula* (13) and (14) cannot in general be taken as the distance 
apart. We do not, however, need to use D. We can apply formula (10) 
using observed values of C and W and the value of A deduced from (5). We 
must take as our J?* in (16) the measured field; for from equation (IS) 
it follows that the space-charge effect is due largely to electrons comparatively 
remote from the cathode ; and, moreover, 

1/F,«> 1/(PFJ». 

It might seem from the high value of T in experiment 2, curve 1, that the 
drooping downwards of the log C — 1 [F m curve, apparently indicated by some 
observed values of C and W, was caused by space-charge, but as stated in 
§ i.l another explanation must be preferred. T, after all, is only an upper 
limit of t. Similarly in experiment 3, curve 4, the experimental conditions at 
high currents were not very satisfactory ; and in this case, besides, T is quite 
small. Thus Gossling’s experiments do not show any well-established cases 
of space-charge limited auto-electronic currents. But a curve, fig. 6, obtained 
from data published by Rotherf may perhaps show the space-charge limiting 
the auto-electronic disoharge. The experiment referred to made use of two 
parallel plane electrodes of tantalum, 0-005 cm. apart. In view of the shape, 
one might expect that in this case T and t would not differ by as much as they 
would in discharges from points. We find that T, for the place where the curve 
starts to droop considerably, is 0*25, Although the space-charge limitation 
is here a possibility, we do not wish to urge it as being necessarily the actual 
reason for the droop, for the curve may not have been a reversible one. 


t Bother, he. cit. 
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Table I.—Space-charge Criteria. 


Experiment. 

Curve. 

Current (amperes) 
for which T is 

Emitting 
area, cm.* 

Current 

density 

T. 


calculated. 

amps, /cm.* 


1 

1 

1*4 X 10 “ 8 

5*1 x 10 * 

2*7 x 10* 

0-03 

1 (Fig. 3) 

2 

a-s x io-‘ 

51 x 10 -» 

1*1 x 10 * 

0-20 

2 

6*3 x 10 « 

5*1 X 10 * 

1*2 x 10 ® 

0-03 

1 

3 

6-5 x 10 ~* 

51 x 10 -* 

1-3 x 10» 

0*000 

2 

1 

2*5 x 10 ~* 

12 x 10 “« 

2*1 X 10 7 

2*0 

2 

1 

1*2 X 10 5 

1*2 x 10 - 1 ® 

1*0 x 10 * 

0*03 

2 (Fig. 4) 

3 

2*5 x l 0 -» 

1 *2 x I 0 ~ w 

21 X 10* 

0*0006 

2 

4 

1*2 X 10-• 

1*2 x 10‘ 10 

1 x 10 * 

0*03 

2 

5 

1*8 x 10 7 

1*2 x lO-i» 

1*5 X 10* 

0*004 

3 

1 

8 X 10"* 

8 X 10-» 

1 x 10 * 

0*00004 

3 (Fig. 5) 

2 

1 X 10~* 

8 X 10~» 

1*2 X 10* 

0*00003 

3 

1 X 10* 

8 X 10 -» 

1*2 X 10* 

0*0015 

3 

4 

2-3 X 10~* 

8 v 10 -« 

2*9 X 10* 

0*003 

Fig. 1 

2 

0*025 

63 X 10» 

4*0 X 10# 

0 025 

-'- 1 - 1 

Bother 

To/. X 

2-5 X 10 « 

4*9 X 10~ l ° 

5*1 x 10 * 

0-25 


§ 3. The Emission Coefficient under a Strong Field through a Surface Layer. 

To represent the effect of a surface layer on the emission in the simplest 
reasonable way we will use a potential energy near the surface of the form 
shown in fig. 2. The potential energy V of the electron is assumed to have 
the form 


V = 0 (x < 0), 

V * C, - Fj* (0 < x < a), 

V = C 9 -F,(*-«) (a < x). 



The region 0 < x < a is the surface film which lowers the effective work 
function. F g is the externally applied potential energy gradient. It is first 
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accessary to calculate D (E) f the fraction of electrons incident on the boundary 
from within the metal with kinetic energy E normal to the boundary which 
leave the metal. The energy E may be assumed to be such that neither 
C A — E nor C 2 — E is small compared with C 2 . It is fairly easy to guess 
the result in a convincing way. Warn «= F a the problem reduces to that 
already worked out by Fowler and Nordheim,* and the result is 




where 


k 2 = 8 whiijffi. 

When F a ^ F 2 we knowf that the exponent in (16) must be replaced by 

-2* j*(V-K)*rfac f 

Jo 

which is obviously equal to 

- (C t - Em + v}k (C a - E) s /Fj - $K (C a - K)*/F,. (18) 

The method of Jeffreys which yields (18) does not tell us anything about the 
first factor in (17) but one may fairly guess that the kink at x^a, at a 
considerable height above the level E, will not affect this factor and therefore 


D m - iMW [- + it^a}], „q 

with sufficient accuracy, provided each of the three terms in (18) is large 
compared with unity. To verify this guess (which is correct) we have, however, 
computed D(E) exactly by solving the wave equation for the motion of electrons 
through this layer in terms of Bessel’s functions of order The calculations 
are a little long, but a quite straightforward extension of the calculations of 
Fowler and Nordheim. If the complete wave function is 

it is best to use representations of ’]■' in terms of the following functions : 
(!T<0) C ±WB* 

<»<*<*> 


(« < a) 


.ficiy 

F. / 


)*h* u » - a - ^r^) 5 } • 


* Fowler and Nordheim, 1 Boy, Soc. Proc./ A, vol. 119, p. 173 (1928). 
t Nordheim, * Z. Physik,* vol. 46, p f 833 (1928). 
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We omit further details, which it is hoped to publish in the ‘ Proc. Camb. 
Phil. Soc.’ 

The current density —I is given by 

I « $ f N (E) D (K) dE, ( 20 ) 


where N(E) dE is the number of electrons hitting unit area of the boundary 
from inside in unit time with an energy normal to the surface between E and 
E + rfE. It has been shown by Nbrdheim that 

N (E) = | 0g [ i + exp ( - M^Ji) |. ( 21 ) 

At the temperatures concerned it is sufficiently accurate to take 

N(E) = ^(n-K) (E < i*), (22) 


Therefore 


(E> (x). 


1 "^E B '‘^~ E)|t: ,~ E > 1 "p[ ~ i “ {g^'- ( \ E > ! 

+ (<ica!}] JE . (24 , 

We can now approximate to this integral, after writing 0 3 — p #= xi> 
C 2 — pL =s= 73 « (x — E, by using the fact that the dominant contribution 

comes from small values of yj. Thus 


where 


p ” £(' - tf {i+ x)' r> “ p l~ K + n)] *>' 


| tx. — &l 4. * 

\F X Fj + F 


very nearly. Hence the current density is given by 


« tv CX1> [ Mf, £ + gJ. 

•2nA xi + li 

If, f, ^ f J 


( 27 ) 
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For practical purposes we may replace F* by — x a )/o, and denote F g 
simply by F, the applied field. Then (27) reduces to 


1 = 


2*A (xi + fi) Xi 1 


ps e -l*xiS/i f ^ 


Xi exp [- £*a ^ 


Xs ( 1 + 


(XiX*)*+X* 


;) 


(28) 


For values of F with which we are ooncemed we can generally replace the factor 


1 + 


aF 

(XiX*)‘ + Xi 


by unity. The result of this investigation is that for the analysis of observa¬ 
tions we must replace equations (3) and (4) by 


d log C 

rftv 1 


= - 2 F m 


gil * J 9 7 X i 

P 


i 


(29) 


log A = 12-0 + log C — log -_ 2 log pF m 

VXi “r y a 

4- 6 -- 8 gjgfoi _ log u + fc±Xi±fafo>* . (30) 

r^m Xa Xi ”r Xa 

* 

§ 4. The Effect of Film Thickness (a) on the Current-voltage Curves and the 

Derived Emitting Area, 

It is now easy to see how neglect of film-thickness has modified the emitting 
areas derived from a family of current-voltage curves, and how equation (30) 
may be used to remove this modification and to fix approximately the thickness 
of the film. As a film is built up which decreases the effective work function 
from Xi to x 2 , a will increase from zero to a value comparable at least with 
atomic diameters. For example for a sodium film on tungsten which reduces 
the work function from 4 ■ 5 to 2 volts, the last term in (29) has the value 

1-8 x 10 8 a. 

If this term is neglected in the analysis of the observations the calculated value 
of A will usually be much smaller for the smaller x- ThiB corresponds in the 
figures showing current-vohage plots to the fact that the plots of one family 
with different slopes (x’s) do not intersect on the axis but to the right of it, 
showing an apparent decrease of the emitting area with decrease of the work 
function. 
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Experiment. 

Curve. 

/»• 

, X 

electron 

volte. 

A' 

cm,® 

A 

cm,* 

a 

cm. 

V 

", .! 

3 

19*4 

4*5 

5-1 X 10-* 

5*1 X 10~* 


1 (Fig. 3) 

1 

19*4 

2*81 

4-6 X 10-*» 

5*1 x 10 ~® 

1*6 x 10 “* 

1 

2 

19*4 

1*58 

1*8 x 10 -™ 

51 X 10-® 

2*5 x 10"« 

2 

1 

6-72 

4*5 

1*2 x 10- 10 

1*2 x KM* 


\ (Kg- 4) 

3 , 

6-72 

1-41 

4-8 X 10" 1 * 

1*2 x 

3*9 x 1<M 

4 

6'72 

1-50 

1-5 X 10->° 

i -2 x 10 -» 

0*5 x 10“* 

2 

5 

fl-72 

1-52 

8-7 X 10-“ 

1-2 x 10 -« 

2*2 x 10 -* 

3 

4 

2-9 

4-5 

8 X 10~* 

8 x 10 ~* 

_ 

3 (Fig. 5) 

3 

2*9 

3*95 

3-9 X 10~* 

8 X 10-* 

0*4 X 10"® 

2 

2-9 


4-1 x 10-* 

8 X 1(M 

1*8 X J0"« 

3 

1 


2-33 

8 x 10“ J0 

8 X 10"® 

2*8 x KM 

Fig. 1. 

2 

2*08 

30 

— 

6-3 X 10-* 

— 

Bother 

Taf. X 

115 

4*0 j 

— 

4-9 x HH° 

— 


Table II shows values of (3, x> A', A and a for the experiments under dis¬ 
cussion. A' is the “ apparent ” emitting area calculated by the formula (B) 
and neglects the film effect. A is the “ true ” emitting area and is equal to 
A' for discharge from cathodes free of films. Otherwise, as a rule, A' < A. 
p is calculated from (3) in the film free curve of each experiment; / 2 is then 
calculated from (29); a is found from expression 

* “ indnc ? (l ° 8 A + 108 Zi “ 108 A ' ~ 108 Zi) x T fi + to,)* ' m> 

In the computation of Table II, x for tungsten has been taken to be 4-5 volts, 
and the assumption has been made that the steepest members of the families 
of lines in experiments 1, 2 and 3 correspond to nearly clean states of the 
cathode, with this value of 4*5 as the thermionic work function. If this 
assumption is in any experiment false, then our calculated areas, and the 
values of % found for the other members of the same family, will be slightly 
in error ; but the changes in the areas and film thicknesses would not be large. 
In the computation of the Bother curve and of fig. 1, curve 2, the elementary 
theory, without films, has been used. 

The results collected in Table II justify very well the assumption that the 
form of the emitting spot, i.e., the value of remained constant throughout 
each experiment, for the range of x found on this assumption, viz., 4*5 to 
1 *4, agrees reasonably well with the change from tungsten to sodium. The 
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value of % for sodium is not very definitely known but is probably rather less 
than 2*0, Experimentally the severe treatment required to produce the 
tungsten surface might be expected to make the emitting eminence a little less 
■sharp. If an allowance for this were introduced into the calculation the 
range of x would be less than that shown. If the form of the emitting spot 
remains constant it may fairly be assumed that its area also remains constant, 
and it thus becomes possible to calculate, as we have done, the film thickness 
from the apparent diminution in area. The film thicknesses for particularly 
stable films in experiments 1 and 2 are respectively 2*5 X 1(>“ 8 cm. and 

2 *2 X 3,0~* 8 cm. In experiment 3 a film which was rather less complete and 
less stable gave a similar thickness of 2 - 8 X 10“ 8 cm. Since in developing the 
theory we assumed a continuous surface film with a uniform internal field, all 
of which must be regarded as a rough approximation, these “ film-thicknesses v 
can have no very precise physical meaning; they are, however, of the same 
order of magnitude as the distance 3*7 X 10~ 8 cm. between the closest sodium 
atoms in the crystal of metallic sodium.* From the nature of our idealised 
film we should expect its ‘'thickness ” to be less than this interatomic distance. 
In the case of the intermediate curves whioh have intermediate values of a 
we must suppose that the films are incomplete and we find that their “ thick¬ 
nesses ” are considerably less than those of the stable films, but without know¬ 
ledge of the structure of the film no meaning can be assigned to these small 
thicknesses. In the case of curves 3 and 4 of fig. 4, where the thicknesses are 

3 * 9 X 10~ 8 and 0 * 5 x 10~ 8 respectively, but the y is the same as for the stable 
film of thickness 2*2 X 10“ 8 of curve 5, the circumstances of the formation 
of the film were peculiar, involving a resting period of four years. We shall 
refer to other similar examples of variation in structure without change of y 
in a later section. 

§ 5. Detailed Discussion of the Experiments. 

We now come to consider in more detail what is the support afforded to the 
theory by the existing experimental data. 

As already stated the curves obtained by plotting observed values of log C 
against 1/F m fall into families of lines which are very nearly straight; those 
members of a family which correspond to the weaker fields have the smaller 
slopes when so plotted, and vice versa for the stronger fields and steeper slopes. 
The family thus consists of a set of straight lines which when produced upwards 
are seen to have a short envelope and so seem to radiate approximately from 
* Hull. ‘ Phys. Rev.,* vol 10. p. m (1917). 
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a common intersection situated near to but definitely not actually on the axis 
of infinite field. 

Since the value of the work function x corresponding according to equation 
(3) to any particular ctirve is not independent of the value of the correction 
factor (3, it is clearly necessary that the experimental circumstances of the 
transition from the one extreme of a family to the other should be so far known 
that this transition can fairly be ascribed to a change of x without change of 
(3. For this reason those experiments are to be preferred in which a deliberate 
introduction of sodium is followed by a transition in the direction corre¬ 
sponding to a decrease in %, We shall describe two experiments of this 
type. 

A number of experiments showing transition in the opposite direction—that 
of increasing y-~ are available from several sources. The use of these for our 
present purpose involves the additional assumption of an initial surface film 
of low x- Effects of this kind are, however, so far usual in the early stages of 
any experiments that it is preferable to seek independent support for the pre¬ 
sumption of such an initial surface film. We think that such support can 
be found in O. W. Richardson's investigations of the positive thermionic 
emission from freshly heated surfaces of various metals.* He showed that 
whatever the anode metal might be, the positive ions were always those of 
potassium which might be followed after longer heating by sodium. Our own 
experimentsf have also shown that sodium salts adhering to the anode can be 
decomposed by electron bombardment and transferred to the cathode by 
sputtering or heating the anode. The last traces of such salts would in any 
case be difficult to eliminate., and they might even then be replaced by dis¬ 
tillation from the glasswork when this is heated during the exhaust. In the 
experiment of this type which we shall describe there was, in addition to these 
general grounds, a definite reason for expecting the initial presence of a small 
quantity of sodium. 

ExperinmU No, 1.—The tube used in this experiment had as cathode a loop 
of fine pure tungsten wire. Only a few current-voltage curves were taken, 
the original object being to study the effect of changes of cathode temperature 
and particularly the conditions of disappearance of the temperature effect; 
most of the observations were made at constant voltage. The curves shown 
in fig. 3 represent two extreme members of a family with one intermediate 

' * O. W. Richardson, * Roy, Soc. Proc./ voi. 39, p. 507 (1914). 

f Gowling, loc, cit, 9 p. 620. 
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member. The tube behaved very steadily throughout, that is, erratic 
spontaneous changes in the current were very rare. 



Fio. 3. (Experiment No. 1.) 

The details of the experiment were briefly as follows:— 

The cathode, a loop of pure tungsten wire of diameter 0*0016 cm. was heated 
in a slightly moist mixture of nitrogen and hydrogen with the object of fixing 
its shape before assembling the tube; but with the more important result, from 
the present standpoint, of removing the complicated surface layers with which 
a freshly drawn wire is coated. Adherent shreds and scales of tungsten 
would, however, not be removed.* The anode was a nickel diso which had 
been used previously in a similar experiment and was coated afresh with 
sodium phosphate to serve as a source of sodium. The exhaust of the tube 
followed the procedure now common; the tube was sealed on to a liquid 
air trap and exhausted by a mercury condensation pump. During the exhaust 
the whole tube (of lead glass) was heated in an oven to 400° C. for 5 hours. 
The anode was then heated by induced high frequency currents until its gases 
were very largely removed. The tube was connected to the pump during the 
whole experiment. Curve 1 of fig. 3 was then obtained before any further 
heating of the cathode. It represents, as will be seen later, an intermediate 
state. 

After currents of 10 to 20 microamperes had been passed for some time, 
resulting in the decomposition of the salt on the anode and transference of 


* Cf. Avery and Smithells, ‘ Proc. Phyx. Soo.,’ vol. 39, p, 86 (1027). 
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sodium to the cathode as described in detail in a former paper,* a rapid tran- 
sition took place to a point on curve 2. A new steady state was thus estab¬ 
lished and curve 2 was obtained. During a number of subsequent observations 
at constant voltage there was a further but relatively alight increase of current; 
the current was observed finally to be independent of the cathode temperature 
up to 1750° K. This is taken as showing that the cathode had attained a very 
stable state. Curve 2 thus represents a close approach to the low voltage 
extreme of the family. 

A number of observations were now made on the Schottky effect showing 
the influence of strong fields on thermionic currents. In course of these, the 
cathode was repeatedly heated to 2100° K., and in the middle there was an 
interruption during which condensible gases to a pressure of a few thousandths 
of a millimetre were admitted to the tube from the liquid air trap. Before 
resuming the auto-electronic experiment, the anode was again inductively 
heated. 

After all this it was found that the state of curve 2 no longer existed ; there 
was a gradual transition through various intermediate states, starting from near 
that of curve 1 and proceeding in the reverse of the former direction until 
curve 3 was obtained. 

Our interpretation of these changes is, first, that the change from the temporary 
state of curve 1 in the direction of decreasing voltage to the stable state of 
curve 2, a change which we have found to be characteristic of all tubes into 
which a source of sodium has been introduced, represents the building up of a 
sodium layer on the original tungsten surface. This layer is held in such a way 
as not to be readily volatilised even at 1750° K., and since a thick sodium layer 
would be volatile, we conclude that the state of curve 2 is that of a thin non¬ 
volatile layer. The effect of subsequent heating to higher temperatures together 
with the exposure to condensible gases was to remove and oxidise the sodium 
responsible for the first change, the result being the transition from curve 2 
to curve 3, which latter curve we take to represent an approach to the high- 
voltage extreme of tbe family. 

We shall now proceed to apply the results of the theory to the extreme curves 
2 and 3. In this and the succeeding experiments the permanence of the 
emitting spot is supported by the intermediate curves, which are consistent 
with the assumed constancy of the local field correction factor (3 and of the 
emitting area. Assigning to the state of curve 3 the value 4 * 5 for x representa¬ 
tive of a tungsten surface, we find from the slopes of the curves that the value 
* Re*. Labs, of G.E.C. (Ooaslingh toe. p, m 

3 o 


von. oxxxv,— a. 
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of (i common to the two curves is 19-4 and x for curve 2 has the value 1*58. 
The intermediate value of x for curve 1 is 2*81. The value of the area A for 
uurve 3 is 5* 1 X 10~ 9 cm. 2 . The apparent values A' for curves 2 and 1 where 
surface films are present are 1 *8 x I0~ 1D and 4*6 x JO*" 10 respectively, but 
using equation (31) we determine the thicknesses of the films responsible for 
these apparent decreases to be 2*5 X 10~ 8 cm. for curve 2 and 1*5 X 10~ 8 
cm. for curve 1. These results are tabulated in Table II. 

Experiment No . 2. The general course of this experiment was similar to the 
foregoing. The cathode, however, consisted of a brush of about 20 ends of 
pure tungsten wire 0*0020 cm. in diameter mounted on a stouter tungsten 
loop. The ends of wire had been roughly cut with scissors, and although they 
may have been somewhat smoothed by sputtering a fairly high value of the 
field correction factor, based on a smooth ellipsoidal end, must be considered 
probable from the macroscopic form of the end alone. Comparison of the 
currents obtained with those from cathodes with only single similar ends of 
wire shows, as might be expected, that only one end was active in the present 
case. The anode was a nickel disc which had previously been largely freed 
from gas by thermionic bombardment before the tube was opened and the 
brush fitted to the cathode. The anode was again coated with sodium phosphate 
to serve as a source of sodium. The procedure in the early stages of the exhaust 
was as in experiment No. 1, but in this case the anode was heated by auto- 
electronic bombardment, the conditions as regards current and voltage varying 
within the range later described. At one point the brush was heated by 
passing current through the loop on which it was mounted. The tube was 
finally sealed off from the pump. 

After sealing, the voltage required for a given current was found to be about 
as high as had ever been required during the exhaust. After a small pro¬ 
gressive transition in the direction of higher voltage the currents became 
reproducible and curve 1 of fig, 4 was obtained representing the high-voltage 
extreme of the family. This state was stable for the time being, even for 
currents of several miliiamperes. ^ 

During the continued passage of currents of about a milliampere the pro¬ 
gressive transition, characteristic of tubes with introduced sodium, in the 
direction of decreasing voltage set in. In the early stages of this a sodium 
glow could be seen on the cathode system. When a new fairly steady state 
had been reached curve 2 was taken. 

After this the tube lay idle for about four years. Continuing the experiment 
after this interval the low-voltage state was found to have persisted, curves 3, 
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4 and 5 being obtained in succession, of which curve 5 appears to represent the 
normal low voltage extreme, curve 2 taking an intermediate place. 
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Curves 3 and 4 showed instability for values of the current higher than those 
plotted. During the transition from curve 3 to curve 4 a considerable number 
of readings were obtained which group themselves in the neighbourhood of 
curve 5 which, therefore, appears to represent a relatively stable state. In this 
experiment the operation of sealing off and the accompanying liberation of 
traces of oxidising gases from the fusing glass seem, as in other similar cases, 
to have resulted in a temporary removal of free sodium. The final stages of 
the process were actually observed, and curve 1 is therefore taken as repre¬ 
senting an approximation to a tungsten surface. The subsequent transition, 
as before, represents the building up of a sodium layer; in the present case 
there were visible evidences of the transfer of sodium to the cathode. The 
long idle interval favoured the completion of the process, probably by absorp¬ 
tion of the remaining traces of oxidising gases. During the final stage, the 
main supply of sodium was not drawn upon because the power expended in 
the anode was not, as previously, sufficient to heat it. For this reason, the 
extreme low voltage state of curve 4 was not very stable. Proceeding as 
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before to analyse the results in the light of the theory we obtain the results 
shown in Table II. 

Experiment No . 3.—This experiment differs from both the foregoing in 
that there was no deliberate provision for a continual supply of sodium. The 
cathode, however, which consisted of a single end of pure tungsten wire, had 
had its edges rounded by etching in fused sodium nitrite ; decomposition of 
residues of this salt may, therefore, have provided a limited supply of sodium, 
the dispersal and ultimate failure of which proceeded in this case rather more 
slowly and regularly than in tubes containing only chance traces of sodium. 
The end of the cathode as viewed under a microscope showed the form of a 
blunt flattened point with smooth, well rounded edges ; since the form assumed 
for calculation was an ellipsoid of revolution, the field correction factor may 
be somewhat in error owing to the departure of the macroscopic form of the 
surface from that assumed. The anode was a nickel disc which had been 
partly freed from gas by thermionic bombardment in a previous experiment. 

The procedure in exhaust was as previously described, the anode being heated 
by auto-electronic currents of the order of a milliampere at 10,000 volts. In 
the later stages there was a marked transition in the direction of lower voltages. 
Conditions were not steady enough for a curve to be obtained but the general 
values of 1/F m were about 1*4 times those shown in curve 1 of fig. 5. After a 
final bombardment with several milliamperes of current the tube was sealed 
off and the first readings lay between curves 1 and 2 of fig. 5. These were 
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followed by a slight transition in the direction of lower voltage and a tempo¬ 
rarily stable state gave the reproducible readings shown in curve 1 * On passing 
heavier currents there was a progressive transition in the high voltage direction 
and curve 2 representing four sets of readings was obtained. The passage of 
still heavier currents for a short time resulted in a further transition resulting 
in the state of curve 3 which also repeated. Finally a longer period at about 
1 milliampere produced the state of curve 4. 

The four curves shown thus represent the high voltage half of a family of 
which the low voltage extreme is represented by the earlier readings for which 
the values of 1 /F m were about 1 * 4 times those of curve 1. That the low-voltage 
state should have survived at all the severe conditions of exhaust by auto-elec¬ 
tronic bombardment shows that more than a mere trace of sodium was initially 
available, but that there was no permanent supply is clear from the direction 
of the successive transitions following the passage of heavy currents, this 
direction being here opposite from that observed in the two cases previously 
described. The results of the analysis of the observations are shown in 
Table II. 

In addition to the three experiments which have just been described mention 
should be made of the numerous experiments described by various authors* 
in which cylindrical cathodes have been used with results indicating the initial 
presence and progressive failure of traces of sodium. In these wherever 
sufficient curves are available there is an evident tendency to give mixed 
families of curves, and even occasionally a passage in the course of a single 
curve from one straight line to another intersecting it (cf. fig? 6). Such results 
are natural, for in the case of a cylindrical or of a plane cathode the total area 
subjected to the intense field is immensely greater than in that of a pointed 
cathode, and the probability of more than one local area being in or near the 
emitting state is also much greater. Further, with a limited and fluctuating 
supply of sodium no one area remains in a constant state very long, but first 
one area will predominate and then another. In spite, however, of these 
uncertainties the “ apparent area ” as calculated without allowance for the 
film effect tends generally to be lower for the low voltage (and presumably low x) 
curves than for the high voltage and high y. The results of such experiments 
can, therefore, be held to give further general confirmation of the theory of 
the film effect. 

In the discussion of these experiments we have ignored effects due to the 
presence of gas films on the cathode surface; this course was forced on us in 
* Gosling, Millikan and Eyring, Bel Rosario, Piersol, loc, ait 
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the absence of evidence from the experiments themselves as to the extent of 
any such effect!'. It must, however, be admitted that here, as in all work on 
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metal surfaces which have not recently been strongly heated, there is a certain 
presumption in favour of gas films. No experimental technique can be con¬ 
sidered complete which does not include measures for eliminating them. 
De Bruyne* has shown that air at a fairly high pressure, 0 • 0005 to 0 * 0008 mm,, 
will depress the current to an extent which, though marked, is much smaller 
than the variations we have been considering ; hydrogen gives a smaller effect 
still. He shows also that even at such pressures prolonged passage of quite 
small discharge currents results in the diminution both of the pressure of the 
free gas and of the depression of the current. From this we conclude that the 
stability of these as of other films depends on a sufficient supply of material* 
being available ; especially if the discharge currents are high, 10~* amp. or 
more. In the experiments discussed the vacuum conditions were good and 
the readings generally stable at high currents ; it is therefore not very likely 
that the results were appreciably affected by gas films on the cathode. 

§ 6. The Fugitive Temperature Effect. 

The proof that the structure of the surface can have a marked effect on the 
value of the emission constant enables us to attempt an explanation of the 
fugitive temperature effect. This, it should be understood, is not the very 
small and under certain circumstances negligible effect discussed by Fowler 

* De Bruyne, ‘ Phil. Msg.,’ vol, 5, p. 574 (1928). 
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and Nordheim,* and more explicitly by Houston,! but the very conspicuous 
though transitory effect described by 6ossling4 who observed cases in which 
' a rise of 1000° C. in the cathode temperature increased the current as much as 
a hundredfold. The magnitude of the effect was found to depend on the 
experimental conditions, indeed in the case of the fully-developed sodium 
film in experiment No. 1, curve 2, it was inappreciable. With fresh wires, 
however, heated for the first time, a relatively small rise of temperature, 300° C. 
or so, may affect the current. In the later stages a greater rise, 700° C. or 
moxe, may be required. Since the rise of temperature renders the state of 
the cathode still less stable and makes it intolerant of large currents, repro¬ 
ducible readings were difficult to obtain. In the best cases, however, the rise 
of temperature appears to have increased the current in the same proportion 
whatever the value of the field. This would correspond to a change in the 
emission constant (i.c., the factor before the exponential in the emission 
formula) without a change of the work function. The change is reversible if 
not carried too far. The maximum reversible change depends on the state of 
the cathode and varies between 10 and 100 times the values of the currents at 
room temperature. There is some evidence of a time lag of a few seconds 
before a steady state is reached when the temperature is changed. Changes 
of this order of magnitude could be caused by changes in film thickness of 
order not exceeding the diameter of a sodium atom. It is not, however, 
suggested that a change in film thickness is actually responsible. The circum¬ 
stances in which the effect is observed indicate the presence of an incomplete 
film for which the value of x intermediate between those for sodium and 
tungsten ; the change can also be reversible and would, therefore, seem more 
likely to be due to a rearrangement of the surface structures rather than to the 
loss and regain of material. This rearrangement must in many cases be such 
as to affect the value of the emission constant much more than that of x, just 
as in the case of curves 3, 4 and 5 of fig. 4, experiment 2, previously discussed. 


* Loc . ci*. 

t Houston, ‘ Phys. Rev.,’ vol. 33, p. 361 (1929). 
%Loc. cit. t p. 623. 
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MICAIAH JOHN MULLER HlfJL., 1856-1929. 

Micaiah John Mullbk Hju, was the eldest son of the Rev. Samuel John Hill 
and was born at Berhampore, Bengal, on February 22, 1856, during the stormy 
days of the Indian Mutiny, in which he narrowly escaped death. He was 
educated at the School for the Sons of Missionaries, Blackheath, and entered 
University College, London, as a student in October, 1872. His academic 
career in London was one long sequence of brilliant successes and at the same 
time an arduous struggle against financial difficulties which he could overcome 
only by winning such scholarships as the College and the University of 
London had to offer in those days - rare and coveted distinctions which fell to 
the lot of very few. 

In 1874 he took his B.A, degree in* London, obtaining the first place in the 
Mathematical Honours List, a feat he accomplished in only two years and which 
he followed up in 1876 by winning the Gold Medal in the M.A. Examination. 
By this time he had entered as an undergraduate at Peterhouse, Cambridge. 
In 1879 he was Fourth Wrangler and Smith’s Prizeman. He then returned 
to University College for a few months as assistant in the Department of 
Mathematics, and, in 1880, at the age of twenty-four, was elected to the Chair 
of Mathematics at Mason College, as it then was, now the University 
of Birmingham. 

It was during his tenure of the Chair at Birmingham that Hill produced his 
earliest research work, which dates from 1883. In that year he published 
three papers, one on a generalisation of Tesseral Harmonics for more than two 
variables, another on the equation giving the (inharmonic ratios of the roots 
of a quintic, and the third, which started an important group in Hill's earlier 
work, on a generalisation of the equations of Hydrodynamics for space of n 
dimensions. This was immediately followed by a paper developing the theory 
of cylindrical vortices of finite section, moving in an infinite fluid, in particular 
of the elliptic cylindrical vortex. This paper is notable as being Hill's first 
contribution to the Transactions of the Society. 

In 1884 Hill was called from Birmingham to fill the Chair of Mathematics 
at University College, London, in succession to R. C. Rowe. His colleagues 
at the time included T. G. Bonney, Carey Foster, Charles Graham, L. F. Vernon 
Harcourt, Victor Horsley, Alexander Kennedy, Ray Lankester, Henry Motley, 
and G. I). Thane. Two, namely, Karl Pearson, who was appointed in the same 
y&ar (1884) to the Chair of Applied Mathematics, and A. F. Murison, who held 
the Chair of Roman Law, were to remain bis colleagues during the forty years 
of his teaching life at University College. 

The life of a professor in a University College in those days was very 
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different from that to which we are now accustomed. Endowed Chairs were 
the exception and stipends largely consisted of professors’ shares of fees, bo 
that there was a strong inducement to make one’s teaching popular rather than 
profound, a temptation fortunately resisted in most cases, certainly in the case 
of Hill. Assistants were few, and often paid by the professor. When Hill 
first took up his duties, the department of Mathematics boasted only a single 
assistant. The bulk of the routine work of undergraduate teaching, such as 
the correction of students’ exercises, fell upon the professor, and thiB work 
Hill, trained as he had been in a hard school, performed with unflagging energy 
and zeal, and an unselfish devotion which won him the affection and admiration 
of generation after generation of students. To the last, although many other 
duties supervened and the general improvement of conditions enabled him 
to be relieved of such routine work, he insisted on retaining a proportion in his 
own hands, seeing in it the indispensable means for gaining that personal touch 
with his students which he felt to be a most important duty and a valued 
privilege. 

It will be readily understood that the prosecution of mathematical research, 
under such conditions, was no easy task. Nevertheless Hill found time to 
continue his work on Hydrodynamics, begun at Birmingham, and to publish 
a few minor papers on Pure Mathematics* largely arising out of his teaching. 

It was not until 1888 that he was able to produce really important fresh 
research work ; he then attacked, for the first time, the subject of singular 
solutions of Differential Equations, a subject for which he always retained a 
particular liking, for he returned to it in his later years and published a paper on 
it as late as 1917. In a series of investigations between 1888 and 1893 he 
dealt fully with the various loci connected with the differential equation of the 
first order and its complete primitive, extending and consolidating the work 
of Cayley on the p- and e-discriminants of these equations, and discussing the 
mode of appearance of the envelope, node-, cusp-, and tac-loci, and impor¬ 
tant cases of exception. This led him to discuss the more general question 
of the appearance of loci of singular points in the case of the locus of ultimate 
intersections of a family of surfaces* 11 ; and here Hill broke entirely fresh ground 
and obtained a variety of new and valuable results. 

Hill’s later papers (1916-1921) on Differential Equations may be mentioned 
here, as they belong logically to the same group. In these papers he considers 
the classification of integrals of ordinary differential equations of the first order 
and of partial differential equations of Lagrange’s form, and in particular the 
problem, whether the complete primitive and the singular solution obtained 
by the ordinary rule do in fact exhaust the possible solutions in the case of the 
ordinary differential equation of the first order. 

In 1891, and again in 1894, he returned for a time to Hydrodynamical 

* ‘ Phil. Trans.,* A, vol. 183, pp. 141-273 (1892). 
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problems ; in the latter year he published the solution for his well-known 
spherical vortex. This was, however, with the solitary exception of a paper on 
the Connecting Rod, published in the Proceedings of the Institution of Civil 
Engineers in 1895, his last excursion into the realm of Applied Mathematics. 
In view of the success of his earlier Hydrodynamical work, this must remain 
a matter for regret ; but Hill always drew much of his inspiration from his 
teaching and his Chair was, in effect, limited to Pure Mathematics. Moreover, 
his mind had a strong bent towards rigour ; he was at his best in tasks which 
demanded critical examination of first principles, and he sometimes expressed, 
in private conversation, doubts as to the validity of many methods which the 
applied mathematician is apt to use without question. 

It was in 1897 that Hill published, in the Cambridge Philosophical Trans¬ 
actions, his first paper on a subject which he was to make peculiarly his own, 
namely, the critical re-examination of the Vth and VIth Books of Euclid. He 
was first led to this by difficulties which he encountered in the attempt to teach 
beginners the theory of proportion, and, during the next thirty years of his life, 
much of his mathematical activity was spent in trying to unravel the problems 
presented by the work of the great Greek geometer, in the form in which it has 
reached us. In this study of Euclid’s Vth Book, Hill followed the tradition 
of his own great predecessor, Augustus de Morgan, of whom he always spoke 
with the greatest admiration. 

His ideas on the subject are set forth in five papers, published between 1897 
and 1922 in the Cambridge Philosophical Transactions, in an edition of the 
Vth and Vlth Books of Euclid, and in a book on the Theory of Proportion, 
published in 1914. In these he practically reconstructed Euclid’s treatment, 
simplifying many of the proofs, and eliminating unnecessary axioms and defini¬ 
tions. In particular he baaed his treatment on the view that the definition of 
equal ratios should be adequate for the proofs of all properties of such ratios, 
and he succeeded in showing that Euclid’s appeal to the definition of unequal 
ratios for this purpose was unnecessary. This idea, and the use of the axiom 
of Archimedes, form the groundwork of his treatment, which is largely permeated 
by Dedekind’s conception of the nature of the irrational number. 

It was unfortunate that this work of Hill’s coincided with the movement for 
omitting the study of Euclid from the school curriculum. The philosophical 
significance of the Vth Book really lies in the fact that it provides a theory of 
numerical measurement of physical quantities, a fact which was never brought 
out in the old teaching. Those of us who learnt their mathematics at school 
on the old lines well remember the feeling of bewilderment which came over us 
when confronted by that awe-inspiring definition of equal ratios. Had Hill’s 
investigation appeared a few years earlier and been properly appreciated, it 
might have done much to preserve for the school curriculum one of the finest 
logical disciplines to be found in elementary mathematics. 
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The work on the Vth Book did not by any means exhaust HilFs later 
mathematical activities. In a series of papers on the continuation of Power 
Series, the last of which dates from 1917, he succeeded in demonstrating that 
the step by step continuation of a number of such series (including those for 
(1+®)", arctan x, arcsin x and the hypergeometric series), round a singularity, 
actually leads to the well-known interchange of branches, usually obtained 
directly from the function which the series represents in its first domain of 
convergence. A number of isolated papers deal with a variety of subjects 
ranging from the axioms of geometry to the theory of functions. In all Hill's 
mathematical output comprises nearly fifty original publications. 

The mere recital of his contributions to mathematics, however, would give 
a quite inadequate idea of his position and influence in the academic world. 
As a teacher he had, to an extraordinary degree, that infinite capacity for taking 
pains in which Carlyle saw the mark of genius ; and he possessed that rare 
quality, which students so keenly appreciate, of never slurring over difficulties: 
time spent on making a demonstration perfect was always to him time well 
spent. And he showed great sympathy with the occasionally devious mental 
processes of beginners and would even, sometimes, adapt his demonstrations 
to them. The writer remembers, in his student days, sending up to him a 
solution which, alas ! meandered through as many pages as it should have 
taken lines, arriving at the desired result by a singularly laborious and inelegant 
process. Hill read patiently and carefully every line, and in the end his only 
(and characteristic) comment was that it was a 44 very courageous ” solution! 

Above all, he loved his students, a feeling which was universally and deeply 
reciprocated. When he retired in 1924 from the Chair of Mathematics, his 
friends asked him in what way he would wfish them to commemorate his long 
connection with University College ; and he then, remembering the financial 
struggle of his early years, expressed the desire that any subscriptions received 
should be devoted to establishing a Loan Fund by means of which the difficulties 
of students in straitened circumstances might be temporarily relieved, while 
their spirit of independence was to be preserved by an undertaking of eventual 
repayment, so soon as they felt able to do so. It was done according to his 
wishes, and, indeed, no more fitting memorial could have been found of a life 
spent in the unselfish service of studious youth. 

Hill was one of those who fought for the establishment in London of a real 
teaching University; and from the re-constitution of the University in 1900 
until 1926, when ill-health compelled his retirement, he was a member of its 
Senate, in which his balanced judgment, ever-courteous modesty, and, above 
all, his transparent honesty of purpose and that moral atmosphere which 
radiated from him and impressed all, even the bitterest opponents of his policy, 
who came into contact with him, soon gained for him a position of ascendancy. 
For ten years he was Chairman of the Academic Council, the acknowledged 
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leader and spokesman of the internal side; and for two years (1909-1931) he 
was Vice-Chancellor of the University, an honour which has only twice been 
given to a professor. To his initiative were due many important developments, 
the full effects of which are only now beginning to be felt, such as the establish¬ 
ment of proper machinery for appointments to Chairs and Readerships and 
various improvements in the status and qualifications of teachers of the 
University. His work for the University continually absorbed more and more 
of his time, and his friends often regretted that he should have accepted such 
heavy burdens at the expense of his mathematical work. He himself felt 
this growing difficulty and would often express his sorrow that time was lacking 
to keep pace in his reading with modern research. That under the circumstances 
he was able, during the years 1900 1926, to produce as much mathematical 
work as he did is remarkable; what he would have accomplished, had his 
scientific activities not been hampered by administrative work, must remain 
a matter for speculation, but that the loss was great cannot be doubted. 

Hill was elected a Fellow of the Society in 1894 and served on the Council 
in the years 1911 19Kb In addition to his London degrees Iks held the Sc.D. 
of Cambridge and Hon. LL.D. of St. Andrews. He served on the Council of 
the London Mathematical Society in 1886 and again for the ten years 1891 -1901, 
being Vice-President in 1894 and 1895. In 1927-8 he was President of the 
Mathematical Associati on. 

Hill married, in 1892, Minnie Grace, daughter of Marriott Ogle Tarbotton, 
of Nottingham. There were three children of the marriage, two sons and one 
daughter, all of whom survive him. Those who were privileged to have access 
to his home circle appreciated its warm and happy atmosphere, where lie 
found the peace of mind necessary for his arduous tasks. He had the great 
joy of seeing both his sons pass unscathed through the perils of the War, after 
winning distinction in the front line with the Royal Flying Corps. His last 
years were, however, darkened by the loss in 1920 of a beloved and devoted 
wife and, later, by an illness which culminated, during the last fifteen months of 
his life, in total blindness. He bore this new trouble with characteristic 
courage and patience, and, in spite of this handicap, actually completed and de¬ 
livered, in January, 1928, his second Presidential Address to the Mathematical 
Association. Almost to the day of his death he continued at work, contending 
with surprising success against well-nigh insuperable obstacles, and planning 
a book on the foundations of Geometry, 

The end came swiftly and comparatively painlessly on January 11th, 1929. 


L. N. G. F. 
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